(6)
(b) Use Gauss’s test to examine the convergence of the
following series :

22 242 22 42 62

I+ —=+——+———5+...
323257 325772

oo n

X

(c¢) Show that the series 2 i’ is convergent for all real
n=l ""*
values of x. 2+1+2=5
[CO3]
* kK
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Symbols and Notations have their usual meanings.

Use separate Answer Scripts for each Group.

GROUP—A (20 Marks)

1. Answer any one question : 5%1=5

(a) (i) If x, y are real numbers with x <y, then prove
that there exists a rational number » such that

x<r<y. [3]
(ii) Let
A={xeR:x’>—9x+18<0,x> - Tx+12<0}
Find sup 4 and inf 4. [2]
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(2)

(b) (i) Prove that the set Q of all rational numbers is

denumerable. [3]

(ii) Prove or disprove : If X is an infinite countable

bounded subset of R, then the closure of X is
countable. [2] [CO1]

2. Answer any three questions : 5%3=15

(a) (i) Prove that there does not exist any non-empty

proper subset of R that is both open and closed
in R. [4]

(ii) Prove that the interval /=(0,2] is not an open
setin R, [1]

(b) (i) Provethataset F C R isclosedifand only if the

limit of every convergent sequence in F belongs
to F. [3]

1 1
(ii) Let A={—+—:m€N,neN}. If ke N, show
m n

1
that T is a limit point of 4. [2]

[ Continued |

(b)

5. (a)

(b)

(c)

6. (a)
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(S)
Find the greatest and least subsequential limit of
{(=1)"} and hence show that the sequence {(—1)"} is

not convergent. 3+(1+1)=5
[CO3]

oo

Let Y u, be a series of positive real numbers such
n=1

that lim (u,)"" =1. Prove that 3 u, is convergent

n—o n=1

or divergent according to whether / <1 or /> 1.

State general form of Cauchy’s root test for a series of
positive real numbers.

Use (b) to test the convergence of the series 2 Un,
n=1

2n—1 1 2n
where Uy, | = (5) and Uy, = (Ej forall e N.

3+(1+1)=5

[CO3]

Let Zlun be a series of real numbers. If Zlun is
n= n=

absolutely convergent and {v, } is a bounded sequence

oo

of real numbers, then prove that D Uy Vy is convergent.
n=1
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(3)
(c) (i) If KCR is compact, then prove that K has a

maximum and minimum. [3]

(ii) Prove or disprove : Let A,:G,zj. Then
i

C ={4;:ie N} is anopen cover of (0, 1].  [2]
(d) (i) Let{[a,,b,]:neN} beafamily ofnested closed

and bounded intervals. Prove that () [a,,,b,] is
n=1

non-empty. [3]

(ii) Prove or disprove : The union of an arbitrary

collection of compact sets in R is compact. [2]
[CO2]

GROUP—B (20 Marks)

Answer any four questions : 5%x4=20

1. (a) Let {x,} and {y } be two sequences such that

lim x, =/ and lim y,=m. Prove that

n—oeo n—oo

lim Cx, =Cl and lim(x,*y,)=[tm for any
n—o n—oo
scalar C.

(b) Use (a) to prove that lim (xn)2 =,

n—oo
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(4)

(¢c) Use (a) and (b) to prove that lim x,y, =Im.
i 3+1+1=5
[CO3]

2. (a) If |a|<]1, then prove that lim na" =0.
n—oo

(b) Let {x,} be a monotonically increasing sequences. If
{x,} 1s bounded above, then prove that it converges to
its least upper bound.

|
() Prove that lim =0 242+1=5
n—>co
" [CO3]

3. (a) Let x =7 and x,. =+/7+x, . Prove that {x,}

converges to the positive root of the equation
X2 —x-7=0-

(b) For g>b>¢>0,find lim (" +b" +c™)". 3+2=5
" [CO3]

4. (a) Prove thata point o is a subsequential limit of {x, } if

and only if x,, € N(cot; d) for infinitely many values of n

and forall § > 0, where N(a;d) is a 8-neighbourhood

of a..
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