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Abstract

In this thesis, our main objective is to develop methods to explore non-linear rela-
tionships between features. For this, we have developed a feature relationship index
(named MIDI) that can be used to quantify non-linear feature relationships, includ-
ing the non-monotonous ones. We have also designed three biclustering methods that
find biclusters based on non-linear feature relationships. All these methods have been
applied to real-world datasets, allowing us to learn the patterns in the data.

This thesis introduces a novel feature relationship index, MIDI (Mutual
Information-based Dependence Index), designed to quantify both linear and non-
linear relationships between features. MIDI estimates feature dependence using mu-
tual information derived from histogram-based density estimates. It employs an inno-
vative bin length selection method based on the maximal spacing between consecutive
data points, ensuring consistent and reliable density estimation. The resulting density
estimate is used to compute a normalized mutual information score. MIDI does not
assume any specific functional form, making it capable of detecting a wide range of
complex relationships. Theoretical properties of MIDI are also discussed, and power
statistics demonstrate its effectiveness in identifying non-linear relationships. Addi-
tionally, MIDI has been used to develop a novel feature selection method that shows
promising results compared to existing techniques across several datasets.

This thesis presents three feature-relationship-based biclustering methods. The
first of these is a density-based biclustering method. Unlike many existing density-
based biclustering algorithms, which find clusters using spatial proximity, the exis-
tence of common high-density regions is used for grouping features by this method.
This method is called Connectedness-Based Subspace Clustering (CBSC). In con-
trast to conventional density-based biclustering algorithms, for CBSC the user does
not need to provide the parameter values for density estimation. These values are cal-
culated for each pair of features using the data distribution in the space corresponding
to the particular pair of features. Thus, the proposed approach can adapt to different
data distributions in two-dimensional spaces, allowing it to find feature relation-based
biclusters with greater accuracy. This approach allows CBSC to find biclusters based
on non-linear and even non-monotonous relationships between features.

Another method for finding biclusters based on non-linear relationships, named
RelDenClu, has also been presented. RelDenClu uses the local variations in the
marginal and joint densities of each pair of features to find the subset of observations
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that forms the basis of the relation between them. Then it finds the set of features
connected by a common set of observations, resulting in a bicluster. This approach
allows RelDenClu to adapt to local variations in density, leading to improved perfor-
mance on synthetic and real-world datasets. It can find biclusters based on feature
relations, including non-linear and non-monotonous ones.

In this thesis, a novel parameter-free biclustering method named PF-RelDenBi
has also been presented. Like RelDenClu, PF-RelDenBi also uses local variations in
marginal and joint densities to find observations that form dense regions for pairs
of features. But unlike CBSC and RelDenClu, it is a parameter-free method. The
thresholds required to find the biclusters are calculated from the data on the fly. In
addition, it uses the feature relationship index called MIDI to find sets of related fea-
tures from the dense regions obtained using relative density. Thus, it uses MIDI to find
biclusters based on feature relationships, including non-linear and non-monotonous
relations.

The biclustering methods presented in this thesis have been used to study the
relationship between lifestyle factors in different countries and the COVID-19 infection
rates in these countries. They have also been used to find clusters in three UCI-ML
datasets. The biclustering methods have also been used to enhance UCI-ML datasets
in order to perform classification of these UCI-ML datasets with higher accuracy.
This is done by generating new features using the biclustering methods.

Broadly, these methods offer a powerful approach for analyzing data from complex
systems composed of multiple interacting processes and may serve as a foundation
for subsequent causal analysis. As datasets from diverse sources continue to be inte-
grated, further application areas for these techniques are likely to emerge.
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Chapter 1

Introduction

1.1 Introduction

Pattern processing serves as the foundational core for the unique capabilities of the

human brain, such as intelligence, linguistic ability, imagination, and invention [1].

Humans can perform pattern recognition and analysis even in non-ideal situations.

However, it is difficult for humans to deal with a voluminous amount of data. On

the other hand, computers are designed to handle a large amount of data. To ensure

that machines can handle the uncertainties of the real world, we need algorithms to

detect patterns present in the data, where the environment is not certain. Thus, the

field of Pattern Recognition [2,3] deals with designing precise sets of instructions that

computers can follow and display the ability to recognize patterns under uncertain

conditions.

An important aspect of pattern recognition and knowledge discovery is under-

standing the relationship between different features in a dataset. In this thesis, we

examine methods to discover non-linear relationships between different features. Here,

we have explored two approaches to analyze feature relations. The first method is

1
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to design a non-linear feature relationship index which is used to quantify the rela-

tionship present between features, and the second approach is feature relation-based

biclustering. The latter allows us to discover feature relations existing in a part of a

dataset, including non-linear and non-monotonous relationships.

1.2 What are feature relationship indices

In machine learning, we say that two variables are related if one variable can be used

to predict the other. We say that the variable Y is related to X or depends on X if,

for any given value of X, the value of Y is fixed. In such a case, we say that there

is perfect dependence of Y on X. However, the dependence between variables is not

always ideal. In many cases, having information about one variable may give partial

information about the other. In many scenarios, identifying and quantifying such a

feature relation is important.

1.2.1 Linear feature relationship indices

The most popular way to measure the relations between variables is the correlation

coefficient, which quantifies the linear relations between variables. For two variablesX

and Y taking the values x1, x2, · · · , xn and y1, y2, · · · , yn, respectively, the correlation

coefficient ρ(X, Y ) is given by

ρ(X, Y ) =

∑n
i=1(xi − x̄)(yi − ȳ)√∑n

i=1(xi − x̄)2
√∑n

i=1(yi − ȳ)2
, (1.1)

where x̄ and ȳ denote mean values of the variables X and Y , respectively. The mean

can be calculated as x̄ =
∑n

i=1 xi. We may notice that the correlation coefficient may

have any value in the interval [−1, 1]. However, the strength of the relation is given
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by the absolute value of the correlation coefficient. Thus, a value close to −1 also

indicates that there is a nearly perfect linear relation between the variables.

Consider the standardized variables X ′ and Y ′ where x′i = (xi −

x̄)/
√∑n

i=1(xi − x̄)2 and y′i = (yi − ȳ)/
√∑n

i=1(yi − ȳ)2, then the correlation coef-

ficient is the dot product between X ′ and Y ′ :

ρ(X, Y ) = ρ(X ′, Y ′) = X ′.Y ′ (1.2)

Since X ′ and Y ′ are unit vectors, this is also the cosine distance between them.

Furthermore, if linear regression is performed between X ′ and Y ′ the regression

coefficient is equal to ρ(X ′, Y ′) and the sum of squared errors will be given by

(1 − ρ(X ′, Y ′)2). Thus, it is easy to visualize how the correlation coefficient mea-

sures the linear relation. In fact, the correlation coefficient has been studied from

several perspectives, making this simple measure very interesting [4].

1.2.2 Non-linear feature relationship indices

The correlation coefficient has been very useful in uncovering important relation-

ships between different factors involved in many real-life situations. However, zero

correlation does not imply independence of the variables [5]. In many situations,

the relationship between variables may be non-linear. Non-linear relations may be

monotonous or non-monotonous. In the case of monotonous relations, one variable

may be approximated as an increasing or decreasing function of the other. An exam-

ple would be y = x2, where x ∈ (0, 1). In other cases, the relation might be arbitrary.

For example, y = sin(4πx), for x ∈ (0, 1) is a non-monotonous relation. Ideally, a

feature relationship index should perform equally well for linear, monotonous, or non-

monotonous relations between the variables. Since the feature relationship index is
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useful for comparing the strength of relationships between variables, its value should

lie in a fixed range. The range [0, 1] is a natural choice, with 0 showing independence

and the value 1 depicting perfect feature relation. It is also preferable that the feature

relationship index is invariant to one-to-one transforms of either or both variables.

These requirements have been formalized by researchers who have listed properties

that a feature relationship index δD should possess [6] [7]. Here we summarize Renyi’s

list [6] of properties that an ideal feature relationship index should fulfill.

• It should be defined for any pair of variables when neither is a constant and its

value should lie in the interval [0, 1].

• It should be symmetric i.e., δD(X, Y ) = δD(Y,X)

• δD(X, Y ) = 1 if and only if there exists a Borel measurable [8] function f

such that Y = f(X) or there exists a Borel measurable function g such that

X = g(Y ).

• If f and g are Borel measurable one-to-one onto functions then

δD(f(X), g(Y )) = δD(X, Y ).

• δD(X, Y ) = 0 if and only if X and Y are independent.

• If X and Y have joint normal distribution, then δD(X, Y ) = ρ(X,Y ), where ρ

is the correlation coefficient.

1.2.3 Feature relations and causality

Correlation implies association, but not causation. In contrast, causation implies

association or dependence between variables [9]. Thus, statistical dependence is a

necessary but not sufficient condition for causality. It may be noted that the relation
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between the causally related variables may be non-linear [10]. Thus, the correlation

between causally related variables may still be zero. If we have a method to find

a non-linear relation between variables, it may help us discover causal relations by

eliminating unrelated variables. The statistical dependence between two variables

often occurs due to seen or unseen factors that impact both variables. Causal links

between variables can be analyzed using control experiments or further data analysis

[11].

1.2.4 Application of feature relationship indices to pattern

recognition problems

Since feature relationship indices can be used to identify variables that carry similar

information, they can be used to identify redundant features in a dataset. Thus, they

can be used for unsupervised feature selection in datasets. It is well known that fea-

ture selection can lead to significantly better performance of pattern recognition and

machine learning algorithms [12]. For some classification problems, feature selection

is even more important than classifier choice [13].

As mentioned in the previous section, feature relationship indices can be used as

a preliminary analysis before searching for causal links in the data. Thus, it is an

important tool in data mining.

However, the causal relationship between real-life variables can be quite complex.

Several factors may impact the outcomes represented by a single variable. In addition,

the association between two variables may exist for a subset of observations rather

than the entire dataset. One of the techniques that can be used to discover such

an interaction between variables is biclustering. Biclustering will be discussed in the

following sections of this chapter. Here we would like to mention that relationship
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indices can be useful for finding biclusters based on feature relationships. Figure 1.1

depicts the role of feature relationship indices in machine learning systems.

Raw Data Collection

Data Preprocessing &
Feature Engineering

Non-Linear Relation Index

Feature Relationship
Discovery

Pattern Recognition

Feature Selection &
Dimensionality Reduction

Clustering

Classification

Feature Relation
Based Biclustering

Causal Analysis

Enhanced Predictive Modeling &
Data-driven Decision Making

Figure 1.1: Role of Feature Relation Indices in Machine Learning Problems

1.3 Biclustering: An approach to find hidden fea-

ture relations in the data

In addition to a feature relationship index, we have explored the use of biclustering

to study hidden feature relations. In this section, we discuss what is biclustering.

We know that clustering algorithms partition the data matrix into disjoint sets of

observations. On the other hand, there are methods to partition features based on

the similarity between them. A bicluster is a pair of two sets: a set of observations

and a set of features [14]. Biclustering methods may find one or many biclusters in the
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(a) Clustering (b) Feature Partitioning (c) Biclustering
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Figure 1.2: (a) shows clustering which partitions observations, (b) shows feature
partitioning, (c) biclusters are seen as small rectangles within data matrix which
depict subsets of observations and also subsets of features

data. Figure 1.2 represents the difference between clustering, feature partitioning, and

biclusters diagrammatically. Each of the squares shown in Fig. 1.2 represents a data

matrix with observations along the y-axis and features along the x-axis. As depicted

in Figure 1.2 (a), traditional clusters are seen as horizontal rectangles. Figure 1.2 (b)

depicts the feature partitions shown as vertical rectangles. Figure 1.2(c) shows the

biclusters as arbitrary rectangles. Note that biclusters do not cover the entire data

matrix. Also, a data matrix can contain partially overlapping biclusters i.e., sets of

observations and features need not be disjoint.

1.3.1 Why we need biclustering

With increasing occurrence of high-dimensional data, biclustering has become popular

[15]. Some scenarios where it is useful are briefly discussed here. Subspace clustering

can be used when the intrinsic dimensionality of the data is lower than the apparent

dimensionality. It can also be used when the set of relevant attributes for a given

problem is a subset of all attributes in the dataset. Similarly, for some problems, only
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a subset of observations may be relevant. Biclustering is useful for identifying such

a set of observations. For knowledge discovery, biclustering may be used to find the

relation between a few attributes which exist only for a subset of observations.

In the existing literature, several algorithms for subspace clustering and bicluster-

ing algorithms are available [15–18]. These vary according to their objective functions

and methods to achieve the optimal solution or its approximation. For example, an

algorithm may detect a bicluster if a set of points forms a high-density region in

some hyperplane. Another algorithm may look for a high-density convex region in a

subspace.

1.4 Goals of biclustering methods

Our main objective in this thesis is to examine the relationships between features.

In the forthcoming chapters, we demonstrate that biclustering can be used as an

approach to study the relations that exist for a subset of observations. However,

biclustering algorithms are often designed with varying objectives. In this section, we

discuss these objectives.

1.4.1 Spatial proximity

Many biclustering algorithms find sets of observations that lie close to each other in a

subspace formed by selected features. In a traditional cluster, the observations within

the same cluster are close to each other, as measured by a chosen distance, such as

the Euclidean distance or the Manhattan distance. However, the distance between

observations belonging to a bicluster is not calculated using the entire feature set.

Instead, only features belonging to the bicluster are used. Thus, each bicluster has its

unique definition of distance depending on the specific subspace. Using this distance,
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the observations lying within a bicluster are close to each other. Just as in traditional

clusters, the distance between the observations can be used in different ways to obtain

the biclusters. For example, minimizing the distance between the observations and

the center of the bicluster will result in convex biclusters. Thus, some methods

search for biclusters in which observations form a dense convex set in the chosen

subspace [19]. On the other hand, other methods do not consider convexity as a

criterion and search for biclusters where observations form densely connected regions

in the selected subspace [20]. We know that clustering methods such as K-means [21]

and DBSCAN [22] have different objectives. Similarly, biclustering algorithms with

the objectives of obtaining convex or connected biclusters have been designed and

applied for data analysis by several researchers [16, 23].

1.4.2 Feature relation based biclustering

Achieving small distances between observations in the corresponding subspace is use-

ful and is the main objective of many biclustering algorithms. However, other biclus-

tering algorithms do not look for spatial proximity, but perform biclustering based

on some other peculiarity in data. One of the criteria is the similarity between the

features included in the biclusters.

Biclustering algorithms based on feature relationships examine the relationship

between different columns or feature values for a selected set of observations. Thus,

these algorithms calculate the distance between the features based on the selected

sets of observations to find biclusters. While biclusters based on spatial proximity

can be compared with traditional clustering methods, feature relation-based biclus-

tering can be compared with feature partition algorithms. These biclustering algo-

rithms may search for biclusters based on linear, monotonous, or non-monotonous
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relations. Biclusters based on linear relations are often known as biclusters with

coherent values. Biclusters based on non-linear but monotonous relations between

the features are called biclusters with coherent evolution [18]. Finding biclusters

with non-monotonous is more challenging, and fewer methods are available for this

task [16].

1.5 Biclustering algorithms and their properties

The advantage of biclustering algorithms is that they allow us to explore the data

in many more ways than the traditional clustering or feature partition algorithms.

However, this flexibility comes at a computational cost and biclustering is known to be

NP-hard [14]. Most of the algorithms use a heuristic approach to arrive at a solution.

These algorithms can respond differently to data that is transformed in different ways.

Here, we study some of these behaviors or properties of biclustering algorithms. This

study is inspired by an article on the admissibility of clustering methods by [24]

and discusses several properties of clustering methods, such as invariance to linear

transforms, cluster proportionality, and point proportionality. However, many of

these properties have not been discussed for biclustering methods. In the following

paragraphs, we discuss these properties with regard to biclustering methods.

1.5.1 Consistency under data transforms

The biclustering methods may or may not be invariant to various data transforms.

These include data scaling, translation by a fixed value, and linear transforms applied

to data. Scaling and translation do not alter the shape of the biclusters, and it

is easier to build algorithms invariant to these transforms. Biclustering algorithms

can be designed to be invariant to dimensionality-preserving linear transforms. For



Chapter 1 11

example, Pearson correlation-based biclustering methods will be invariant to such

transforms [25].

1.5.2 Proportion admissibility

Fisher and Ness discuss the importance of proportionality, which reflects the geomet-

ric aspects of clustering [24]. Similar criteria are also useful for biclustering methods.

We say that an algorithm has the property named proportion-admissibility if it gives

consistent bicluster boundaries if some observations are duplicated. Since the repeti-

tion of observations does not change the shape of the biclusters, we can say that such

algorithms give higher importance to the data topology.

1.5.2.1 Point-proportion

A procedure is said to be point-proportion admissible if, after duplication of one

or more observations, any number of times the boundaries of the biclusters are not

changed. As mentioned above, in the past this property has been discussed for clus-

tering [24], but has not been discussed with reference to biclustering methods.

1.5.2.2 Cluster-proportion

A biclustering procedure is said to be cluster-proportion admissible if duplicating

the instances lying in each cluster an arbitrary number of times does not change the

results. In other words, when each observation within the same bicluster is duplicated

the same number of times, biclusters having the same boundaries are generated.

Similarly to clustering [24], we can evaluate if a biclustering method exhibits cluster

proportionality. To the best of our knowledge, this property has not been discussed

for biclustering methods earlier.
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1.5.3 Bicluster robustness

As with other machine learning problems, it might be desirable that adding small noise

to the data does not drastically alter the results. A procedure having this property

is said to be robust. The robustness of biclustering methods has been discussed by

several authors in the past [16, 18,26,27].

1.5.4 Changing indices

We want a biclustering algorithm to be invariant to changes in the permutation

of observations and features. Since adding or removing features can unpredictably

change distances between the points, biclustering algorithms need to examine a large

number of subsets of features and observations to find an optimal solution. Most

algorithms do not search for an optimal solution to avoid an exhaustive search [16]. A

biclustering algorithm may produce a different output if the order of rows or columns

changes. However, it is desirable that changing the permutation of rows or columns

does not change the performance of the biclustering algorithm.

1.6 Scope of the thesis

This thesis is dedicated to the analysis of relations between continuous variables

within a dataset. This is achieved through the introduction of a non-linear feature

relationship index and the development of biclustering methods based on non-linear

feature relations. Furthermore, this thesis undertakes an examination of the proper-

ties of biclustering methods.

As mentioned, one way we have explored feature relations is by designing a novel

Mutual Information based Dependence Index (MIDI). MIDI can be used to quantify
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statistical dependence between variables. MIDI uses normalized mutual information

to evaluate feature relations. Thus, it is able to detect non-linear and non-monotonous

relations in addition to linear relations between features. MIDI uses a data-dependent

histogram scheme that leads to consistent density estimates. These estimates are

used to calculate the mutual information between features. This scheme makes MIDI

robust to the presence of noise. The properties of the method have been discussed

and empirically demonstrated in [28]. MIDI has been used to design a novel feature

selection method, which has been applied to several benchmark datasets [29]. MIDI

and the novel feature selection method have been discussed in Chapter 3.

Another way in which the relationship between the variables is explored is bi-

clustering. We have developed biclustering methods, namely CBSC [30], RelDen-

Clu [31, 32] and PF-RelDenBi [33]. These are feature-relation-based biclustering

methods and have been used to analyze several benchmark datasets. They have

also been used to study lifestyle factors associated with the spread of the COVID-19

pandemic. These methods find biclusters based on non-monotonous relations.

CBSC has been presented in Chapter 4. It finds dense regions in two-dimensional

spaces by analyzing the neighborhoods for observations and the amount of overlap

between the neighborhoods. Later, it uses dense regions in two-dimensional spaces

to obtain the biclusters using connectivity between the features.

RelDenClu also finds dense regions in a two-dimensional space, but instead of

comparing the density of a small region to the average density of the entire two-

dimensional space, it makes the comparison with the marginal densities. This allows

it to find relationships between the features even when the density is more variable.

Once dense regions are found, the biclusters are found using connectivity in a way

similar to CBSC. This method is presented in Chapter 5.

Another method, PF-RelDenBi, also uses the comparison between the density of



14 1.7 Organization of the thesis

smaller regions and the marginal density. However, it does not depend on user-defined

parameters to obtain the biclusters, as it calculates all the thresholds required for the

method from the data itself. In addition, it also uses the MIDI feature relationship

index (discussed in Chapter 3) to combine dense regions obtained from the analysis of

two-dimensional spaces. Thus, the features in a biclusters are connected to each other

by relations as quantified by MIDI. PF-RelDenBi has been elaborated in Chapter 6.

We have also conducted experiments with several synthetic datasets to study the

properties of biclustering methods which are presented in this thesis.

As already discussed, finding biclusters based on non-monotonous relations is more

challenging and has received a lesser number of solutions. Thus, we hope that biclus-

tering methods to address this problem will be valuable in data mining applications.

1.7 Organization of the thesis

The rest of the thesis is organized as follows. Chapter 2 presents the literature review

on some of the existing feature relationship indices and biclustering methods. Chap-

ter 3 presents a novel mutual information-based feature relationship index (MIDI),

which provides an efficient method to evaluate non-monotonous relationships between

features. Chapter 4 presents a biclustering method (CBSC) that can be used to find

biclusters based on feature relations using density in two-dimensional spaces. Chap-

ter 5 presents biclustering method (RelDenClu) to find biclusters based on feature

relations using relative density in two dimensional spaces. Chapter 6 presents a

parameter-free biclustering method (PF-RelDenBi) that finds biclusters based on the

feature relation index MIDI. Finally in Chapter 7, we summarize the work done in

this thesis and discuss the scope for future work.



Chapter 2

Literature survey: Methods for

understanding feature relations

2.1 Introduction

In this chapter, we discuss feature relationship indices that can be used to assess the

relationship between variables. As discussed in the previous chapter, these include

indices that can be used to quantify linear, monotonous, and non-monotonous rela-

tions. We will also review biclustering methods. Some of these biclustering methods

can be used to find hidden relations present in the data.

2.2 Feature relation indices

In the previous chapter, we discussed the importance of feature relationship indices

and looked at the definition of Pearson correlation [4, 34]. It is one of the first tools

widely used to evaluate the relationship between variables. We also saw that Pearson

correlation can only find linear relations between features. In this section, we discuss

15
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a few other relationship indices. Many of them are non-linear feature relationship

indices. Several methodologies have been used to find similarity in features. These

include rank-based methods, kernel-based methods, information-theoretic methods,

and methods designed for specific data types.

2.2.1 Indices to evaluate linear relationships between fea-

tures

In the previous chapter, we saw that the correlation coefficient is the most popular

method to evaluate the linear relations between variables. Another method used

to assess linear relations between variables is the Maximal Information Compression

Index (MICI) [35]. Given variables X and Y , MICI (λ2) is defined as the smallest

eigenvalue of the covariance matrix. It can be calculated as follows:

2λ2(X, Y ) = (var(X) + var(Y ))−
√
(var(X) + var(Y ))2 − 4var(X)var(Y )(1− ρ(X, Y )2), (2.1)

where var(X) and var(Y ) denote the variance of X and Y , respectively, and the

correlation between the two variables is denoted by ρ(X, Y ). MICI (λ2) is invariant

to translation, but not to scaling.

2.2.2 Rank based methods

Just as Pearson correlation coefficient is the most popular method used to evaluate

linear relations, Spearman correlation [36, 37] is the most popular index for evalu-

ating monotonic relations. It works by ranking the data for each variable and then

calculating the Pearson correlation on those ranks. It will have values in the range

[−1, 1], and the strength of the relationship is indicated by the absolute value of the
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Spearman correlation.

Let X and Y be variables with n observations each, and the ith observations be

denoted by xi and yi, respectively. Let ui and vi, respectively, denote the ranks of xi

in x and yi in y. So, the i
th values of U and V are ui and vi, respectively. Then the

Spearman correlation ρS is given by:

ρS(X, Y ) = ρ(U, V ), (2.2)

where ρ denotes the Pearson correlation. Alternatively, it is also given by

ρS(X, Y ) =

∑
1≤j<i≤n(ui − uj)(vi − vj)√∑

1≤j<i≤n(ui − uj)2
∑

1≤j<i≤n(vi − vj)2
, (2.3)

Like the Spearman correlation, Kendall’s rank correlation coefficient [37,38] eval-

uates the strength of monotonic relations using the ranks of the observations. It is

given by:

ρτ (X, Y ) = 2

∑
1≤j<i≤n sgn(ui − uj)sgn(vi − vj)

n(n− 1)
, (2.4)

where sgn() is the signum function, i.e., sgn(x)=1 for x > 0, sgn(x)=-1 for x < 0

and sgn(x)=0 for x = 0. Note that
∑

1≤j<i≤n(sgn(ui − uj))
2 =

∑
1≤j<i≤n(sgn(vi −

vj))
2 = n(n− 1)/2. Taking this into account, we find that Kendall’s rank correlation

(ρτ ) is very similar to the Spearman correlation and can be obtained simply by re-

placing (ui − uj) and (vi − vj) by sgn(ui − uj) and sgn(vi − vj). It can also be seen

as

ρτ = 2
((number of concordant pairs)− (number of discordant pairs))

n(n− 1)
. (2.5)

A pair of observations (xi, yi) and (xj, yj) is concordant if both xi > xj and
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yi > yj or both xi < xj and yi < yj. Otherwise, the pair of observations is discordant.

This formulation makes Kendall’s rank correlation more robust than the Spearman

correlation. Both Spearman and Kendall’s τ detect monotonic relations. They may

have a low value if the relation between two variables is perfect but non-monotonic.

Another index named Xi correlation (XICOR) uses the rank of variables and de-

tects non-monotonic relations [39]. For two variables X and Y , sort the values in in-

creasing order ((X(1), Y(1)), (X(2), Y(2)), · · · , (X(n), Y(n))) so that X(1) ≤ X(2), · · · , X(n).

Let ui be the rank of Y(i) then if there are no repeating values in X and Y the de-

pendence index is given by:

ξn(X, Y ) = 1− 3
∑n

i=1 |ui+1 − ui|
n2 − 1

. (2.6)

If there is repetition of values in X or Y a modified formula has been provided to

calculate ξn(X, Y ) [39]. It may be noted that the value of ξn(X, Y ) does not strictly

lie in the range [0, 1]. The minimum value that ξn(X, Y ) can achieve is known to

be −1/2 + O(1/n) where O denotes the big O notation and n is the number of

observations. The maximum value ξn(X, Y ) can achieve is (n− 2)/(n+1). Although

for independent identically distributed (i.i.d.) points, the limiting value of the index

lies in the range [0, 1]. XICOR is an asymmetric distance measure, that is, it is

possible that ξn(X, Y ) ̸= ξn(Y,X).

2.2.3 Kernel based methods

Researchers have proposed many kernel-based statistical independence measures in

which data points are mapped from the input space to feature space, called the Re-

producing Kernel Hilbert Space (RKHS) [40, 41]. Thus, kernels implicitly determine

the mapping from the input space to the feature space and can be used to calculate
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the inner product of data points in the feature space. The inner product can be

used to calculate the cross-covariance in the feature space. Kernel-based dependence

measures differ from each other in terms of the normalization they use and how they

summarize the covariance operator spectrum [42].

This paragraph presents a brief overview of Reproducing Kernel Hilbert Spaces.

Suppose F is a Hilbert space of functions X → R where X is a separable metric space.

The evaluator operator at any point x ∈ X can be represented as δx(f) : F → R and

maps f ∈ F to f(x), i.e. δx(f) = f(x). Then F is an RKHS if at each x ∈ X , the

operator δx is a bounded linear functional. There exists a mapping ϕ(x) ∈ F such that

the dot product < ϕ(x), ϕ(x′) >= kF(x, x
′) where kF : X×X → R is a unique positive

definite kernel. Thus, the dot product in feature space can be calculated directly using

the kernel function. This allows us to design feature relationship indices using kernel

functions, and we do not need to find feature maps explicitly.

Constrained Covariance (COCO) [41] is one of the first feature relationship indices

to use kernels. For two classes of functions denoted by F : X → R and G : Y → R

and a given probability measure Px,y, the authors define constrained covariance as:

COCO(Px,y,F ,G) = sup
f∈F ,g∈G

cov(f(x), g(y)), (2.7)

where cov denotes the covariance, i.e. cov(x, y) = Ex,y[x, y] − Ex[x]Ey[y]. Given

n independent observations z = (x1, y1), (x2, y2), · · · , (xn, yn) the empirical value of

COCO is given as:

COCO(z,F ,G) = sup
f∈F ,g∈G

[
1

n

n∑
i

f(xi)g(xi)−
1

n2

n∑
i

f(xi)
n∑
i

g(xi)]. (2.8)

Now suppose F : X → R and G : Y → R are two RKHS and the corresponding
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kernel functions are given by kF : X × X → R and lG : Y × Y → R. Consider

the gram matrices KF and LG in the spaces F and G, respectively. Since the gram

matrix corresponds to the inner product between the vectors in the RKHS, it can

be calculated using the kernels kF and lG. This is because the inner product can

be expressed as < ϕ(x), ϕ(x′) >= kF(x, x
′) and < ψ(y), ψ(y′) >= lG(y, y

′) where ϕ

and ψ are feature maps in RKHS F and G, respectively. The centered version of

the gram matrices can be represented as K̃F = H̊KFH̊ and L̃G = H̊LGH̊, where

H̊ = In×n − 1
n
1n1

T
n . Note that 1n is n× 1 vector of ones and In×n is identity matrix

of size n× n . It has been shown that if F and G are unit balls in RKHS F and G,

respectively, then:

COCO(z, F,G) =
1

n

√∥∥∥K̃F L̃G

∥∥∥
λ

(2.9)

where
∥∥∥K̃F L̃G

∥∥∥
λ
indicates the largest singular value of K̃F L̃G.

Instead of taking the largest singular value, the Hilbert-Schmidt norm can be

used to evaluate independence. The resulting method is called the Hilbert-Schmidt

Independence Criteria (HSIC) [43]. It can be estimated as:

HSIC((z,F ,G) = (n− 1)−2trace(KFH̊LGH̊) (2.10)

HSIC can also be seen as the squared Maximal Mean Discrepancy (MMD) between

the joint probability distribution P (X, Y ) of the two variables and the product of

marginal distributions P (X)P (Y ) [44]. In this regard, it is analogous to Mutual

Information, which measures the distance between the two distributions using KL-

Divergence [45,46]. We will discuss mutual information-based methods in more detail

in the following sections. For an RKHS F and two probability distributions PX and
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PY on variables x and y, MMD [47] between two distributions is given as:

MMD(F , Px, Py) = sup
f∈F

(Ex[f(x)]− Ey[f(y)]) (2.11)

For two variables X = (x1, x2, · · · , xn) and Y = (y1, y2, · · · , ym) and an RKHS F

with kernel kF , an empirical estimate of MMD is given as:

MMD(F , X, Y ) =

[
1

n2

n∑
i,j=1

kF(xi, xj) +
1

m2

m∑
i,j=1

kF(yi, yj)−
2

mn

n,m∑
i,j=1

kF(xi, yj)

]1/2

(2.12)

Poczos et al. proposed a Copula-based dependence index [48] using MMD. The

method is based on the observation that the variables X and Y are independent of

each other if and only if the Copula distribution is a uniform multivariate distribution.

Thus, it uses empirical Copula transformation to obtain transformed data with a joint

probability distribution that has uniform marginals. If the features are independent,

the joint distribution should be uniform. Thus, the distance between the distribution

obtained from the transformed data and the uniform distribution is then measured

using an estimate of MMD. The Gaussian kernel [49] has been used for the methods

discussed above, as it is a universal kernel, i.e. the associated RKHS is dense in the

space of bounded continuous functions.

2.2.4 Energy distance based dependence measures

Another way of testing independence is by energy distance-based statistics [50]. One

of the most popular energy-based statistics is Distance Covariance [51, 52]. Let X ∈
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Ru and Y ∈ Rv be two variables, then Distance covariance is given by:

V2(X, Y ) = ∥fXY (t, s)− fX(t)fY (s)∥2w (2.13)

=

∫
Ru+v

|fXY (t, s)− fX(t)fY (s)|2w(t, s)dt ds (2.14)

Here w(t, s) = (cucv|t|u+1
u |s|v+1

v )−1 where |.|u is the Euclidean norm in Ru and

cd = π(1+d)/2

Γ((1+d)/2)
. The characteristic function is denoted by fX(t), that is, fX(t) =

E[eitX ] where E is the expectation and i =
√
−1. Similarly fY (s) = E[eisY ] and

the joint characteristic function fXY (t, s) = E[e(itX+isY )]. It has been shown that

for an observed sample, the Brownian covariance [51] can be calculated as follows.

For an observed sample (X, Y ) = (x1, y1), (x2, y2), · · · , (xn, yn), let akl = |xk − xl|u;

then the elements akl form a matrix representing the Euclidean distance between each

pair of points in Ru. The average of the kth row is ak. =
1
n

n∑
l=1

akl and the average

of the lth column is a.l =
1
n

n∑
k=1

akl and the average of all elements of the matrix is

a.. =
1
n2

n∑
k,l=1

akl. Now, define Ăkl = akl − ak. − a.l + a... Then B̆kl can be calculated in

a similar way to Ăkl. Now, Distance covariance Vn(X, Y ) can be defined by:

Vn(X, Y )2 =
1

n2

n∑
k,l=1

ĂklB̆kl (2.15)

Using Distance covariance the value of Distance correlation (Dcor) can be calcu-

lated as:

Dcor(X,Y ) =
Vn(X, Y )√

Vn(X,X)Vn(Y, Y )
(2.16)

Thus, the normalized distance correlation can be calculated by normalizing the

distance covariance to the range [0, 1]. For the case of linear feature relationships, the
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value of Distance correlation is the same as the Pearson correlation. Thus, it can be

seen as a generalization of Pearson correlation. However, Dcor is unable to identify

highly non-monotonous relations between features [53].

2.2.5 Statistical methods

Heller Heller Gorfine (HHG) [54] distance is based on the simple observation that a

continuous relationship between variables X and Y implies that the observations in

the neighborhood of a point xi on the x-axis should also lie in the neighborhood of

yi on the y-axis. Thus, for each observation (xi, yi) the remaining observations are

placed in a 2 × 2 grid representing points 1) lying in the neighborhood of both xi

and yi, 2) lying outside of both neighborhoods, 3) lying only in the neighborhood of

xi and 4) lying only in the neighborhood of yi. HHG then calculates the Pearson

Chi-square statistic [34, 55] for the grid mentioned above and averages it over all

observations and neighborhoods of different radii. The different radii are based on

the nearest neighbors. It may be noted that the test value obtained depends on

the distributions of the variables x and y and is not restricted to the interval [0, 1].

Thus, to evaluate the strength of the relation, we perform the test mentioned above

on random permutations of the same data. For random permutations, there is no

relation between the variables, and the value is expected to be low. For the original

permutation, if x and y are related, the value of the test statistic will be high. By

finding how many times the value of the test statistic for x and y exceeds the value

of the statistic for random permutations, we find the strength of the relation. We

can obtain a normalized value in the range [0, 1] by dividing this by the number of

random permutations used for the testing.
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2.2.6 Information theoretic methods

One way of approaching feature relations is from an information theory perspective.

Entropy quantifies the uncertainty of a random variable. In other words, entropy is

the amount of information required to convey the state of a random variable [45,56].

The entropy of a random variable X taking values in the set X , is given by H(X) =

−
∑

x∈X p(x) log p(x), where p(x) is the probability distribution. Similarly, we can

quantify the uncertainty in the variable Y when X is given. It is called conditional

entropy [56,57] and can be calculated as follows:

H(Y |X) = −
∑

x∈X ,y∈Y

p(x, y) log
p(x, y)

p(x)
(2.17)

where Y takes the values in the set Y . It can also be calculated as:

H(Y |X) = H(X, Y )−H(X) (2.18)

where H(X, Y ) is the joint entropy of X and Y . The reduction in uncertainty about

Y when X is known is given by :

I(X,Y ) = H(Y )−H(Y |X) (2.19)

This reduction in uncertainty can also be seen as the information that the variable

X carries about Y . Note that this quantity is symmetric. It is called the mutual

information between variables X and Y .

I(X,Y ) = H(Y )−H(Y |X) = H(X) +H(Y )−H(X,Y ) = H(X)−H(X|Y ) (2.20)

Mutual information can also be seen as the KL divergence between distributions
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defined by joint probability p(x, y) and the product of marginal probabilities.

I(X,Y ) =
∑

x∈X ,y∈Y

p(x, y) log
p(x, y)

p(x)p(y)
(2.21)

Of course, both definitions mentioned above are equivalent. This can be seen as

follows.

I(X,Y ) = H(Y )−H(Y |X) (2.22)

= −
∑
y∈Y

p(y) log p(y) +
∑

x∈X ,y∈Y

p(x, y) log
p(x, y)

p(x)
(2.23)

= −
∑

x∈X ,y∈Y

p(x, y) log p(y) +
∑

x∈X ,y∈Y

p(x, y) log
p(x, y)

p(x)
(2.24)

=
∑

x∈X ,y∈Y

p(x, y) log
p(x, y)

p(x)p(y)
(2.25)

Note that the mutual information of a random variable with itself is its entropy. Thus,

it is also expected value of self-information [58]. As conditional entropyH(Y |X) never

exceeds the entropy H(X), mutual information is always non-negative. The upper

bound of mutual information I(X,Y ) is given by the entropies H(X) and H(Y ).

Since mutual information can be arbitrarily large, a direct comparison of mutual

information cannot be used to compare the strength of the relationship between dif-

ferent pairs of variables. Thus, researchers have suggested different ways to normalize

mutual information [59, 60]. Normalizing mutual information by maximum entropy

results in a metric I(X, Y )/max (H(X), H(Y )) that can be used to evaluate fea-

ture relations [61]. Another index is obtained by normalizing mutual information by

average entropy, which is given as 2I(X,Y )/((H(X) +H(Y )) [62].

It has been noted that even in case of perfect dependence these indices may

not obtain a value close to zero if the relation is many-to-one. Thus, these indices



26 2.2 Feature relation indices

may miss out on non-monotonic relations between variables. We may also note that

entropies and mutual information can be calculated directly for variables with a finite

number of possible values but not for continuous variables. For such variables, we

need to estimate densities using histograms or kernels. MIC is a method that uses a

histogram to calculate the dependence between variables [63]. MIC does not use any of

the normalizations mentioned above. Instead, it creates a data-dependent histogram

scheme and uses the number bins along each dimension to normalize the mutual

information. In short, it calculates the mutual information using different histogram

schemes obtained with the constraint that the number of cells in the histogram is

less than n0.6 where n is the number of observations. Let the mutual information

obtained using a partition G be called IG. Let the number of cells along the X and

Y axes for partition G be given by nGx and nGy. Then the dependence is calculated

as maxG(IG(X, Y )/min (nGx, nGy)). This formulation allows MIC to attain a value

close to 1 for non-monotonic relations. In this regard, MIC detects a wider range of

associations than indices such as HSIC and Dcor.

Some similarity indices have been designed for specific data types. For example,

the Jaccard index [64,65] and the Dice coefficient [66,67] are used to find the similarity

between two sets; cosine similarity measures the cosine of the angle between two

vectors [68,69].

2.2.7 Application of relationship indices for unsupervised

feature selection

An important application of feature relationship indices is feature selection. The

objective of feature selection methods is to identify and retain relevant features and

to remove redundant ones. Feature selection methods can use a wrapper approach
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in which the selection of features is based on the performance of a specific learning

method [70]. On the other hand, in the filter approach feature selection is independent

of the learning method [71]. Since the aim of these methods is to preserve the informa-

tion content of the feature set, they often use feature relationship indices to identify

redundant features [72, 73]. In the case of supervised feature selection methods, the

relevance of the feature may be evaluated using the label information. Unsupervised

feature selection methods do not require label information. They perform feature

selection by reducing redundancy in the data. In the following paragraphs, we will

briefly discuss some of the methods designed for unsupervised feature selection.

Ferreira and Figueiredo [74] proposed an unsupervised approach that combined

feature discretization and selection. Continuous features are first discretized using the

Linde–Buzo–Gray [75] vector quantization algorithm to reduce noise and represent

the data in a compact way. Feature selection is then performed in the discretized space

by identifying redundant features. A combination of hierarchical clustering and fuzzy

computing has been used to identify relevant features in [76]. SVD-Entropy measures

the entropy of data through singular values and has been used for feature selection

[77,78]. Feature selection has been performed by minimizing the reconstruction error

for the projection matrix corresponding to the selected features [79].

One way to approach unsupervised feature selection is to use spectral clustering

[80] to find a minimal set of features that spans the same subspace as the original

feature set. These methods use the eigenvalues and eigenvectors of the normalized

Laplacian matrix to analyze the underlying structure of the data. These methods use

different regularization methods that result in different objective functions [81–84].

The USFS method performs spectral analysis of the l1 norm graph for feature selection

[85]. A recent method compares the principal axes of the subspaces spanned by the

original features and the subspace spanned by selected features [86].
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One of the approaches for unsupervised feature selection is to quantify the depen-

dence between features and use it to select a set of features. Pearson correlation coef-

ficient is one of the most popular similarity measures used for feature selection [87,88].

Indices for evaluating non-linear but monotonous feature relations include the Spear-

man correlation [36], Kendall rank correlation coefficient [38], and Brownian corre-

lation [51]. These have been used for feature selection by several methods [89–91].

A popular method [92] uses the maximum variance between two features and the

Spearman correlation to calculate the distance between features. A higher variance

would mean that a feature is more versatile, while a smaller value of the Spearman

correlation implies less redundancy. The distance matrix forms the adjacency matrix

for feature selection through graph search.

FSFS performs feature selection using the feature relationship index (MICI) based

on the eigenvalues of the covariance matrix for a pair of features [35]. They define

a feature relationship index between two variables using the smallest eigenvalue for

the covariance matrix of the two variables. Using the feature relationship index, the

feature pairs with the highest similarities are identified. One feature of each pair of

these is retained while the other is discarded.

In general, we find that many of the feature selection methods make use of feature

relationship indices. Thus, novel and efficient feature relationship indices also help to

improve feature selection methods.

2.2.8 Challenges in designing non-linear relationship indices

It has been seen that many indices work well for monotonous feature relations but

not for non-monotonous ones. Although some indices such as MIC [53] are capable

of detecting non-linear relations, they are computationally expensive. In addition,
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the value of MIC drops quickly when the relation is noisy, which is often the case

in real-world datasets. Another dependence measure that finds non-monotonous re-

lationships is XICOR [39]. However, it is a non-symmetric dependence index. In

addition, this index does not strictly lie in the range [0, 1], as discussed in Section

2.2.2. Furthermore, for smooth relations such as Y = X2, the sensitivity of this test

decreases rapidly with the amount of noise in the data [39, 93]. In this thesis, we

have presented a mutual information-based feature relationship index that can be

computed quickly and performs well even in the presence of noise.

2.3 Biclustering

As we have seen in previous sections, feature relationship indices can be used to

evaluate the relationship between two variables. However, it has been seen that

the relationship between variables might not occur for the entire set of observations

but rather for a subset of observations. The usual feature relationship indices may

not be able to identify the data dependencies for a subset of data. However, such

dependencies might occur for several pairs of variables. Thus, we might need to

identify a set of observations for which a set of features is related, i.e., we need

to cluster both rows and columns. The task of clustering both rows and columns

simultaneously is called biclustering. However, the objective of biclustering is not

limited to understanding feature relations [16]. Biclustering can be performed based

on different criteria, e.g., minimizing the variance over all elements in a bicluster.

Since biclustering is a computationally complex problem, several approaches are used

to obtain biclusters according to the desired objectives [16, 27,94–96]. Some of these

objectives and approaches for biclustering are discussed in the following section.
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2.3.1 Constant value biclusters

The simplest biclustering method finds biclusters of constant value by minimizing

variance within a bicluster. An example of this includes the procedure called Direct

Clustering [97]. Cho et al. [98] also designed a biclustering method with this objective.

Since the idealized goal of these biclustering algorithms is to find biclusters with a

constant value, the biclusters are convex in the subspace corresponding to the selected

set of features.

2.3.2 Constant row or column biclusters

Some algorithms find biclusters based on constant rows or constant columns. BM-

FM [99] finds biclusters with constant columns and uses them to forecast the trading

points in the stock market. Constant row and column biclusters have been used for

feature ranking and selection for classification [100]. The method BIC-K-NN [101]

also uses biclustering to study patterns in the stock market.

2.3.3 Linear algebra based approaches for biclustering

Some biclustering methods use the linear algebra-based approach [15, 102]. Many of

these use techniques like Singular value decomposition. Examples are MESBC [103],

and Non-smooth non-negative matrix factorization [104]. The obtained biclusters can

be described using linear constraints. These algorithms result in convex biclusters.

They are not invariant to distance-preserving transforms.

Some authors like Luxburg [80] have modified the linear algebra-based biclustering

algorithms so that non-convex biclusters can be found. This approach relies on finding

linearly constrained biclusters in a high-dimensional space corresponding to a given

input space. However, the location of points need not be calculated explicitly in a
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high-dimensional space. MVMC [105] is a multiview clustering method in which each

bicluster uses a distinct dissimilarity matrix.

2.3.4 Iterative approaches for biclustering

Many algorithms find biclusters iteratively using measures for linear relations such as

the correlation coefficient, for example, BICLIC [106,107], and ICS [108]. Procedures

like coupled two-way clustering (CTWC) [107] depend on alternate grouping between

observations and features. Here, the result of the previous step is used as the basis

for the next phase of selection. This simple concept gives rise to an entire class of

biclustering procedures, as the results will depend on the clustering procedure used,

along with features and observations.

2.3.5 Statistical approaches for biclustering

Algorithms such as SAMBA [109] model the biclustering problem as a search for

a heavy subgraph embedded in a bipartite graph, with two partitions representing

observations and features. The Plaid model [110] analyses the input matrix as a

superposition of layers of biclusters. Both the SAMBA and the Plaid models use

statistical techniques to identify biclusters.

2.3.6 Use of evolutionary computing to find biclusters

Several methods make use of evolutionary computing for biclustering. BP-EBA [111]

finds biclusters using evolutionary computing in two phases. Evolutionary computing-

based biclustering methods have been applied to genome analysis [112, 113]. They

have also been used to identify genes related to cancer [114]. Evolutionary computing

techniques have also been used to solve biclustering problems such as multi-objective
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optimization problems. Here, the length, breadth, and homogeneity of the biclusters

are optimized. Mitra and Banka [115] proposed a popular algorithm of this cate-

gory. Several algorithms like SEBI [116], BiHEA [117] and MOGAB [118] also use

evolutionary computing to optimize criteria such as variance, mean squared residue,

correlation, etc. TSTP [119] is a multi-objective evolutionary biclustering method

that maintains three co-evolving populations: a bicluster population, a row popula-

tion, and a column population. Row and column populations are used to guide the

evolution and refinement of the bicluster population, improving both coherence and

coverage across the data matrix. In general, biclustering can be formulated as an

optimization problem by defining an objective function, and different metaheuristics

like evolutionary computing, simulated annealing, etc. can be applied to solve the

problem [120].

2.3.7 Deep learning based approaches for biclustering

Deep learning-based methods [121], aim to find a subspace in which observations lie

close together. DPSC [122], DASC [123] and DSCN [124] learn latent space represen-

tation using deep learning.

2.3.8 Density based approaches for biclustering

Density-based biclustering algorithms, such as Subclu [20], P3C [125], FIRES [126],

Proclus [127], and CLIQUE [128], find high-density regions in the corresponding

subspaces. Just as DBSCAN [22] can find non-convex clusters, these algorithms

can find non-convex biclusters. These methods may be capable of invariance under

distance-preserving transforms, as high-density regions in the original space continue

to be high-density regions after the application of order-preserving transform. These
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methods start by finding dense regions in a one-dimensional space and incrementally

grow biclusters using the Apriori approach. The Apriori algorithm discovers patterns

by repeatedly expanding the sets of items that often occur together in the data [129].

These algorithms identify high-density regions by checking a neighborhood defined

as an open disk of a fixed radius. The radius used to define the neighborhood is

often a user-defined parameter. Another user-defined parameter often used by these

algorithms is the minimum number of points that should be in the neighborhood

of an observation. The choice of these parameters makes a huge difference in the

performance of density-based methods [22]. Most of these methods determine the

neighborhood using a radius that is independent of the particular set of dimensions

chosen. However, the same radius might not be suitable for different dimensions.

Note that determining these parameters for biclustering is inherently more complex

compared to determining the parameters for clustering. For clustering procedures,

there are known methods to estimate the parameters. For example, in DBSCAN

the minimum number of points in a disk can be estimated from a plot of the K

nearest neighborhood distances. However, similar techniques cannot be applied to

biclustering methods, which build biclusters using density-based methods in a bottom-

up fashion, as the set of dimensions for different clusters varies.

The method named Curler [130] finds non-linear clusters by combining a density-

based approach with the principal component [131, 132] method. Curler finds high-

density Gaussian regions using Expectation Maximization [133, 134] and combines

them using the relationship between the directional information of the resultant bi-

clusters. In general, the density-based methods mentioned above find biclusters based

on the proximity of observations in a subspace.
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2.3.9 Kernel based biclustering methods

Kernel based methods have also been applied to biclustering. The mean shift method

[135] uses the kernel density estimation and iteratively locates the local maxima of

the kernel mixture. Inspired by the energy distance discussed in Section 2.2.4 a

biclustering technique has been proposed to cluster observations in separable Hilbert

spaces [136].

2.3.10 Feature relationship based biclustering

Some algorithms find biclusters based on sets of observations where there is a direct

relation between two features. In other words, for a selected set of observations, values

for one feature can be calculated by applying a simple function to values of another

feature. This is equivalent to searching for submatrices in the data where features

are related on each other. One such example is the algorithm proposed by Cheng

and Church [137]. The method named Robust Convex Biclustering [138] formulates

biclustering as a convex optimization problem to group similar rows and columns

simultaneously, resulting in robust and convex biclusters.

Many methods like FABIA [139] search for biclusters based on the multiplicative

model, also known as the scaling pattern. Here, one row is a multiple of another.

When we are looking for specific relations between rows or columns, the resulting

algorithm will not be invariant to distance-preserving transforms. Few authors [140,

141] provide algorithms to search for both shifting and scaling.

Some algorithms are designed to find co-regulated clusters. ISA [142] starts with a

subset of genes and iteratively identifies columns for which the values are consistently

high or low, resulting in co-regulated clusters. The algorithm OPSM [143] finds

biclusters by finding a permutation of columns such that the sequence of values in each
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row increases. In other words, it finds order-preserving submatrices. QUBIC [144]

finds biclusters in which the rows are correlated by first converting the input matrix

to integers and then checking if the integer values are the same.

Relationship-based biclustering methods have been developed to find biclusters

where features are related to each other in arbitrary ways. These include algorithms

like UniBic based on the Longest Common Subsequence. UniBic [145] identifies the

common subsequence of observations that increase or decrease monotonically between

pairs of features. Sequences are considered only if they are long enough so that

random occurrences of such a long sequence is unlikely. UniBic then uses these long

sequences as seeds to add rows and columns to form large biclusters. Another method,

ARBic [146], measures trend-preserving patterns between rows as paths in directed

acyclic graphs. Then it combines them to find biclusters. Similarly, TransBic [147]

also finds generalized trend-preserving biclusters using acyclic graphs. However, it

uses a relaxed approach, where trend-preserving pattern is seen between groups of

features. This makes TransBic robust in the presence of noise. These algorithms

can find non-convex biclusters. In general, algorithms based on an arbitrary relation

between rows or columns can result in non-convex biclusters.

2.3.11 Challenges in biclustering

Most of the existing biclustering algorithms use several parameters. The appropri-

ate values of the parameters can change from one data set to another, making its

application to diverse real-world data sets difficult [148]. Some biclustering methods

have been developed to overcome this problem [103, 148, 149]. An approach used

by researchers to develop parameter-free biclustering methods is to use hierarchical

methods. This includes the work done to structure the data in coupled hierarchies
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of observations and features [150]. A parameter-free recommender system [149] has

also been built using hierarchical biclustering.

For spectral clustering, several researchers have analyzed the multiplicities of

eigenvalues close to zero [80] to determine the number of spectral clusters. The

method named MESBC finds mutually exclusive biclusters and only requires the

number of clusters in the dataset as input [103]. ROCCO [148] is a robust bicluster-

ing method that uses a mutual K-Nearest Neighbor graph to perform biclustering,

with minimal parameter tuning. Although K is user-defined, the method has been

shown to perform well when the value of K lies in a particular range.

Further, most of the existing feature relation-based biclustering methods are de-

signed to find biclusters using monotonous feature relations. As mentioned earlier, in

this thesis, three density-based biclustering methods, named CBSC, RelDenClu, and

PF-RelDenBi, are presented. These methods are capable of finding biclusters based on

non-linear and non-monotonous relations. Of these, PF-RelDenBi is a parameter-free

method. It leverages a feature relationship index named MIDI to perform non-linear

feature relation-based biclustering. As mentioned earlier, MIDI which is presented

in the following chapter, is a mutual information-based dependence index. It allows

PF-RelDenBi to find non-linear feature relation-based biclusters.
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MIDI: A new estimate of mutual

information-based dependence

measure between two variables

3.1 Introduction

In the modeling of complex systems, it is frequently observed that non-linear de-

pendencies manifest between variables. In certain instances, these relationships can

be expressed through a functional representation. However, there are cases where

the relationship cannot be adequately represented by functional forms. For example,

in biological systems and weather forecasting, the behavior of variables may seem

random, but repetition of a fixed random pattern may reveal a relationship between

variables [151]. Even if the relationship can be represented using a simple functional

form, it is impractical to test against each potential functional form individually,

given that there are infinitely many functional forms.

37
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3.1.1 Some methods commonly used to measure dependence

between variables

As discussed in the previous chapter, there are several measures of dependence be-

tween two variables in the literature. The correlation coefficient (ρ) is the most

popular dependence measure. The correlation coefficient possesses several advanta-

geous properties; however, it is limited to capturing only linear relationships between

variables. A value of zero for the coefficient does not necessarily indicate the inde-

pendence of the variables. Therefore, we need an index that can evaluate non-linear

relationships between two features, without relying on any assumed theoretical prob-

ability distribution.

In the literature on non-linear feature relationship indices, some authors focused

on the properties that an index should possess. Studies by Urbach [152] and Dionisio

et al. [153] support a strong relationship between entropy, dependence, and pre-

dictability. This relation has been studied by several authors [60, 63, 154–157]. The

dependence measure called MIC [63] uses mutual information to evaluate feature rela-

tionships. It is capable of quantifying the dependence between variables that exhibit

different types of relationships. Kv̊alseth [59] has briefly defined an information-

theoretic measure of dependence between two variables in his paper. This measure

has several desirable properties. However, he has not discussed how this measure can

be estimated for a given set of points. A more comprehensive discussion of existing

mutual information-based measures and their methods of estimation is presented in

Section 3.1.2.

Other authors provided different dependence measures which were extensively dis-

cussed in Chapter 2. These include kernel-based methods, rank-based methods, and

energy-distance-based methods to find dependence between features. Distance corre-
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lation [51] is an energy-distance-based dependence measure that has several desirable

properties but does not detect relationships such as sinusoidal waves, circles, etc.

where there is a one-way relationship [158].

In this chapter, we present a method named MIDI (Mutual Information based

Dependence Index) for calculating mutual information-based dependence between

features. To calculate MIDI, we need to estimate mutual information and entropy.

This estimation is done using density estimates obtained from the histogram. It is

well-known that the consistency of histogram-based density estimation depends on

the bin size. MIDI calculates the bin size using simple statistical properties of the

data, which results in consistent density estimates. Consequently, this index can

efficiently find the dependence between variables related to each other in different

ways without overestimating the dependence.

The definitions of Mutual Information and Entropy were discussed in the section

2.2.6 of Chapter 2. As mentioned above, calculating mutual information for contin-

uous features is not a straightforward task. In the following paragraphs, we discuss

some of the existing methods for calculating mutual information-based dependence

measures.

3.1.2 Existing methods for estimating mutual information

and entropy based feature relationship Indices

Given the unknown nature of the underlying probability distributions, it is necessary

to develop techniques to estimate the mutual information based feature relationship

indices. This estimation can be achieved using either a non-parametric approach

or a parametric method. Parametric methods need a specific form of stochastic

processes [156], so they cannot be generalized to datasets with arbitrary distributions.
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One of the existing non-parametric methods for estimating mutual information uses

the lengths of the edges of the nearest-neighbor graph [159]. However, this method

sometimes gives very small negative values, which is not desirable since the estimated

value of the dependence measure should be non-negative.

One of the most popular methods for non-parametric density estimation is

histogram-based density estimation. A method that uses histograms for density esti-

mation in order to calculate the dependence is MIC [63]. In this approach, equiprob-

able partitions are created along one axis, with the opposing axis being segmented in

such a manner that the value of the measure is maximized. The number of partitions

is constrained by n0.6, where n denotes the number of data points in the dataset. This

procedure is repeated by interchanging the axes, after which the greater value of the

two is selected. An intricate methodology is used to determine the length of the bin

for the computation of mutual information. The following paragraph explains how

the MIC value is calculated using different partitions.

Suppose that mutual information calculated using a particular partition G is de-

noted by IG. Let the number of cells along the X and Y axes for the grid G be given

by nGx and nGy. Then the dependence is calculated as:

MIC(X, Y ) = max
G

(
IG(X, Y )

min (nGx, nGy)
) (3.1)

Note that this process of finding the bin length is computationally expensive. As the

partition is chosen with a preference for higher estimate values, the value achieved

for independent variables is relatively high, and therefore it generally overestimates

the dependency value [158].

In his paper, Kv̊alseth [59] described three measures to evaluate relationships
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between features. They are given below.

KM1(X,Y ) =
I(X,Y )

min(H(X), H(Y ))
(3.2)

KM2(X, Y ) =
I(X,Y )

max(H(X), H(Y ))
(3.3)

KM3(X,Y ) =
2 ∗ I(X, Y )

(H(X) +H(Y ))
(3.4)

Among these, KM2 has been used for clustering [157,160]. KM3 has been widely used

for feature selection [161]. Kv̊alseth [59] has mentioned that the value of all three

measures is 1 in the case of a strict one-to-one association between the variables.

However, KM1, achieves the value 1 even when the relationship between the features

is many-to-one, making it suitable for finding non-monotonous relationship between

features. It can be shown that KM1 attains a value of 1 if there is a strict one-way

association, that is, either of the variables is a function of the other. This allows us

to detect functional forms that have one-way dependence, for example y = x2, y =

sin(x). Though Kv̊alseth [59] describes KM1 briefly, no method has been proposed

to estimate the defined measure.

In this chapter, we present a fast and efficient method to estimate KM1, resulting

in an index MIDI, that can be used to assess non-linear relationships between variables

quickly. MIDI is calculated using density estimation based on histograms. We have

used a partition scheme that leads to better performance in the case of noisy data.

The partitioning is done using the statistical properties of the data which can be easily

calculated. No optimization is required over different ways of partitioning same data.

This makes the presented method efficient in terms of execution time and memory.

Consequently, it can be used for large volumes of data where the application of many

existing methods becomes infeasible due to time and memory constraints.
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3.2 MIDI: properties and implementation

3.2.1 Dependence measure estimated in MIDI: Properties

and their implications

In the previous paragraphs, we have mentioned that the presented method, MIDI

is an estimate of mutual information normalized by minimum entropy. In order

to calculate MIDI, the values of I(X, Y ), H(X) and H(Y ) are estimated using a

new density estimation method described in Section 3.2.2. The theoretical reasons

supporting the use of the histogram scheme for the density estimation are discussed

in Sections 3.2.3 and 3.2.4.

The resulting density estimates are then used to calculate an estimate of Mutual

Information normalized by the minimum of the entropies of the two variables. The

resulting relationship has been named Mutual Information Based Dependence Index

(MIDI) and is given as:

MIDI =
I(X,Y )

min(H(X), H(Y ))
(3.5)

To understand the properties [162] of MIDI we recall some properties of mutual
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information and entropy:

I(X,Y ) ≥ 0 (3.6)

I(X,Y ) = 0, iff X, Y are statistically independent (3.7)

I(X,Y ) = H(X), iff X is a function of Y (3.8)

I(X,Y ) = H(Y ), iff Y is a function of X (3.9)

I(X,Y ) ≤ min(H(X), H(Y )) (3.10)

From equations 3.5 and 3.10, it can be seen that MIDI achieves a value of 1 only

when X is a function of Y or Y is a function of X or both. Since I(X,Y ) = 0 holds

true if and only if the variables X and Y are statistically independent, MIDI obtains

a value of 0 under conditions of statistical independence. The value of MIDI always

lies between 0 and 1. Given that the density estimates discussed are demonstrated to

be L1-consistent in the subsequent sections, it can be inferred that the value of MIDI

approaches 1 when there exists a perfect relationship (possibly one-way) between

the features and 0 when the variables are entirely independent, as the sample size

increases. Consequently, MIDI possesses the following attributes:

0 ≤MIDI ≤ 1 (3.11)

MIDI(X, Y ) = 0 , iff X, Y are statistically independent (3.12)

MIDI(X, Y ) = 1 , iff X is a function of Y or if Y is a function of X (3.13)

In this chapter, the entropy and mutual information of variables are estimated by

dividing each axis into bins. The proportion of the number of points lying in the bin

to the total number of points is used as the value of the probability mass function for
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the points lying in the bin. Note that mutual information and entropy for discrete

random variables are invariant to scaling. Also, as we shall see, scaling does not

affect how the points are partitioned by MIDI. Thus, MIDI is invariant to scaling.

The following section provides a detailed procedure to calculate MIDI.

3.2.2 Determining bin length and calculating dependence

If the histogram approach for density estimation is used, the length of the bins be-

comes a very important parameter that affects the value of the estimate [153]. Should

the bin length ϵ be excessively large, the index becomes ineffective in capturing non-

linear relationships, as it will be unable to establish a unique mapping between a pair

of axes. So, for a set of n points, limn→∞ ϵ→ 0 is required. However, if the bin length

is too small, the distribution will not seem to be continuous. As the number of data

points increases, it is advisable to reduce the length of the bins accordingly. However,

if the reduction in the length of the bin occurs too rapidly with increasing n, it is

likely that numerous partitions remain unoccupied. Parzen [132], Lugosi and No-

bel [163] have given criteria for the selection of the appropriate bin size. This chapter

introduces a method for determining the suitable bin length, which is both compu-

tationally efficient and yields an estimated index value that approaches zero quickly

when the variables are independent. Moreover, the resulting estimate demonstrates

reduced susceptibility to noise.

The subsequent sections present a methodology for computing the dependence

between two features. The entropy and mutual information of the associated variables

are determined by dividing each axis into bins. The bin length on one axis is calculated

using a function of the maximal spacing along that axis, where the maximal spacing

for an axis is defined as the maximum distance between any two consecutive points.
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On the other axis, the number of bins is proportional to the logarithm of the sample

size. The ratio of the count of observations contained within a bin to the overall

number of observations serves as the value of the probability mass function for the

observations located within that bin. These estimates are then used to calculate

the mutual information and the entropy along both dimensions, which are used to

calculate the value of MIDI. The process is repeated by defining the bin length as a

function of the maximal spacing on the second axis and as a function of the logarithm

of the data sample size on the first axis. The greater of the two computed values is

selected as the dependence index. The theoretical properties of the density estimation

method employed are further elaborated in Section 3.2.4.

3.2.2.1 Method for determining the bin length

This section presents the methodology for calculating the length of the bin. The-

oretical reasons behind this choice is discussed in Sections 3.2.3 and 3.2.4. In this

chapter, we use the maximal spacing [164] to determine the length of the bin along

one dimension. The maximal spacing is also called the connectivity distance. The

following paragraphs define the maximal spacing and present its use for finding the

bin length.

This paragraph states the conditions under which the presented scheme provides

consistent density estimates. Let the given data be {(x1, y1), · · · , (xn, yn)} ⊂ R2.

We assume that the points are drawn i.i.d. from the set B following a continuous

probability density function f , which is unknown. Let B be path connected, compact,

Closure(Interior(B)) = B and boundary of B, denoted by δ(B) is such that λ(δB) =

0, λ is the Lebesgue measure. Let the support of f be B, that is, f(x) = 0 ∀x ∈ B′,

where B′ is the complement of B and
∫
v
f(x)dx > 0 ∀v, v open and v ∩B ̸= ϕ.

The details of the method to find the bin length is as follows. The data is sorted
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along the x-axis. Let the sorted values be x(1) · · · x(n). The maximum difference

between consecutive ordered points be Lmax = sup{x(i+1)−xi : 1 ≤ i ≤ n−1}, where

n is the number of points in the sample. Lmax is the maximal spacing along the x

axis. The length of the bin along the x-axis is calculated as ncLmax, where, c is a

constant such that 0 < c < 1. For a given fixed sample size n, as the parameter

c approaches the value 0, the bin lengths are reduced. Consequently, the number

of bins increases, which improves the resolution of the data representation. This

increased granularity results in a higher likelihood of obtaining unique mappings,

thereby yielding a higher value as an estimate of the dependence measure. Along

the y-axis, the number of divisions is given by log10(n). Subsequent to determining

the bin length, the computation of the dependence measure can be performed as

described in Section 3.2.2.2. The procedure should be repeated with the x and y axes

interchanged and the higher of the two resulting estimates should be considered as

the final value.

Figure 3.1 shows the above-mentioned scheme to find the length of the bin. The

figure shows 500 observations having uniform distribution on the x-axis, and the

values on the y-axis are given as y = 4(x − 0.5) + noise, where the noise has a

Gaussian distribution with 0 mean and 0.01 standard deviation. The figure shows

the projections of the observations on the x-axis and the y-axis as red and green dots,

respectively. The maximal spacing on the x-axis is shown as the distance between

two red lines, and on the y-axis as the distance between two green lines. On the right

side of the image we see the two partitions used to calculate MIDI using maximal

spacing on one axis and log10n partitions on the other. The maximum of the values

calculated using both partitions is taken as the final value of MIDI which turns out

to be 0.98.
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Figure 3.1: Histogram technique used by MIDI to obtain density estimates

3.2.2.2 Calculating mutual information based dependence measure: Cal-

culating MIDI

After determining the bin lengths, we can calculate the value of MIDI as described

below. The origin of the interval is taken as a starting point for the histogram

calculation. The mutual information according to densities estimated using the above-

mentioned scheme is given by

Î =
∑
i∈πx

∑
j∈πy

#i,j

n
log

[
n#i,j

#i#j

]
(3.14)

where πx and πy are partitions along x and y directions, respectively. The number

of points in the cell given by the intersection of the interval i along the x-axis and j

along the y axis is given by #i,j. The number of points in the interval i along the

x-axis is given by #i. Similarly, the number of points in the interval j along the y-axis

is given by #j. The entropy values along the x and y axes are calculated similarly
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to Ĥx =
∑

i∈πx

#i

n
log( n

#i
) and Ĥy =

∑
j∈πy

#j

n
log( n

#j
). MIDI is now calculated as

Î/min(Ĥx, Ĥy).

It should be noted that the proportion of maximal spacing between points on a

given axis to the range of that axis remains unaffected by variations in scale; thus,

the division of each axis exhibits invariance to scaling. Consequently, MIDI is char-

acterized by its invariance under scaling transformations. Likewise, the structure of

the bins and the estimate provided are also invariant under translational transforma-

tions. Under the aforementioned conditions, the estimate’s value remains unchanged.

However, the estimate is not invariant to any transform that is not order-preserving.

In the following sections, we elucidate the rationale for selecting partitions in the

manner previously delineated.

3.2.3 Theorems used to design the methodology for deter-

mining bin length

This section discusses the conditions required for consistent density estimates using

a histogram scheme and the asymptotic behavior of maximal spacing. Existing the-

orems that clearly state the required conditions for consistency have been presented

here. Theorems on the behavior of maximal spacing have also been included for com-

pleteness. In the next section, these will be used to prove that the bin lengths used

by MIDI lead to consistent density estimates.

Theorem 3.1 presents the necessary conditions for consistency and was proposed

by Lugosi and Nobel [163]. Theorems 3.2 by Darling [165], and Theorems 3.3, 3.4

by Deheuvels [166], describe the asymptotic behavior of maximal spacing. These

theorems have been used to prove that the histogram scheme used for MIDI leads to

consistent density estimates. This is given in the next section (Section 3.2.4).
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3.2.3.1 L− 1 consistency of density estimates

The first theorem provides the required conditions for L − 1 consistent density esti-

mates for any histogram scheme. The following notations have been used for the

theorems presented in this chapter. Let Rd denote the d-dimensional Euclidean

space. By a partition of Rd we mean a finite collection π∗ = {Å1, · · · Åq} of Borel-

measurable subsets of Rd, called cells, with the property that (i)
⋃q

j=1 Åj = Rd and

(ii) Åi ∩ Åj = ∅, if i ̸= j. Let |π∗| denote the number of cells in π∗.

For a set consisting of n i.i.d. random variables X⃗1, · · · , X⃗n taking values in

a set X = Rd, a partitioning rule and the family of partitions associated with a

partitioning rule can be defined as follows. An n-sample partitioning rule for Rd

is a function πn that associates every n-tuple (x1, · · · xn) ∈ X n with a measur-

able partition of Rd. Applying rule πn to X⃗1, · · · , X⃗n produces a random parti-

tion πn(X⃗1, · · · , X⃗n). A partition scheme for Rd is a sequence of partitioning rules

Π = π1, π2, · · ·. Associated with every rule πn there is a fixed, non-random family

of partitions A∗
n = πn(X⃗1, · · · , X⃗n) : X⃗1, · · · , X⃗n ∈ X . Thus, every partition scheme

Π is associated with a sequence A∗
1,A∗

2, · · · of partition families. In the following

paragraphs, the random partitions πn(X⃗1, · · · , X⃗n) are simply denoted by πn. An

ordered sequence x1, · · · , xn ∈ Rd will be denoted by xn1 .

Let A∗ be a family (possibly infinite) of partitions of Rd. The maximum cell count

of A∗ is given by m(A∗) = supπ∗∈A∗ |π∗|. The complexity of A∗ will be measured by

a combinatorial quantity similar to the well-known growth function for classes of

sets that was given by Vapnik and Chervonenkis [167]. Fix n points x1, · · · , xn ∈

Rd and let B = {x1, · · · , xn}. Let ∆(A∗, (x1, · · · , xn)) be the number of distinct

partitions of the set B. Note that {Å1 ∩ B, · · · , Åq ∩ B} is a distinct partition of

the finite set B induced by a partition {Å1, · · · , Åq} ∈ A. It is easy to see that
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∆(A∗, (x1, · · · , xn)) ≤ m(A∗)n. The growth function of A∗ is defined as ∆⋆
n (A∗) =

max(x1,··· ,xn)∈Rn×d ∆(A∗, (x1, · · · , xn)) is the largest number of distinct partitions of

any n point subset of Rd that can be induced by the partitions in A∗. In other

words, it is the maximum number of ways in which any set of n fixed points can be

partitioned.

With this convention in mind, for every x ∈ Rd let πn[x] be the unique cell of

πn that contains the point x. Let A be any subset of Rd. The diameter of A is the

maximum Euclidean distance between two points of A, diam(A) = supx,y∈A ||x− y||.

Let µ be a probability measure on Rd having density f , so that µ(A) =
∫
A
f(x)dx

for every Borel subset A of Rd. Let X⃗1, X⃗2, · · · be random vectors with i.i.d. in

Rd, each distributed according to µ, and let µn be the empirical distribution of

X⃗1, · · · , X⃗n. Fix a partition scheme Π = π1, π2, · · · for Rd, where the rule πn is

applied to a n-tuple. Applying the nth rule in Π to X⃗1, · · · , X⃗n produces a partition

πn = πn(X⃗1, X⃗2, · · · , X⃗n) of Rd. The partition πn, in turn, gives rise to a natural

histogram estimate of f as follows. For each vector x ∈ Rd let

fn(x) = µn(πn[x])/λ(πn[x]) if λ(πn[x]) <∞ (3.15)

= 0 otherwise (3.16)

Here λ denotes the Lebesgue measure on Rd. Note that fn is itself a function of

the training set X⃗1, · · · X⃗n and that fn is piecewise constant on the cells of πn. The

sequence of estimates fn is said to be strongly L1−consistent if
∫
|f(x)−fn(x)|dx→ 0

with probability one as n → ∞. Theorem [163] is stated below using the notation

mentioned above.

Theorem 3.1. Let X⃗1, X⃗2, · · · , X⃗n be random vectors with i.i.d. in Rd whose com-

mon distribution µ has a density f . Let Π = {π1, π2, · · · } be a fixed partition scheme



Chapter 3 51

for Rd, and let A∗
n be the collection of partitions associated with the rule πn. As n

tends to infinity,

n−1m(A∗
n) → 0 (3.17)

n−1 log∆⋆
n (A∗

n) → 0 (3.18)

µ{x : diam(πn[x]) > ϵ} → 0 (3.19)

with probability one for every ϵ > 0, then the density estimates fn are strongly con-

sistent in L1:

∫
|f(x)− fn(x)|dx→ 0 (3.20)

with probability one.

3.2.3.2 Asymptotic behavior of maximal spacing

The following theorems describe the asymptotic behavior of maximal spacing. First,

the specific case for uniform distribution is stated. This is followed by a more gener-

alized case of arbitrary distributions that meet the conditions mentioned in Section

3.2.2.1. The notation introduced here has also been used in Section 3.2.4 for the

theorems proposed in this work.

Let {Uk}, 1 ≤ k ≤ N be uniform i.i.d., in [0, 1], ordered to give {U∗
N,k} We write

U∗
N,0 ≡ 0, U∗

N,N+1 ≡ 1. Then γj = U∗
N,j+1 − U∗

N,j for 0 < j <N are called uniform

spacings. Let Mn = max γj be the largest uniform spacing. Darling [165] proved

following theorem:
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Theorem 3.2. Almost surely as n→ ∞,

|Mn − log(n)/n| = O(log(log(n))/n) (3.21)

It has been specified that this implies for a constant C as n→ ∞,

|Mn − log(n)/n| = C(log(log(n))/n) (3.22)

The following two theorems given by Deheuvels [166] establish the upper limit for

maximal spacing in the case of different distributions.

Theorem 3.3. Let X⃗1, X⃗2, · · · be an i.i.d. sequence of random variables with a

continuous distribution function F . Let X⃗1,n < X⃗2,n < · · · < X⃗n,n denote the or-

der statistics of X⃗1, X⃗2, · · · , X⃗n, and let S
(n)
i = X⃗i+1,n − X⃗i,n, i = 1, 2 · · · , n − 1

define the corresponding spacings. Denote the order statistics of S
(n)
1 , · · · , S(n)

n−1 by

M
(n)
n−1 < · · · < M

(n)
2 < M

(n)
1 . If the following conditions are satisfied

1. F (x) = P{X ≤ x} has a continuous first derivative f(x) > 0 on (Alm, Blm)

where Alm = inf{x;F (x) > 0} < Blm = {x;F (x) < 1}.

2. The distribution F has a bounded support (−∞ < Alm < Blm < +∞), and

there exists an x0 ∈ (Alm, Blm) such that, for all x ∈ (Alm, Blm), x ̸= x0,

f(x) > f(x0) > 0.

3. There exists a q, 0 < q <∞, such that

lim inf
h↓0

f(x0 + h)− f(x0)

|h|q
= dq, 0 < dq < +∞ (3.23)
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Then for any t ≥ 5, k ≥ 1 and ϵ > 0,

P (lim sup
n→∞

{nM (n)
k f(x0) > log(n)− (1/q) log2(n) (3.24)

+1/k(2 log2(n) + log3(n) + · · ·+ logt−1(n) (3.25)

+(1 + ϵ) logt(n))}) = 0 (3.26)

Theorem 3.4. In addition to conditions for Theorem 3.3 if the following condition

is satisfied

1. There exists an q, 0 < q <∞, such that

lim sup
h↓0

f(x0 + h)− f(x0)

|h|q
= Dq, 0 < Dq < +∞ (3.27)

and 0 < dq ≤ Dq < +∞ Then, we have, almost surely,

lim sup
n→∞

nM
(n)
k f(x0)− log(n)

log2(n)
=

2

k
− 1

q
(3.28)

3.2.4 Lemmas proposed to show the L1 consistency of density

estimates of the scheme used in MIDI

For consistency of density estimates using the histogram method, the length of

bins is a very important parameter. General sufficient conditions for the strong

L1 − consistency of histogram density estimates based on data-dependent partitions

have been discussed by researchers [163]. The relevant theorem given by Lugosi and

Nobel has been reproduced as Theorem 3.1 in Section 3.2.3. In each case, the desired

consistency requires shrinking cells, subexponential growth of a combinatorial com-

plexity measure, and sublinear growth of the number of cells. Under the assumptions
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of the theorem, L1−error of the normalized partitioning density estimates converges

to zero with probability one.

It has been seen from the Lemmas 3.1 and 3.2 given below that the number of cells

in sublinear and the combinatorial complexity is subexponential as n → ∞ for the

presented method. The diameter of each cell is also shown to shrink to 0 as n→ ∞,

as shown by Lemmas 3.3 and 3.4. Let A∗
n denote the family of partitions created

for n observations using the histogram scheme presented in Section 3.2.2. Note that

the maximal spacing Lmax defined in Section 3.2.2 for a set of n observations will be

given as M
(n)
1 in Theorem 3.3.

Lemma 3.1. For the histogram scheme used by MIDI, taking a fixed c such that

0 < c < 1,

n−1m(A∗
n) → 0, as n→ ∞ (3.29)

Proof. In the presented scheme, the smallest possible value of Lmax will be attained

when all points are equidistant to each other along the x-axis. In this case, the value

for Lmax will be gx/(n− 1), where gx is the range along the x-axis. In this case, the

number of divisions along the x axis will be gx
nc.Lmax

= (n−1)
nc . The number of divisions

along the y axis is given as log10(n). So, the maximum number of cells in a given

scheme is (n−1)log10(n)
nc where 0 < c < 1.

m(A∗
n) ≤

(n− 1)log10(n)

nc
(3.30)

n−1m(A∗
n) ≤

(n− 1)log10(n)

n(c+1)
(3.31)

<
n.log10(n)

n(c+1)
(3.32)

=
log10(e).log(n)

nc
(3.33)
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Note that log(n)
nc → 0 for a fixed c > 0 for n→ ∞

=⇒ n−1m(A∗
n) = 0 ,as n→ ∞ (3.34)

Lemma 3.2. For the histogram scheme used by MIDI, taking a fixed c such that

0 < c < 1,

n−1 log(∆⋆
n (A∗

n)) → 0 as n→ ∞ (3.35)

Proof. The maximum number of divisions along the x-axis is given by (n−1)
nc . Note that

(n−1)
nc < n1−c. Let ⌈x⌉ denote the ceiling of positive real number x. So, the maximum

number of distinct partitions along the x axis is bounded by
(⌈n+n1−c⌉

⌈n1−c⌉

)
. Similarly, with

the maximum number of divisions along the y-axis being log10(n), the maximum

number of distinct partitions along the y-axis is bounded by
(⌈n+log10(n)⌉

⌈log10(n)⌉

)
. So, the

maximum number of distinct partitions considering both dimensions, ∆⋆
n (A∗

n) is

bounded by the product
(⌈n+log10(n)⌉

⌈log10(n)⌉

)(⌈n+n1−c⌉
⌈n1−c⌉

)
, where 0 < c < 1.

n−1 log(∆⋆
n (A∗

n)) ≤ n−1 log

[(
⌈n+ log10(n)⌉
⌈log10(n)⌉

)(
⌈n+ n1−c⌉
⌈n1−c⌉

)]
=

1

n
log

[(
⌈n+ log10(n)⌉
⌈log10(n)⌉

)]
+

1

n
log

[(
⌈n+ n1−c⌉
⌈n1−c⌉

)] (3.36)

For any given n̊ and k̊ < n̊, the upper bound of log
[(

n̊
k̊

)]
is n̊H (̊k/̊n) [168] , whereH(ϵ)

represents the binary entropy of ϵ, defined by H(ϵ) = −(1− ϵ) log(1− ϵ)− (ϵ) log(ϵ).
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It follows that

n−1 log(∆⋆
n (A∗

n)) ≤
n+ log10(n)

n
H(

log10(n)

n+ log10(n)
) +

n+ n1−c

n
H(

n1−c

n+ n1−c
) (3.37)

However, as n→ ∞,
log10(n)

n+ log10(n)
→ 0 (3.38)

As n→ ∞,
n1−c

n+ n1−c
→ 0, where 0 < c < 1 (3.39)

As n→ ∞,
n+ log10(n)

n
→ 1 (3.40)

As n→ ∞,
n+ n1−c

n
→ 1, where 0 < c < 1 (3.41)

Note that H is increasing on (0, 1/2], H is symmetric about 1/2, and H(ϵ) → 0 as

ϵ→ 0. Therefore, the entropies of terms given in (3.38) and (3.39) vanish as n→ ∞.

So both terms on the right-hand side of inequality (3.37) vanish as n→ ∞. We find

n−1 log(∆⋆
n (A∗

n)) = 0 as n→ ∞.

The Lemmas 3.3 and 3.4 show that the diameter of each cell shrinks to 0 as

n → ∞ for cases of uniform and non-uniform distributions, respectively. For this

purpose studies on the limits of maximal spacings have been used. The largest spac-

ings for uniformly distributed i.i.d. sequences in [0, 1] have been studied by several

authors [165, 169]. Theorem 3.2 [165] presented in Section 3.2.3 has been used to

prove the Lemma 3.3.

Lemma 3.3. For the histogram scheme used by MIDI, taking a fixed c such that

0 < c < 1, in the case of uniform distribution, µ{x : diam(πn[x]) > ϵ} → 0, with

probability one for every ϵ > 0.
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Proof. By Theorem 3.2

|Mn − log(n)/n| = C(log(log(n))/n) (3.42)

Multiplying both sides by nc, where c is a constant such that 0 < c < 1, for n→ ∞

|nc.Mn − log(n)/n1−c| = C(log(log(n))/n1−c) (3.43)

Note that, log n/n1−c → 0, as n goes to infinity. Also, log(log(n))/n1−c → 0, as n

goes to infinity. So ncMn → 0 as n→ ∞. It may be noted here that Lmax is the same

as g.Mn where g is the range. So ncLmax → 0 as n→ ∞, in case of uniform density.

Similarly, limit results for ordered spacings (where a uniform distribution has not

been assumed) can be found in an article by [166]. Theorems 3.3 and 3.4 proposed

by [166] have been used to show that the diameter of each cell shrinks to 0 in the

given scheme as n → ∞ for non-uniform distributions in Lemma 3.4. These two

theorems proposed by [166] have been stated in Section 3.2.3. Using these theorems,

we state the following lemma.

Lemma 3.4. For the histogram scheme used by MIDI, taking a fixed c such that

0 < c < 1,

µ{x : diam(πn[x]) > ϵ} → 0, with probability one for every ϵ > 0 (3.44)

Proof. We note that, if the conditions stated in theorems 3.3 and 3.4 given by De-
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heuvels [166] and stated in Section 3.2.3 are fulfilled,

lim sup
n→∞

nM
(n)
k f(x0)− log(n)

log2(n)
=

2

k
− 1

r
(3.45)

=⇒ lim sup
n→∞

ncM
(n)
k =

( 2
k
− 1

r
) log2(n) + log(n)

n1−cf(x0)
(3.46)

Note that, for 0 < c < 1 and a fixed k

lim
n→∞

log(n)/n1−c = 0 (3.47)

Also, lim
n→∞

(2/k − 1/r)log2(n)/n
1−c = 0 (3.48)

Maximal spacing between the points is given by Lmax = M
(n)
1 . It follows from

(3.46), (3.47) and (3.48) that ncLmax → 0 as n goes to ∞, under the given conditions.

Suppose that we have calculated the length of the bin using the maximal spacing along

the x axis, then ncLmax is taken as the length of each cell along the x axis. Along the

other axis, say the y axis, the length of each division is taken as gy/ log10(n) where

gy is the range along the y axis. For a distribution with compact support, gy is finite,

so gy/ log10(n) → 0 as n → ∞. As the length along each direction converges to 0 as

n goes to infinity, we can say that the diameter will shrink to 0 as n→ ∞.

As a consequence of Theorem 3.1 given in Section 3.2.3, and the Lemmas 3.1, 3.2,

and 3.4 given above, the following theorem can be stated.

Theorem 3.5. The histogram scheme used by MIDI leads to L1 consistent density

estimates.

Although we cannot say that the presented method is the best way to obtain the

bin length, it satisfies the requirements of L1 consistency [163]. It is a simple and



Chapter 3 59

efficient method compared to existing methods.

3.3 Algorithm

The algorithm 3.1 provides the steps to calculate the estimate of the dependence

index. Figure 3.2 presents an overview of MIDI.

Algorithm 3.1: Algorithm for MIDI

/* Dataset D′ has dimension n×m */

/* Normalize the data to closed interval */

1 Sort the data along the x-axis. Find the maximal spacing between
consecutive points along the x-axis. This maximal spacing can be denoted
by the value Lmax.

2 Define the bin width along the x-axis as Bx = nc.Lmax, with n representing
the total number of data points and c is a constant such that 0 < c < 1.

3 Divide range y axis in log10(n) bins of equal length.
4 For each region formed by the intersection of bin i along the x-axis and j

along the y-axis, determine the number of points denoted as #i,j.
5 Calculate the number of points for each region along the x-axis as denote it

as #i.
6 Calculate the number of points for each region along the y-axis as denote it

as #j.

7 Calculate the value Î =
∑nx

i=1

∑ny

j=1
#i,j

n
log(

n#i,j

#i#j
), where nx and ny are the

number of divisions along each direction.
8 Calculate the value of Ĥx =

∑nx

i=1
#i

n
log( n

#i
).

9 Calculate the value of Ĥy =
∑ny

j=1
#j

n
log( n

#j
).

10 Calculate MIDIx = MI

min(Ĥx,Ĥy)

11 Repeat the procedure after interchanging x and y axes and take the
maximum of the two values MIDI = max(MIDIx,MIDIy).

3.4 Experimental setup for analysis with MIDI

In this section, the methodology for conducting the experiments has been discussed.

This includes experiments on synthetic datasets and details of a feature selection
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X

Y

observations partitioned in
log(n) bins (X)

observations partitioned in
bins based on

maximal spacing (X)

observations partitioned in
log(n) bins (Y)

observations partitioned in
bins based on

maximal spacing (Y)

Estimate H(X),H(Y)
and MI(X,Y)

using first scheme

Estimate H(X),H(Y)
and MI(X,Y)

using second scheme

MIDI(X,Y)
Max of the

two estimares

Figure 3.2: Broad outline showing how MIDI works

method designed using MIDI. The novel feature selection method has been applied

to real-world datasets which are described in this section.

3.4.1 Setup for experiments on synthetic datasets with MIDI

and other dependence indices

Several datasets have been used to present experimental results for MIDI. Recall that

we calculated the bin length as ncLmax, where Lmax is the maximal spacing and c is

a constant. During experiments with synthetic datasets, the value of the constant c

is taken to be 0.1. Experiments with synthetic datasets have been performed with

MIDI because the relationships between the features are known, facilitating a more

straightforward evaluation of the results.

Three distinct categories of relationships can be identified between two features.

These categories are:

1. Relationship between two features X and Y where X is a function of Y or vice
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versa.

2. Relationship where one-to-one mapping does not exist but there is a functional

form (e.g. Cartesian coordinates for circle) between them.

3. The relationship is not functional (e.g., two normal distributions with correla-

tion coefficient ρ where |ρ| < 1).

We have conducted experiments involving the three aforementioned types of fea-

ture relations. For comparative analysis, we used both MIC [63] and distance cor-

relation (Dcor) [51], as these methods are well-established within the literature and

demonstrate superior performance across numerous data sets compared to traditional

approaches such as the Spearman correlation coefficient and Pearson’s correlation co-

efficient. Simon and Tibshirani also performed a comparative study of MIC and

Dcor [158]. MIC, Dcor, and MIDI have been computed for the datasets described in

Table 3.1, as well as for data sampled from a normal distribution exhibiting varying

correlation coefficient values. The following paragraphs describe the method to gen-

erate datasets with and without noise. The methodology for evaluating the power

(complement of type 2 error) of MIDI and other indices has also been presented.

3.4.1.1 Generation of noiseless data

In this section, we present the methodology used to generate the noiseless data.

Here, three types of noiseless data are considered. Table 3.1 provides the functional

forms corresponding to the first and second types of associations of the three different

relationships stated above. Note that the same functional forms were used by Reshef

et al. to illustrate MIC for noiseless data. The generation of data corresponding to

the functional forms of Table 3.1 is carried out as follows. The points for the variable

X are drawn randomly from the uniform distribution and the value of Y is calculated
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Table 3.1: Different datasets used for experiments

Function Description Domain

line y = x x ∈ [0, 1]

half-parabola y = x2 x ∈ [0, 1]

parabola y = (x− 0.5)2 x ∈ [0, 1]

exponential y = 10x x ∈ [0, 1]

sinusoidal y = sin(10πx+ x) x ∈ [0, 1]

sin (fourier frequency) y = sin(16πx) x ∈ [0, 1]

sin (non fourier frequency) y = sin(13πx) x ∈ [0, 1]

sin (varying frequency) y = sin(7πx(1 + x)) x ∈ [0, 1]

circle

y = (2 ∗ z − 1) ∗
(
√
1− (2 ∗ x− 1)2), where

z is randomly chosen from
{0, 1}

x ∈ [0, 1]

normal uncorrelated µ1 = 0, σ1 = 1, µ2 = 0, σ2 = 1, ρ = 0 (x, y) ∈ (−∞,∞)× (−∞,∞)

uniform random number generator (x, y) ∈ [0, 1]× [0, 1]

as a function of X. Different sample sizes are considered, and the values of the indices

corresponding to these sizes are given in Table 3.3.

For comparison of performance in the case of a non-functional relationship, Table

3.4 provides the values of the three indices for different sample sizes in the case of a

bivariate normal distribution with mean 0 and variance 1 for both X and Y , and dif-

ferent values of the correlation coefficient (ρ = 1, 0.95, 0.9, 0.8, 0.7, 0.6, 0.5, 0.3, 0.01).

The results have been discussed in Section 3.5.1.1.

3.4.1.2 Generation of noisy data

A further aspect of the investigation is to examine the behavior of relationship indices

when noise is added to the dataset. With the introduction of additional noise into

a dataset, the relationship between the variables becomes attenuated, leading to a

reduction in the value of any relationship index. Hence, datasets with different noise

levels are considered for testing MIDI.

To calculate the values of the indices, 1000 points are drawn from a uniform
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distribution. The value of Y is calculated using the function in Table 3.1, as in the

case of noiseless data. We add Gaussian noise with mean µ = 0 and variance σ2.

The different values of σ2 used to generate noise are 10−6, 10−4, 10−2, 10−1, 1, 101, 102.

The noise is added to the variable Y, and the values of various indices are computed.

These results are documented in Table 3.5.

To study the non-functional relationship, X and Y are sampled from a bivariate

normal distribution as described in Section 3.4.1.1 for noiseless data. But here 1000

points are considered and different levels of noise are added to Y as described in the

previous paragraph. The findings are documented in Table 3.6.

3.4.1.3 Methodology to evaluate the power of different methods

A critical aspect under examination is the power of feature relation indices, with the

alternative hypothesis positing the absence of association. A high power indicates

that the index in question is deemed adequate. Simon and Tibshirani [158] employed

certain functions to evaluate power, as enumerated in Table 3.2. We have similarly

used these functions and the methodology adopted by Simon and Tibshirani [158] to

compare the power of MIC, Dcor, and MIDI. A concise description of the methodology

is provided below.

For each function considered, the values of various indices are computed for X

and Y, where X comprises 1000 data points sampled from a uniform distribution.

The dataset for Y is produced by applying a specified function and adding noise

drawn from a normal distribution with a mean of zero and different variance levels.

Thirty different levels of standard deviation are considered for each function. The

standard deviation for noise is given as σ = (noise scale × noise level), where the

noise scale for each function is mentioned in Table 3.2 and the noise level takes values

1/10, 2/10 · · · , 30/10. For example, for the case of a cubic function, the noise scale is
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Table 3.2: Data sets used to determine power of the indices at different noise levels.
Values of standard deviation used for each function are given by the product of the
corresponding noise scale with 1/10, 2/10, · · · , 30/10

Function Description Domain Noise scale

line y = x [0,1] 1

quadratic y = 4 ∗ (x− .5)2 [0,1] 1

cubic y = 128 ∗ (x− 1/3)3 − 48 ∗ (x− 1/3)2 − 12 ∗ (x− 1/3) [0,1] 10

sin 1/8 y = sin(4 ∗ pi ∗ x) [0,1] 2

sin 1/2 y = sin(16 ∗ pi ∗ x) [0,1] 1

fourth root y = x1/4 [0,1] 1

circle
y = (2 ∗ z − 1) ∗ (

√
1− (2 ∗ x− 1)2),

where z is randomly chosen from {0, 1}
[0,1] 1/4

step y = 1,if (x > 0.5), y = 0, otherwise [0,1] 5

10, so the values of σ are 10/10, 20/10, 30/10, · · · , 300/10. The standard deviations

used to generate the noise are the same as those used by Simon and Tibshirani [158].

For every functional form and each specified value of the standard deviation, a total of

500 datasets are generated, each comprising 1000 data points. The values of various

indices are computed for these datasets. In addition, index values are determined for

500 datasets in which the features are independent by sampling both X and Y from a

uniform distribution. Thus, we obtain the values of the indices for the null scenario.

The cutoff value of the index is calculated as 0.95 quantile of indices generated for the

null scenario. Among the data sets where a particular functional relationship exists,

the ratio of data sets for which the value of the index is above the cut-off for a given

σ to a total number of data sets generated for the same σ is taken as the power at

the particular noise level for the relationship under consideration. The results are

presented in Figure 3.3.
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3.4.1.4 Setup for experiments to determine execution time of MIDI on

datasets of varying size

This section presents the methodology for evaluating the execution time required to

calculate the relationship index between all pairs of features in datasets of different

sizes. One of the advantages of using the maximal spacing is that the bin length

for each feature is calculated independently. For calculating the bin sizes, the time

complexity is O(mn log(n)). The maximum number of bins is given by n1−c log10(n),

as discussed in Section 3.2.4. The probabilities are estimated using these bins, so

the overall time complexity is mn log(n) +m2n1−c log(n). However, we have already

shown in Section 3.2.4 that the number of bins grows at a sublinear rate as n increases.

Thus, it has been seen that MIDI has a shorter execution time in comparison with

Dcor and MIDI. The index MIC also uses a histogram to calculate mutual infor-

mation but calculates the maximum of normalized mutual information over several

possible partitions for each feature pair, requiring longer execution times. Dcor cal-

culates the distance between observations for each pair of features. Table 3.7 reports

the execution time required by MIDI, Dcor and MIC for datasets of different sizes.

Experiments have been performed with data drawn from a uniform distribution to

determine the execution time for MIDI, and other methods for datasets of varying

size and the results are reported in Table 3.7.

3.4.2 Setup and methodology for a novel feature selection

using MIDI

High-dimensional datasets often contain several redundant features. Thus, feature se-

lection [170] is an important pre-processing step before applying any machine learning

method. Feature extraction methods such as PCA and Kernel PCA [171], often result
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in improved classification performance. However, the physical interpretation of the

features obtained by these methods is difficult. The same applies to deep learning-

based methods. In contrast, directly selecting a subset of features allows us to bet-

ter understand the physical meaning of the data [172]. Additionally, obtaining the

ground truth of labels for datasets is often a time-consuming and expensive process.

Thus, unsupervised feature selection methods can be advantageous for the prelim-

inary analysis of new datasets. This section presents a novel unsupervised feature

selection method using MIDI.

3.4.2.1 Algorithm for MIDI-based feature selection

This method uses MIDI to find similarity between features, so that redundancy in the

data can be reduced. Since MIDI is a dependence index that has value in the range

[0, 1], the distance between features can be calculated by subtracting the similarity

from one. Then, a greedy search algorithm is used to reject one feature at each step

and the other feature is kept for further consideration. At each step, the next distance

(sorted in increasing order) is considered. Between the two features associated with

this distance, if one is already selected (in an earlier iteration), then the other is

rejected. If both are already rejected or selected, we move on to the next iteration.

If both are considered for the first time, one is retained and the other is rejected. In

the following paragraphs, we present the method in detail.

Due to the histogram scheme, MIDI works best when the density function has

compact support (i.e., the function has non-zero values only on a closed interval).

Thus, before applying feature selection, we normalized the data to [0, 1] × [0, 1]. It

should be mentioned that the data may come from a distribution with an unbounded

base or a bounded base with an unknown range. Let the data be given as a matrix

where the element in the ith row and in the jth column is denoted by ai,j. In order to
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normalize data originating from various distributions to the specified range [0, 1], we

have employed one of the two transformations detailed in Equations 3.49 and 3.50:

norm1(ai,j) =
ai,j − min

1≤k≤n
(ak,j)

max
1≤k≤n

(ak,j)− min
1≤k≤n

(ak,j)
; (3.49)

norm2(ai,j) = norm1(tan
−1(ai,j)/π + 0.5). (3.50)

The transformation norm1 is a popular way to map data from a bounded base

to the interval [0, 1], while transformation norm2 can be used to map data from the

interval (−∞,∞) to the interval [0, 1]. Thus, norm2 maps points from an unbounded

region to a bounded interval. Consequently, this transformation is suited for appli-

cation in scenarios where data is drawn from a distribution with non-compact base,

like the Gaussian distribution.

After the above-mentioned normalization, pairwise distances between features are

calculated, and features are selected or rejected based on increasing order of the

distances. The steps are described in detail below, and the algorithm for feature

selection is written as Algorithm 3.2.

1. Normalize the data. Calculate the distance between each pair of variables X

and Y as Dist(X,Y ) = 1−MIDI(X,Y ).

2. Sort the distance values (increasing). Initialize sets of selected and rejected

features as null.

3. Iterate considering distances in increasing order in a while loop until the required

number of features is selected.

4. The ith distance from the sorted array is selected.
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5. If both the features associated with the selected distance are already included

or any of the features are already rejected, go to the next iteration.

6. If one feature is selected while the other is not yet tested, we reject the newly

tested feature.

7. If both features are tested for the first time, we find the sum of distances between

the feature under consideration and the features not yet selected. We select the

feature for which the calculated sum is greater and reject the other .

8. Iterate in the while loop if the desired number of features has not yet been

selected.

3.4.2.2 Datasets used for feature selection using MIDI

We have applied the MIDI-based feature selection method (Fs-MIDI) to two hyper-

spectral datasets named (1) “Indian Pines” having image size 145× 145, 200 spectral

bands and 16 classes [173] and (2)“Botswana” [174] having image size 1476×256, 145

spectral bands and 14 classes. The hyperspectral images are converted to 2 dimension

matrices by treating each pixel as an observation and each spectral band is considered

as a feature. The data for hyperspectral images is normalized using norm2 (described

in Equation 3.50), as it provides better results. The number of features to be selected

varies from 2 to 32, with a step size of 2. The results are reported in Tables 3.8 and

3.9 and in Figure 3.4.

We have also applied the MIDI-based feature selection method (Fs-MIDI) to the

UCI-ML datasets, and the results have been reported in Tables 3.10-3.14. These are:

(1)“Default of credit card clients” dataset [175] of the banking sector that has 30000

observations with 23 features and two classes. (2) “Predict Student Dropout and
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Algorithm 3.2: MIDI based Feature Selection

/* Normalize the data D having dimensions N ×M */

/* Calculate the feature similarity using using MIDI */

1 S =MIDI(D)
/* Get distances by subtracting each similarity value from 1 */

2 Dist = {1}M×M − S
3 Sort the distances to obtain Sorted distances and corresponding features

defined by row index, column index
4 while number Selected < to Select do
5 if number Rejected == (M − to Select) then
6 break while loop

7 Consider next element of Sorted distances
8 if either row index or column index is rejected or both are selected then
9 continue while loop

10 if only one is selected then
11 reject other feature and continue while loop

12 if both are neither selected nor rejected then
13 RowDist = Sum(Dist(row index, not yet selected features ))

ColDist = Sum(Dist(column index, not yet selected features)) if
RowDist > ColDist then

14 Select row index feature
15 Reject column index feature

16 else
17 Select column index feature
18 Reject row index feature

Academic Success” dataset [176] from the education sector has 4424 observations with

36 features and three classes. (3) “Magic gamma telescope” dataset [177] from the

application area named particle physics, has 19020 observations with 10 features and 2

classes.(4) “Breast cancer (original Wisconsin)” dataset [178] from the medical science

sector has 683 observations, 9 features and 2 classes.(5) “Electrical Grid Stability

Simulated Data” dataset [179] from the application area electrical engineering, has

10000 observations, 12 features and 2 classes. The number of selected features varies

from 2 to m − 2 where m is the number of features in the dataset, with step size 2.



70 3.5 Results

The data is normalized using norm1 (described in Equation 3.49). The results are

reported in Tables 3.10-3.14 and Figure 3.5.

The results of Fs-MIDI (feature selection using MIDI) have been compared with

the methods given by Dey et al. [161] and VCSDFS [86]. We have also performed

the feature selection by replacing MIDI with Dcor in Algorithm 3.2. We have called

this method Fs-Dcor and compared it with Fs-MIDI. However, feature selection using

MIC has not been performed due to the high computation time required by MIDI as

discussed in Sections 3.4.1.4 and 3.5.1.4. The parameters used by the first method

are the same as those reported in the article [161]. For VCSDFS, we have used the

implementation provided by the author with the default parameters. For Fs-MIDI,

we have used the value of c as 0.01 to calculate MIDI, as it is seen to provide better

results for feature selection experiments.

The classification of observations with selected features (as obtained by the MIDI

based and three other methods) has been done using a Support Vector Machine

(SVM). A train-test ratio was considered as 30:70. The average (over 10 simulations)

of the overall accuracy (OA) and the Kappa coefficient (K) have been used to evaluate

the results. The standard deviation for Overall Accuracy (over 10 simulations) is also

reported. These results have been reported in Tables 3.8-3.14 and in Figures 3.4 and

3.5.

3.5 Results

This section presents the results of the experiments described in the previous section.
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3.5.1 Results on Synthetic datasets

This section presents results for data where the variables are in perfect functional

relation as well as results for synthetic noisy data. This includes results that report

the power of MIDI for different functions.

3.5.1.1 Results on noiseless data

For the data generated using the methodology given in Section 3.4.1.1 the results are

reported in Table 3.3. The table reports the value of the indices for a different number

of points and the functions named in Table 3.1. It is seen that, as the sample size

increases, the MIDI value approaches 1 for variables that are related to each other

and goes to 0 when the variables are independent. It may be noted that the value of

MIC is higher than the value obtained by MIDI for perfect relations. However, even

in the case of uniform and Gaussian distributions, where the variables are generated

independently and are expected to be completely uncorrelated, the MIC value is

relatively high. This is undesirable because it increases the possibility of a type 2

error, as we will see from the results presented in Section 3.5.1.3. This happens

because MIC chooses the grid size that maximizes the value of the measure. Further

Dcor is not able to detect non-monotonous relations between variables effectively. On

the other hand, MIDI can detect non-monotonous relationships.

The results for data with Gaussian distribution are presented in Table 3.4 and

indicate that the MIDI value decreases as the correlation coefficient decreases. An

increase in the number of data points results in the MIDI value remaining consistent

when the correlation coefficient is high, whereas it declines substantially when the

coefficient is low.
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Table 3.3: Values of dependence measure estimates on synthetic noiseless data sets
with varying sizes

Number of points 1000 2000 5000 10000

Function MIC Dcor MIDI MIC Dcor MIDI MIC Dcor MIDI MIC Dcor MIDI

line 1.0000 1.0000 0.9969 1.0000 1.0000 0.9971 1.0000 1.0000 0.9978 1.0000 1.0000 0.9992

half-parabola 1.0000 0.9818 0.9969 1.0000 0.9823 0.9980 1.0000 0.9649 0.9980 1.0000 0.9666 0.9983

parabola 1.0000 0.5070 0.9792 1.0000 0.493 0.9856 1.0000 0.2453 0.9916 1.0000 0.2409 0.9941

exponential 1.0000 0.9768 0.9770 1.0000 0.9770 0.994 1.0000 0.9570 0.9940 1.0000 0.9558 0.9941

sinusoidal 1.0000 0.1289 0.8705 1.0000 0.1359 0.9235 1.0000 0.0207 0.9625 1.0000 0.0242 0.9783

sin (fourier frequency) 1.0000 0.1799 0.8299 1.0000 0.1277 0.8544 1.0000 0.0108 0.9456 1.0000 0.0126 0.9658

sin (non fourier frequency) 1.0000 0.1259 0.8700 1.0000 0.1056 0.9189 1.0000 0.0102 0.9588 1.0000 0.0113 0.9655

sin (varying frequency) 1.0000 0.1734 0.847 1.0000 0.1752 0.8966 1.0000 0.0105 0.9471 1.0000 0.0262 0.9625

circle 0.6770 0.1627 0.4732 0.7098 0.159 0.4903 0.7098 0.0241 0.5000 0.7377 0.024 0.5000

normal uncorrelated 0.1320 0.0859 0.007 0.1012 0.0361 0.0032 0.0810 0.0005 0.0030 0.0619 0.0002 0.0020

uniform 0.1134 0.0567 0.0538 0.1012 0.0481 0.0483 0.0862 0.0003 0.0407 0.0612 0.0004 0.0340

Table 3.4: Values of dependence measure for bivariate normal distribution with a
given correlation coefficient for data sets of varying sizes

Number of points 1000 2000 5000 10000

cor (ρ) MIC Dcor MIDI MIC Dcor MIDI MIC Dcor MIDI MIC Dcor MIDI

1 1.0000 1.0000 0.8007 1.0000 1.0000 0.8181 1.0000 1.0000 0.8176 1.0000 1.0000 0.8211

0.95 0.8012 0.8742 0.6701 0.7705 0.8761 0.6727 0.7528 0.8651 0.6775 0.7348 0.8678 0.6624

0.9 0.6249 0.7281 0.5400 0.6237 0.7678 0.5517 0.6338 0.7613 0.5593 0.6093 0.7587 0.5431

0.8 0.5280 0.6105 0.3721 0.4892 0.5813 0.3708 0.4756 0.5602 0.3778 0.4500 0.5625 0.3597

0.7 0.4210 0.4287 0.2545 0.3774 0.4171 0.2801 0.3529 0.4288 0.3008 0.3358 0.4252 0.2683

0.6 0.3218 0.3179 0.2165 0.2671 0.3218 0.2014 0.2081 0.3065 0.2005 0.2463 0.3062 0.1774

0.5 0.2707 0.2139 0.1630 0.2245 0.2009 0.1568 0.2162 0.2087 0.1192 0.1919 0.2057 0.1266

0.3 0.1744 0.0776 0.1377 0.1502 0.0556 0.0446 0.1181 0.0774 0.0475 0.1075 0.0745 0.0406

0.01 0.1400 0.0030 0.0084 0.1000 0.0039 0.0047 0.0700 0.0011 0.0017 0.0646 0.0004 0.0008



Chapter 3 73

3.5.1.2 Noisy data

In this section, we report the results for the datasets generated using the methodology

described in Section 3.4.1.2. Table 3.5 reports the values of the indices for datasets

having 1000 observations with varying amount of Gaussian noise. The standard

deviation of the noise is mentioned in the table. It can be seen that the MIDI values

for the low-noise data become closer to 1 if a relationship exists and move to 0 when

there is no relationship between the variables. The value of MIDI decreases smoothly

with increasing noise levels.

Similarly for the results for the data with normal distribution reported in Table

3.6, it is seen that the value of MIDI also decreases with increasing noise level.

3.5.1.3 Results for experiments to determine the power of MIDI

From the experiments described in Section 3.4.1.3 we report the performance of MIDI

in terms of power in Figure 3.3. It is seen that MIDI has a better capability to find

feature relations in the presence of noise. For linear relationships, distance correlation

works better than MIDI and MIC. Across the seven non-linear scenarios examined,

MIDI is observed to possess greater statistical power than Dcor in the majority of in-

stances, which aligns with anticipations. This is attributable to the tendency of Dcor

to demonstrate a predisposition towards linear relationships. The distance correlation

reduces to the correlation coefficient between two variables when the distributions are

normal. Consequently, Dcor is expected to more effectively capture linear relation-

ships compared to MIDI. In the case of non-linear relations, MIDI performs better

than both Dcor and MIC.
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Table 3.5: MIDI, MIC and Dcor results for different noise levels using 1000 data
points

Function/Noise level (σ2) Method 10−6 10−4 10−2 10−1 1 10 102

line

MIDI 0.9983 0.9701 0.7825 0.3356 0.1496 0.1293 0.0901

Dcor 1.0000 1.0000 0.9383 0.6592 0.2339 0.0654 0.0415

MIC 1.0000 1.0000 0.8752 0.4173 0.1831 0.1382 0.1326

half-parabola

MIDI 0.9854 0.9588 0.7106 0.2912 0.1309 0.1154 0.0805

Dcor 0.9821 0.9804 0.9236 0.6548 0.2292 0.1457 0.0502

MIC 1.0000 1.0000 0.8001 0.4103 0.1624 0.1159 0.1413

parabola

MIDI 0.9737 0.89364 0.2345 0.1589 0.1212 0.1254 0.0789

Dcor 0.4978 0.4899 0.2879 0.1301 0.0562 0.0432 0.0512

MIC 1.0000 0.9763 0.3301 0.1836 0.1412 0.1283 0.1367

exponential

MIDI 0.9944 0.9856 0.9582 0.8927 0.6339 0.2691 0.1134

Dcor 0.9773 0.9773 0.9771 0.9678 0.8832 0.5626 0.2309

MIC 1.0000 1.0000 1.0000 0.9632 0.7139 0.3576 0.1548

sinusoidal

MIDI 0.8751 0.8745 0.8367 0.5756 0.2511 0.1165 0.0869

Dcor 0.2595 0.2593 0.2556 0.2143 0.1584 0.0987 0.0412

MIC 1.0000 1.0000 0.9756 0.7839 0.348 0.1564 0.1385

sin (fourier frequency)

MIDI 0.8267 0.8047 0.7893 0.5745 0.2678 0.1596 0.0783

Dcor 0.1596 0.1538 0.1512 0.1287 0.0774 0.0732 0.0451

MIC 1.0000 1.0000 0.9945 0.7688 0.2889 0.1648 0.1374

sin (non fourier frequency)

MIDI 0.8545 0.8543 0.8275 0.5478 0.2463 0.1574 0.0914

Dcor 0.1282 0.1285 0.1233 0.12 0.0775 0.0657 0.0548

MIC 1.0000 1.0000 0.9732 0.8782 0.2919 0.1587 0.1416

sin (varying frequency)

MIDI 0.8314 0.8198 0.7856 0.5571 0.2352 0.1267 0.0805

Dcor 0.1367 0.1367 0.1367 0.1354 0.1051 0.0545 0.0512

MIC 1.0000 1.0000 0.9784 0.7646 0.3023 0.1567 0.1389

circle

MIDI 0.4858 0.4817 0.4784 0.2778 0.1231 0.0734 0.0654

Dcor 0.1678 0.1658 0.1502 0.1501 0.0560 0.0312 0.0562

MIC 0.6567 0.6489 0.6445 0.4578 0.1293 0.1423 0.1326

normal uncorrelated

MIDI 0.0192 0.0121 0.0127 0.0249 0.0127 0.0127 0.0072

Dcor 0.0515 0.0670 0.0571 0.0419 0.0573 0.0459 0.0592

MIC 0.1353 0.1245 0.1332 0.1337 0.1355 0.1257 0.1389

uniform

MIDI 0.0551 0.0624 0.0556 0.0537 0.0599 0.0637 0.0538

Dcor 0.0593 0.1026 0.0593 0.0524 0.0560 0.0468 0.0562

MIC 0.1314 0.1407 0.1242 0.1319 0.1293 0.1309 0.1442
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Table 3.6: MIDI, MIC and Dcor results for different noise levels using 1000 data
points for bivariate normal distribution

Correlation coeff/Noise level (σ2) Method 10−6 10−4 10−2 10−1 1 10 102

1

MIDI 0.8121 0.8101 0.7989 0.6445 0.2824 0.0464 0.0157

Dcor 1.0000 0.9963 0.9941 0.9317 0.6678 0.2737 0.0412

MIC 1.0000 1.0000 0.9765 0.8145 0.4132 0.1855 0.1178

0.95

MIDI 0.6865 0.6558 0.6501 0.5282 0.2714 0.0155 0.0123

Dcor 0.9114 0.9215 0.9109 0.86576 0.6312 0.2201 0.0794

MIC 0.7617 0.7608 0.7212 0.6505 0.3816 0.1516 0.1367

0.9

MIDI 0.5212 0.5354 0.5263 0.4674 0.2412 0.0237 0.0071

Dcor 0.8664 0.8657 0.8419 0.8013 0.5943 0.2516 0.0659

MIC 0.6814 0.6505 0.6126 0.5637 0.3509 0.1796 0.1449

0.8

MIDI 0.3764 0.3679 0.3243 0.3278 0.2091 0.0236 0.0102

Dcor 0.7578 0.7417 0.7532 0.7267 0.5323 0.1607 0.0516

MIC 0.5001 0.5101 0.5297 0.4712 0.3219 0.1311 0.1453

0.7

MIDI 0.2601 0.2600 0.2597 0.2254 0.1096 0.0305 0.0077

Dcor 0.6225 0.6431 0.6439 0.6295 0.4842 0.2010 0.0496

MIC 0.3627 0.4679 0.4234 0.3684 0.2882 0.1498 0.1205

0.6

MIDI 0.1912 0.1911 0.1853 0.1149 0.0815 0.0256 0.0050

Dcor 0.5762 0.5384 0.5559 0.5214 0.4184 0.1677 0.0742

MIC 0.3549 0.3192 0.3189 0.2855 0.2365 0.1401 0.1384

0.5

MIDI 0.1198 0.1203 0.1219 0.1163 0.0738 0.0237 0.0094

Dcor 0.4677 0.4674 0.4701 0.4183 0.2915 0.1584 0.0635

MIC 0.2643 0.2648 0.2705 0.2375 0.1839 0.1596 0.1263

0.3

MIDI 0.0578 0.0594 0.0527 0.0472 0.0268 0.0100 0.0078

Dcor 0.2521 0.2520 0.2519 0.2147 0.1987 0.0925 0.0456

MIC 0.1745 0.1593 0.1724 0.1674 0.1465 0.1315 0.1300

0.01

MIDI 0.0035 0.0031 0.0029 0.0032 0.0030 0.0027 0.0031

Dcor 0.0503 0.0514 0.0495 0.0496 0.0435 0.0503 0.0459

MIC 0.1312 0.1285 0.1314 0.1358 0.1349 0.1237 0.1372
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Figure 3.3: Power of different indices of dependence
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3.5.1.4 Execution time of MIDI on datasets of varying size

The time complexity of MIDI is discussed in Section 3.4.1.4, along with the method-

ology to perform experiments to determine the execution time of MIDI for datasets

of different sizes. It is seen that the execution time for MIDI is much shorter than

the time required by Dcor and MIC. MIC has the highest execution time. The results

are reported in Table 3.7. The table reports the number of features and the number

of observations for different datasets and the execution time in seconds.

Table 3.7: Execution time for calculating dependence

Method Number of Features Number of Observations Execution time

MIDI

10
1000 0.030
5000 0.069
10000 0.088

20
1000 0.049
5000 0.171
10000 0.267

Dcor

10
1000 0.363
5000 1.591
10000 2.976

20
1000 1.283
5000 6.812
10000 13.273

MIC

10
1000 13.156
5000 173.513
10000 546.012

20
1000 57.335
5000 756.654
10000 2364.013

3.5.2 Results for unsupervised Feature Selection method us-

ing MIDI

The performance of the MIDI-based feature selection method (Fs-MIDI) and other

feature selection methods is presented in Tables 3.8-3.14. The accuracy is also shown

graphically in Figures 3.4 and 3.5. In the graphs, the best accuracy for each dataset
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Table 3.8: Overall accuracy and Kappa Coefficient obtained using the features se-
lected by different algorithms for the Indian Pines dataset

Number Dey et. al. [161] VCDFS [86] Fs-Dcor Fs-MIDI
of features OA K SD OA K SD OA K SD OA K SD

2 0.483 0.41 0.008 0.408 0.31 0.004 0.400 0.31 0.006 0.535 0.46 0.004
4 0.591 0.53 0.002 0.638 0.58 0.006 0.524 0.45 0.003 0.690 0.64 0.008
6 0.679 0.63 0.006 0.703 0.66 0.004 0.551 0.48 0.006 0.725 0.68 0.006
8 0.787 0.76 0.006 0.750 0.71 0.005 0.580 0.52 0.007 0.742 0.70 0.006
10 0.816 0.79 0.006 0.756 0.72 0.004 0.610 0.55 0.004 0.749 0.71 0.006
12 0.816 0.79 0.005 0.782 0.75 0.004 0.669 0.62 0.005 0.760 0.72 0.006
14 0.829 0.80 0.003 0.778 0.75 0.003 0.714 0.67 0.005 0.769 0.73 0.005
16 0.829 0.80 0.005 0.780 0.75 0.004 0.773 0.74 0.004 0.774 0.74 0.007
18 0.831 0.81 0.004 0.782 0.75 0.003 0.821 0.80 0.005 0.785 0.75 0.003
20 0.832 0.81 0.006 0.769 0.74 0.003 0.826 0.80 0.003 0.794 0.76 0.005
22 0.835 0.81 0.004 0.804 0.78 0.005 0.833 0.81 0.004 0.838 0.81 0.004
24 0.832 0.81 0.006 0.811 0.78 0.004 0.852 0.83 0.003 0.852 0.83 0.007
26 0.839 0.82 0.004 0.791 0.76 0.004 0.856 0.84 0.003 0.858 0.84 0.006
28 0.837 0.81 0.006 0.792 0.76 0.005 0.861 0.84 0.005 0.857 0.84 0.003
30 0.806 0.78 0.005 0.802 0.77 0.004 0.864 0.84 0.005 0.860 0.84 0.003
32 0.803 0.77 0.006 0.819 0.79 0.003 0.865 0.85 0.006 0.866 0.85 0.003

is marked with a black circle.

The results show that the MIDI based method (Fs-MIDI) performs better than

the compared methods for both hyperspectral image datasets. For the Indian Pines

dataset [173], the classification accuracy increased with an increase in the number

of features for most methods (all except [161]). For this dataset, the MIDI-based

method provides good accuracy when the number of features selected is greater than

20. For the Botswana dataset [174], the MIDI-based method achieves the highest

accuracy compared to other methods.

For the credit card dataset [175], Fs-MIDI achieves the highest accuracy. For the

Student Dropout dataset [176], Fs-MIDI and Fs-Dcor achieve the highest accuracy.

But when the number of features selected is small, other methods achieve better per-

formance for this dataset. For the Magic Gamma dataset [177], the method by Dey et

al. achieves the best accuracy. MIDI based feature selection (Fs-MIDI) has the second

highest accuracy. For the Breast Cancer dataset [178], the MIDI based method (Fs-
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Table 3.9: Overall accuracy and Kappa Coefficient obtained using the features se-
lected by different algorithms for Botswana dataset

Number Dey et. al. [161] VCDFS [86] Fs-Dcor Fs-MIDI
of features OA K SD OA K SD OA K SD OA K SD

2 0.451 0.41 0.009 0.530 0.49 0.008 0.671 0.64 0.007 0.697 0.67 0.009
4 0.763 0.74 0.008 0.693 0.67 0.009 0.796 0.78 0.005 0.869 0.86 0.007
6 0.797 0.78 0.008 0.864 0.85 0.006 0.828 0.81 0.007 0.893 0.88 0.005
8 0.807 0.79 0.004 0.884 0.87 0.005 0.834 0.82 0.007 0.900 0.89 0.005
10 0.825 0.81 0.007 0.891 0.88 0.004 0.841 0.83 0.006 0.899 0.89 0.007
12 0.829 0.81 0.009 0.899 0.89 0.008 0.849 0.84 0.006 0.895 0.89 0.003
14 0.841 0.83 0.008 0.902 0.89 0.008 0.855 0.84 0.004 0.906 0.90 0.007
16 0.853 0.84 0.004 0.905 0.90 0.006 0.860 0.85 0.007 0.912 0.90 0.009
18 0.853 0.84 0.008 0.909 0.90 0.004 0.858 0.85 0.009 0.914 0.91 0.006
20 0.855 0.84 0.005 0.905 0.90 0.008 0.877 0.87 0.005 0.915 0.91 0.005
22 0.856 0.84 0.006 0.909 0.90 0.004 0.881 0.87 0.006 0.917 0.91 0.005
24 0.884 0.87 0.004 0.911 0.90 0.004 0.898 0.89 0.004 0.921 0.91 0.005
26 0.881 0.87 0.007 0.920 0.91 0.005 0.903 0.89 0.005 0.919 0.91 0.006
28 0.890 0.88 0.008 0.918 0.91 0.003 0.901 0.89 0.006 0.919 0.91 0.003
30 0.892 0.88 0.006 0.917 0.91 0.005 0.904 0.90 0.004 0.923 0.92 0.007
32 0.909 0.90 0.008 0.919 0.91 0.006 0.906 0.90 0.006 0.917 0.91 0.006

MIDI) has the best accuracy. The Dcor-based method (Fs-Dcor) also achieves similar

accuracy. Fs-MIDI provides the best performance for the Electric Grid dataset. In

summary, the MIDI-based method (Fs-MIDI) has second-best performance for one

of the datasets. It achieves best accuracy for four of five UCI-ML datasets and for

the two hyperspectral image datasets named Indian Pines and Botswana. Also, from

Table 3.15 we find that VCSDFS requires the least execution time among all meth-

ods. MIDI based feature selection requires more time than VCSDFS but its execution

time is much shorter than FS-Dcor, and the method by Dey et al.
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Figure 3.4: Overall accuracy for different algorithms for Indian Pines and Botswana
datasets

Table 3.10: Overall accuracy and Kappa Coefficient obtained using the features se-
lected by different algorithms for Credit Card dataset

Number Dey et. al. [161] VCDFS [86] Fs-Dcor Fs-MIDI
of features OA K SD OA K SD OA K SD OA K SD

2 0.753 0.00 0.003 0.740 0.02 0.004 0.799 0.26 0.001 0.736 0.04 0.002
4 0.753 0.02 0.003 0.744 0.03 0.002 0.798 0.27 0.001 0.782 0.21 0.008
6 0.753 0.03 0.002 0.768 0.14 0.004 0.786 0.23 0.005 0.801 0.29 0.004
8 0.767 0.12 0.003 0.767 0.14 0.004 0.786 0.24 0.003 0.798 0.29 0.003
10 0.767 0.12 0.002 0.765 0.17 0.002 0.784 0.23 0.002 0.795 0.27 0.002
12 0.768 0.12 0.002 0.745 0.06 0.004 0.781 0.23 0.002 0.789 0.27 0.004
14 0.798 0.27 0.004 0.788 0.26 0.004 0.779 0.23 0.003 0.788 0.29 0.003
16 0.789 0.29 0.003 0.788 0.27 0.003 0.779 0.23 0.003 0.790 0.29 0.004
18 0.797 0.30 0.002 0.791 0.29 0.004 0.777 0.22 0.003 0.787 0.28 0.004
20 0.797 0.29 0.005 0.791 0.29 0.003 0.791 0.28 0.004 0.790 0.29 0.003
22 0.798 0.27 0.004 0.790 0.29 0.003 0.789 0.28 0.004 0.790 0.29 0.004
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Figure 3.5: Overall accuracy for different algorithms for UCI-ML datasets
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Table 3.11: Overall accuracy and Kappa Coefficient obtained using the features se-
lected by different algorithms for Student Dropout dataset

Number Dey et. al. [161] VCDFS [86] Fs-Dcor Fs-MIDI
of features OA K SD OA K SD OA K SD OA K SD

2 0.700 0.49 0.005 0.533 0.18 0.009 0.525 0.14 0.006 0.510 0.06 0.004
4 0.694 0.48 0.005 0.568 0.27 0.011 0.690 0.46 0.009 0.493 0.12 0.009
6 0.681 0.47 0.004 0.628 0.37 0.006 0.667 0.43 0.015 0.587 0.30 0.012
8 0.696 0.49 0.007 0.672 0.45 0.007 0.667 0.44 0.005 0.609 0.33 0.008
10 0.703 0.50 0.006 0.671 0.45 0.007 0.655 0.42 0.008 0.595 0.31 0.010
12 0.713 0.52 0.006 0.685 0.47 0.007 0.651 0.42 0.009 0.591 0.30 0.005
14 0.710 0.51 0.005 0.694 0.49 0.005 0.666 0.44 0.006 0.577 0.28 0.006
16 0.706 0.51 0.005 0.691 0.49 0.007 0.658 0.42 0.009 0.605 0.33 0.009
18 0.705 0.50 0.006 0.696 0.49 0.006 0.665 0.44 0.008 0.637 0.38 0.006
20 0.705 0.51 0.006 0.706 0.51 0.006 0.666 0.44 0.009 0.633 0.38 0.009
22 0.703 0.50 0.007 0.709 0.52 0.007 0.688 0.48 0.006 0.633 0.38 0.005
24 0.697 0.49 0.009 0.708 0.51 0.007 0.686 0.47 0.006 0.654 0.42 0.005
26 0.701 0.50 0.005 0.707 0.51 0.005 0.682 0.47 0.008 0.655 0.42 0.008
28 0.704 0.50 0.007 0.703 0.51 0.004 0.685 0.47 0.008 0.667 0.44 0.008
30 0.704 0.50 0.004 0.707 0.51 0.008 0.691 0.48 0.003 0.687 0.48 0.006
32 0.704 0.50 0.010 0.716 0.52 0.007 0.710 0.52 0.006 0.718 0.53 0.005
34 0.700 0.50 0.007 0.717 0.53 0.009 0.718 0.53 0.007 0.718 0.53 0.006

Table 3.12: Overall accuracy and Kappa Coefficient obtained using the features se-
lected by different algorithms for Magic Gamma dataset

Number Dey et. al. [161] VCDFS [86] Fs-Dcor Fs-MIDI
of features OA K SD OA K SD OA K SD OA K SD

2 0.591 0.01 0.007 0.626 0.10 0.038 0.610 0.08 0.008 0.578 0.02 0.008
4 0.699 0.33 0.007 0.716 0.37 0.008 0.786 0.52 0.004 0.68 0.30 0.006
6 0.796 0.54 0.011 0.814 0.58 0.007 0.798 0.55 0.005 0.782 0.51 0.004
8 0.839 0.64 0.006 0.816 0.59 0.003 0.815 0.59 0.004 0.833 0.63 0.005

Table 3.13: Overall accuracy and Kappa Coefficient obtained using the features se-
lected by different algorithms for Breast Cancer dataset

Number Dey et. al. [161] VCDFS [86] Fs-Dcor Fs-MIDI
of features OA K SD OA K SD OA K SD OA K SD

2 0.922 0.83 0.012 0.784 0.46 0.009 0.929 0.85 0.007 0.926 0.84 0.010
4 0.947 0.88 0.013 0.936 0.86 0.012 0.940 0.87 0.006 0.947 0.88 0.009
6 0.950 0.89 0.010 0.949 0.89 0.006 0.957 0.90 0.005 0.949 0.89 0.008
8 0.958 0.91 0.004 0.953 0.90 0.010 0.958 0.91 0.009 0.959 0.91 0.004
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Table 3.14: Overall accuracy and Kappa Coefficient obtained using the features se-
lected by different algorithms for Electric Grid dataset

Number Dey et. al. [161] VCDFS [86] Fs-Dcor Fs-MIDI
of features OA K SD OA K SD OA K SD OA K SD

2 0.615 0.15 0.004 0.586 0.07 0.009 0.586 0.07 0.007 0.573 0.05 0.005
4 0.705 0.36 0.005 0.647 0.22 0.004 0.630 0.19 0.005 0.629 0.19 0.005
6 0.705 0.36 0.006 0.683 0.30 0.005 0.712 0.37 0.003 0.715 0.38 0.006
8 0.704 0.35 0.005 0.772 0.50 0.004 0.827 0.62 0.004 0.825 0.62 0.005
10 0.785 0.53 0.003 0.825 0.62 0.004 0.930 0.85 0.004 0.931 0.85 0.003

Table 3.15: Execution time for feature selection required by different methods

Methods
Dey et. al. [161] VCDFS [86] Fs-Dcor Fs-MIDI

Datasets
Credit Card 876.230 0.094 55.300 0.845

Student Dropout 34.430 0.073 29.650 0.349
Magic Gamma 345.730 0.059 11.000 0.149
Breast Cancer 0.114 0.040 0.341 0.032
Electric Grid 156.730 0.090 7.507 0.486
Indian Pines 40275.276 1.179 2762.413 20.267
Botswana 1794.457 0.090 785.340 3.647
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3.6 Limitations

It is seen that MIDI can be used to detect non-linear relations for continuous vari-

ables. It does this by estimating mutual information using a maximal spacing based

histogram scheme. However, as seen in Section 3.2.4, the values estimated using the

histogram scheme will converge only if the base for the distribution is path-connected.

Thus, the method works well only for continuous distributions. Alternative histogram

schemes may be developed for datasets with variables that do not fulfill this require-

ment. Additionally, we do not claim that the presented histogram scheme is the best

one even for continuous distributions. Thus, there might be different ways to estimate

the values. However, we find that the proposed scheme leads to shorter execution time

and provide good performance in terms of the power of the index.

3.7 Summary

This chapter introduces a computational method to estimate non-linear dependence

between two variables. A function of maximal spacing has been used to determine the

length of the bin to calculate the density estimates. The density estimates obtained

by this method are shown to be strongly consistent. These density estimates are

used to calculate a novel dependence index named the Mutual Information-Based

Dependence Index (MIDI). Through several experiments, we find that the value of

MIDI goes to the true value of dependence as the number of points increases. We

also find that the value of MIDI goes down smoothly if noise is added gradually to

variables having perfect dependence.

The performance of MIDI has been compared to generally accepted measures

like distance correlation (Dcor) and maximal Information Coefficient (MIC) in terms
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of power and computational complexity with the help of several artificial data sets

with different amounts of noise. MIDI overcomes the problem of overestimation that

occurs with MIC. MIDI is also capable of detecting non-linear relationships where

either of the variables is a function of the other, unlike Dcor, which requires the

relation to be one-to-one and onto. Thus, for non-linear datasets, it achieves better

performance than MIC and Dcor in terms of power. The execution time for MIDI is

less in comparison with both MIC and Dcor.

MIDI has also been used to design a novel feature selection algorithm named Fs-

MIDI. The feature selection method has been applied to UCI-ML datasets. It has also

been applied to hyperspectral images, as they contain features representing narrow

contiguous bands, and the similarity between adjacent bands is high. Experiments

show that the MIDI based feature selection method named Fs-MIDI resulted in better

classification performance in terms of overall accuracy for most of the datasets.

In general, we may say that MIDI can detect many types of relationships between

variables without making any assumption about the functional form of the relation-

ship. The power statistics of MIDI illustrate their effectiveness in detecting non-linear

relationships.





Chapter 4

CBSC: A Novel Method for

Connectedness-Based Subspace

Clustering

4.1 Introduction

In this chapter, an algorithm for density-based biclustering is introduced. Biclus-

tering is conceptualized as the identification of subsets of features and observations

wherein these observations exhibit similar behaviors concerning the selected features.

The interpretation of similarity in the behavior of the observations is dependent on

the specific problem context. The objective in this chapter is to identify subspace

clusters in which the feature vectors are interrelated with reference to the observa-

tions constituting the subspace cluster. This variety of subspace clustering is alter-

natively termed pattern-based subspace clustering or biclustering [95]. The terms

biclustering and subspace clustering are used interchangeably in the context of this

problem [27,94]. In this chapter, we have used both terms interchangeably.

87
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In contrast to traditional density-based subspace clustering algorithms that iden-

tify clusters through spatial proximity, the approach we have adopted relies on com-

mon high-density regions to group features on the basis of feature relations. The

method presented here, CBSC, is capable of identifying subspace clusters based on

both linear and non-linear interrelationships among features. A notable advantage

of CBSC compared to previous density-based subspace clustering methodologies is

that it eliminates the need for users to specify parameter values for density estima-

tion. Instead, these values are deduced for each pair of features on the basis of the

data distribution within the space pertinent to the specific pair of features. Conse-

quently, CBSC is adept at identifying subspace clusters even when the relationships

between different features exist on different scales. The following section describes

the motivation behind CBSC and its objective.

4.2 Motivation and problem definition

4.2.1 Motivation

In recent years, techniques for the identification of non-linear relations between fea-

tures or observations have been developed to a greater extent. Some examples are

distance correlation [51], MIC [63], and MIDI [28]. The previous chapter discusses

MIDI in detail. It seems natural and useful to extend methods of non-linear explo-

ration to subspace clustering problems. In this chapter, we present a biclustering

technique that can be used to explore non-linear relations in data. Many of the pre-

vious biclustering methods use spatial proximity to find biclusters [27,95,96,102,180].

On the other hand, most of the previously existing feature relation based methods are

restricted to biclusters based on linear or monotonic relations [145]. In this chapter,
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we present a feature relation based biclustering method that can find biclusters based

on non-linear and even non-monotonous relations.

This chapter addresses subspace clustering by identifying non-linear relationships

between features by finding observations forming common high-density regions be-

tween these features. Thus, finding non-linear correlations pertaining to a subset of

observations (rather than the set of all observations) results in the formation of sub-

space clusters. In contrast to other density-based algorithms, CBSC does not require

the specification of a radius or number of points to define neighborhoods and detect

high-density regions. These parameters dynamically adjust with each pair of dimen-

sions, thereby enhancing the adaptability of the procedure. These values are derived

from the data using a function of the minimal spanning tree.

4.2.2 Problem definition

The objective of this study is to identify biclusters within a dataset, in which the

concept of a bicluster is defined as follows. For a given data matrix X = [xij] with N

observations indexed by i = 1, · · · , N and M features indexed by j = 1, · · · ,M ,

one needs to select a subset of n observations represented by the set of indices

Iin = {i1, i2, · · · , in} and a subset of m features represented by the set of indices

Jin = {j1, j2 · · · , jm} such that the column vectors in the matrix A are related to

each other directly or indirectly, where A = XIin,Jin . This notation indicates that the

element in the pth row and the qth column of the matrix A is given as ap,q = xip,jq .
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A =



xi1,j1 xi1,j2 · · · xi1,jm

xi2,j1 xi2,j2 · · · xi2,jm
...

...
...

xin,j1 xin,j2 · · · xin,jm


=



a1,1 a1,2 · · · a1,m

a2,1 a2,2 · · · a2,m
...

...
...

an,1 an,2 · · · an,m


.

Numerous scholarly articles exist within the literature that explore methods for

determining spatial proximity between two data points. The objective of CBSC is

not to assess the proximity between data points, although such measurements were

used in intermediate steps for finding biclusters. Instead, we find biclusters based on

feature relations. We now define the relationship between the features. Let the kth

column vector of the matrix A be represented by

A∗,k =



xi1,jk

xi2,jk
...

xin,jk


=



a1,k

a2,k
...

an,k


.

Vectors A∗,u and A∗,v are said to be directly related if p(at,u, at,v) is high for

all t = 1, 2, · · · , n, where p(at,u, at,v) is the joint density function for the uth and

vth features of A. The direct relation between vector Au and Av is denoted by

R(A∗,u,A∗,v) = True.

Vectors A∗,u and A∗,v are said to be related indirectly if there exists a sequence

w1, w2, · · · , wz such that condition R(A∗,u,A∗,w1) = True∧R(A∗,w1 ,A∗,w2) = True∧

· · · ,∧R(A∗,wz ,A∗,v) = True is satisfied.

In terms of graphs, two features ju, jv are said to be connected by an edge with

reference to observations i1, i2, · · · , in if Cartesian points (xit,ju , xit,jv) for 1 ≤ t ≤ n

form a high-density connected region in the two-dimensional space populated by
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(xs,ju , xs,jv) for 1 ≤ s ≤ N . It may be noted that the main objective of this method

is not to find sets of observations which lie close together in a smaller subspace but

to find features which are related to each other for a subset of observations. In some

way, we have analyzed whether the value of one feature gives us information about

the value of other features for a given set of observations.

Note that we have departed from the more common approach for biclustering,

where one searches for heavy subgraphs. In this work, we are searching for non-linear

relations between features for a subset of observations. Non-linear relations may

often be unidirectional. Methods that search for heavy subgraphs may miss out on

many features that are related to other features in the bicluster. Therefore, we search

for longest paths in the graphs instead of heavy subgraphs. However, this bicluster

is easily impacted by noise. To overcome the effect of noise, we use the following

technique after identifying connected dense regions in two-dimensional space.

An edge is said to connect two features ju and jv if there exists a feature js ∈

{j1, j2, · · · , jn} − {ju, jv} such that significantly large overlapping dense regions are

found for feature pairs < ju, jv > and < ju, js > and < js, jv >. This gives us a

robust solution that is close to our objective. The following section discusses the

ideas behind the procedure in greater detail.

4.3 Intuition and methodology for finding densely

connected regions

As discussed in Section 4.2.2, we need to find dense regions in a 2-dimensional Eu-

clidean space corresponding to each pair of features. If one or more dense regions

exist in the 2-dimensional space corresponding to two features, they are said to be
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related with reference to observations forming the dense regions; otherwise, they

are unrelated. Later, the pairs of features will be combined as described in Section

4.4. The approach for identifying dense regions has been described in this section.

Connectivity-based clustering has been performed using methods such as the (K, r)-

cluster approach [181] and DBSCAN [22], where connectivity is derived from overlap

between open spheres of specified radius with some additional constraints applied.

To establish connectivity in the two-dimensional space for each pair of dimensions,

CBSC also uses overlap between open spheres but applies a more stringent set of

conditions. The following paragraphs describe the definition of connectivity used by

CBSC in detail and also distinguish it from the connectivity used by methods such

as DBSCAN and (K, r) clustering.

For clustering, Definitions 4.1, 4.2, and 4.3 provided below are used by DBSCAN

[22] and (K, r)-clustering [181]. These definitions are used similarly by Kailing et al.

[20] to identify dense units for the detection of biclusters. These conditions stipulate

that for any pair of observations x and y within a cluster, there exists a path from x

to y such that each edge of the path is shorter than r, and each vertex on the path

encompasses at least K observations within its neighborhood of radius r.

CBSC uses additional constraints given in Definitions 4.4 and 4.5 to identify dense

regions in 2-dimensional space. This ensures that for each pair of consecutive obser-

vations on a path, their neighborhoods have at least δ points in common. Thus,

CBSC uses a stronger condition to cluster observations in two-dimensional space but

a milder condition for combining features in a bicluster. We formally present the spe-

cific conditions implemented by CBSC. Let X represent all points in a data matrix.

Definition 4.1. Given (X, dist) and r > 0, a non-empty subset Cl of X is called

r − connected, if for each pair of points (x, y) in Cl there is a r − chain of points
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connecting x and y, that is, there exists a sequence of points x ≡ x1, x2, x3, · · · , xs ≡ y

such that dist(xi, xi+1) < r for i = 1, 2, · · · , (s− 1), where dist denotes distance.

Definition 4.2. Given (X, dist), r > 0, and a positive integer K, a non-empty

subset Cl of X is called (K, r)− bonded, if for each element x ∈ Cl there is a subset

T ⊂ X −{x} having K elements such that t ∈ T =⇒ dist(x, t) < r. In other words,

x has a neighborhood N(x) which is an open disk of radius r and contains at least K

points except x.

Definition 4.3. Given (X, dist), r > 0, and a positive integer K, a non-empty subset

Cl of X is called (K, r)− connected, if Cl is r − connected and (K, r)− bonded.

Ling has used (K, r) − bonded sets to identify clusters in the data matrix, while

DBSCAN uses them to identify the core points and includes the points if they lie

within an open sphere of radius r at any core point. In this work, we impose an

additional condition that is used to decide whether points lie in the same cluster. We

choose to call this property (r, δ)− coshared.

Definition 4.4. Given (X, dist), r > 0, a positive integer δ, a non-empty subset Cl

of X is called (r, δ) − coshared if for each pair of points (x, y) in Cl there exists

a sequence of points x ≡ x1, x2, x3, · · · , xs ≡ y such that dist(xi, xi+1) < r, ∀i and

card(N(xi)∩N(xi+1)) > δ for i = 1, 2, · · · , (s− 1), where N(x) denotes an open disk

of radius r around x.

Definition 4.5. Given (X, dist), r > 0 and positive integers K and δ, a non-empty

subset Cl of X is called (K, r, δ) − connected, if Cl is (K, r) − bonded and (r, δ) −

coshared.

In this work, we identify the edges that would potentially lie in the subspace

cluster by finding (K, r, δ) − connected subsets for each pair of features. Note that
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the underlying property of connectedness between each pair of elements contained

in the cluster is reflexive, symmetric, and transitive. Therefore, the clusters form

an equivalence class. An example in which additional constraints help to find true

clusters can be seen in Figure 4.1.
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Figure 4.1: Given set of points is (K,r) connected for K=5. Adding a co-sharing
constraint with δ = 3 separates the set of points into 2 clusters

4.3.1 Automatic selection of parameters for density-based

edge identification

The effectiveness of density-based clustering algorithms, in which density is estimated

using a neighborhood defined by a radius r, depends on the determination of an
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optimal radius. It is necessary to select a radius that is large enough to represent

continuity in the underlying distribution. However, it is also essential to avoid an

excessively large radius, which may lead to loss of details.

In the past, the square root of the average length of the edge of the minimal

spanning tree has been used as the radius to estimate the alpha cover [182]. It has

also been used to estimate normalized mutual information [183]. In this work, we

use a function of the average edge length of the minimal spanning tree to find an

appropriate value of r.

We first normalize the data to the interval [0, 1], using one of the two transforma-

tions described in Section 4.5.1.1. For a pair of features, let l∗ be the length of the

minimal spanning tree obtained from the points lying in the two-dimensional space

after normalization. We use the function (l∗/n)c as the radius of the neighborhood

for clustering, where 0 < c < 1. The density estimates using this neighborhood will

be consistent with Parzen’s criteria [132]. This has been shown in Lemma 4.1. It

can be seen that the value of c can be varied in the interval (0, 1) without losing the

consistency of density estimates. Therefore, c can be used to control the resolution at

which the clustering is done. The value l∗/n < 1 is shown in Lemma 4.2. Therefore,

a smaller value of c will lead to a larger neighborhood and vice versa.

Lemma 4.1. For a given set of points z1, z2, · · · , zn ∈ R2 if the length of the minimal

spanning tree is denoted by l∗, the density estimation can be performed using open

spheres of radius (l∗/n)c, where 0 < c < 1.

Proof. According to Parzen, for a consistent estimate of volume Vn of the window
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used for density estimation should fulfill the following criteria

lim
n→∞

Vn → 0,

lim
n→∞

nVn → ∞.

According to Steele and Snyder [184], we know that for any data lying in a unit

square [0, 1]× [0, 1], the length of the Minimal spanning tree l∗ converges to O(
√
(n)).

For open spheres in R2, the volume is given by V = πr2. So, the volume of the

window would converge to πn−c. This satisfies the conditions given by Parzen for

0 < c < 1.

Remarks: Successful identification of dense regions depends on consistent density

estimates. This theorem shows that the parameters chosen for the Parzen windows

lead to consistent density estimates.

Lemma 4.2. For any n number of points in a unit square, the length of a minimal

spanning tree is less than n.

Proof. Let z1, z2, · · · , zn be a set of n points lying in a unit square. Let the unit square

be divided into 4 quadrants. We can always construct a spanning tree by connecting

the minimal spanning trees for points lying in each quadrant. Let the length of the

minimal spanning tree be denoted by l∗. Let the length of the minimal spanning

tree lying in each quadrant be denoted by l∗i . Let the number of points lying in each

quadrant be given by ni for 1 ≤ i ≤ 4. Note that n = Σni. Since any spanning tree

must be longer than a minimal spanning tree, we can say that l∗ ≤ Σ4
i=1l

∗
i + l∗c where

l∗c denotes the total length of edges connecting spanning trees in different quadrants.

If all points are in a single quadrant, each edge is less than 1/
√
(2). Therefore,

the overall length is less than (n− 1)/
√

(2) < n.
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If all points are in two quadrants, then the edge connecting minimal spanning

trees lying in different quadrants cannot be longer than
√
(2). The length of the

edges lying in each quadrant cannot exceed 1/
√

(2). So, l∗ ≤
√
2 + Σ4

i=1
max(ni−1,0)√

2
≤

√
2 + n−2√

2
= n√

2
< n.

If all points lie in three quadrants, then the edge connecting the minimal spanning

trees lying in adjacent quadrants cannot be longer than
√
5/2. The length of the

edges lying in each quadrant cannot exceed 1/
√
(2). So, l∗ ≤ 2

√
5
2
+Σ4

i=1
max(ni−1,0)√

2
≤

√
5+ n−3√

2
≤ n for n ≥

√
10−3√
2−1

≈ 0.3918. Since points are scattered in 3 quadrants, this

condition is true.

If points are in the four quadrants, then the edge connecting minimal spanning

trees lying in adjacent quadrants cannot be longer than
√
5/2. The length of the

edges lying in each quadrant cannot exceed 1/
√
(2). So, l∗ ≤ 3

√
5
2
+Σ4

i=1
max(ni−1,0)√

2
≤

3
√
5
2
+ n−4√

2
≤ n, if n ≥ 3

√
5−4

√
2

2−
√
2

≈ 1.7948. Since points are scattered in 4 quadrants,

this condition is true.

Remarks: The previous theorem showed that density estimates will be consistent

for any value of c in the interval (0, 1). This theorem shows that l∗/n < 1. Thus,

the radius of the window used for density estimates will increase as the value of c

decreases and vice versa. Thus, for coarser estimates, we need to use a smaller value

of c.
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4.4 The idea of combining high-density regions to

form biclusters

Existing density-based subspace clustering algorithms like SUBCLU [20] use a tech-

nique similar to DBSCAN from the bottom up. However, in this work, our goal is to

identify important relations within subspaces. To determine the set of interrelated

points, we identify (K, r, δ)−connected subsets within the two-dimensional Euclidean

space defined by each pair of features, using Definitions 4.1-4.5. For any triplet of

features f1, f2, f3, should the intersection between the three identified subsets exhibit

a significant size, it is possible to determine notable edges. These edges serve as

connections between the points within the intersection and the features f1, f2, f3. It

is evident that the addition of features to this subspace cluster does not increase

the number of observations possible within the respective subspace cluster. Conse-

quently, it can be stated that a maximal set of observations is achieved, which can be

included within a subspace cluster characterized by these three features. Upon iden-

tification of this set, additional feature-triplets that display substantial overlap with

the corresponding (K, r, δ)−connected subsets and identified points are incorporated.

Identifying a pair of features f1, f2 that give rise to a (K, r, δ)− connected set S ′,

we get an idea of the connectivity between features f1 and f2. In many application

areas, this connectivity would point to potential causal relationships between variables

under a given set of conditions. To overcome the effect of noise, we consider only those

points that result from the intersection of (K, r, δ)− connected subsets, obtained by

three pairs of features, say, (f1, f2), (f2, f3), and (f1, f3). In terms of graphs, the edge

between features f1, f2 is admitted only if there exists a feature f /∈ {f1, f2} such that

edges (f1, f), (f, f2) also occur for the same set of points. In this case, the features
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f1 and f2 are directly connected with reference to a set of points S. The features f1

and f2 are said to be connected with reference to the point set S if there is a path

between them. Thus, the idea of connectivity between features is used to find a set

of features corresponding to a subspace cluster using an approach similar to that of

connected components.

4.5 Details of the procedure CBSC and algorithm

This section describes the procedure for CBSC in detail. The pseudocode for CBSC

has been provided as Algorithms 4.1 and 4.2. Figure 4.3 briefly represents the func-

tioning of CBSC.

4.5.1 Biclustering based on dense areas

4.5.1.1 Preprocessing data

As discussed in the previous section, consistent density estimates can be achieved

using a Parzen window with a radius given by the average length of edges of the

minimal spanning tree for a compact set. However, in many cases, the range of data

is not known, and hence we cannot treat the data as compact. To overcome this

problem, we need to normalize the data so that the points in each dimension lie in a

closed interval [0, 1]. For this we have applied transforms norm1 or norm2 described

as equations 3.49 and 3.50 in Chapter 3. The transformation norm2() maps the data

from the interval (−∞,∞) to the interval (0, 1), that is, a subset of [0, 1]. Thus, we

can say that norm2() maps data from an unbounded interval to a bounded interval.

Transformation norm1() is commonly applied to map data to the interval [0, 1].
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4.5.1.2 Finding dense areas for pair of features

The next step is to find dense regions for each pair of dimensions. This is carried

out using (K, r, δ) − connectivity as defined in Section 4.3. Here, r is calculated as

a function of the length of the minimal spanning tree in a 2-dimensional space l∗.

The radius for density-based connectivity is taken as r = (l∗/n)c. The value of the

parameter K is taken as πr2n. This is the threshold used to find dense regions. Since

we have scaled the data to [0, 1] × [0, 1], this is equivalent to the average number of

points that can be found in a disc of radius r. The parameter δ reflects the minimum

number of points that lie in the overlapping region between two disks, and the value

used for δ is 2.

Suppose that the number of points that form a dense region for the dimension

pair < i, j > is ndense ij then the value log(ndense ij)/ndense ij is used as the threshold

to find connected components within the selected dense points, i.e., two points are

in different sets if the MST of dense points in the 2-dimensional space contains no

path between these points such that each edge that forms the path is smaller than

log(ndense ij)/ndense ij.

Figure 4.2: The overlapping area between open disks of radius r, is used to find the
number of points which should be co-shared
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4.5.1.3 Identifying seed biclusters as the overlap of dense regions for three

pairs

Each pair of dimensions may have zero, one, or many connected regions. A list of these

dense regions with the corresponding dimensions is maintained. For each triplet of

dimensions < i, j, k >, we already have a list of dense regions for < i, j >, < j, k >,

and < i, k >, and we find intersections between these dense regions. If we find a

significant overlap, this dense region is stored with the corresponding dimensions as

< i, j, k >. Significant overlap is said to occur if the number of points found in the

intersection of three sets exceeds a user-defined threshold named MinCompts. These

dense regions are called seed biclusters. Each seed bicluster has a corresponding set

of observations and feature triplets.

4.5.1.4 Forming biclusters by merging bases

The list of seed biclusters is further processed as follows. For each seed bicluster S∗

with the corresponding set of observations S∗
o and the feature triplet S∗

f = (f1, f2, f3)

we initialize the feature list for the cluster based on S∗ as Clf = (f1, f2, f3). Recall

that several seed biclusters were identified in the previous step. We have initialized

Clf using S∗
f . Now we check whether other seed biclusters can be merged with Clf .

To do this, we check if a seed bicluster has a feature present in Clf . If such a

feature is present, we find the number of observations shared by this seed bicluster

and S∗. A user-defined parameter RatioMerge is used to decide whether the seed

biclusters have a similar set of observations. Specifically, a seed bicluster S (having

an observation set So and a feature set Sf ) is included in the cluster based on S∗

if Clf
⋂
Sf ̸= ∅ ∧ length(S∗

o

⋂
So) > RatioMerge × length(S∗

o). If this condition is

satisfied, Clf is updated to Clf ∪ Sf , and the list of observations So is saved so that
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it can be used to calculate the list of observations Cl after all seed biclusters similar

to S∗ have been found. We call S∗ the base of the thus-generated cluster.

Another parameter Reuse All Bases is used to decide whether a dense region

having a high similarity to S∗ will be used as the base to find new biclusters. If

this parameter is set to True, all seed biclusters are used as the base for find-

ing biclusters. If the parameter Reuse All Bases is set to False, the parameter

Reuse Base Ratio is used to identify dense regions, which will act as the basis for

the discovery of new biclusters. The seed biclusters having an overlap of more than

Reuse Base Ratio×RatioMerge× length(S∗
o) with the base S∗, are marked with the

label ignore. These seed biclusters will not be used as bases for the search for new

biclusters. The parameter Reuse Base Ratio is not required if Reuse All Bases is

set to True.

The merging process is repeated for the base S∗ until no more seed biclusters can

be added. After completion of the process of merging all seed biclusters with S∗, the

observations shared by the base and at least two other similar seed biclusters (iden-

tified to be similar to S∗ in the previous paragraph) are used as a set of observations

Cl contained in the bicluster based on S∗. Thus, Cl need not contain all the points

in S∗
o . In this way, we get the cluster < Cl, Clf > based on S∗. Similarly, we find

biclusters based on other unmarked seed biclusters.

Once we have found biclusters using the above-mentioned procedure, we will re-

move biclusters that are very similar to each other. The similarity between two

biclusters is defined as the product of cosine similarity between the set of points

and cosine similarity between the set of features. Let the observations corresponding

to the first bicluster be O1 and the second bicluster be O2. Let F1 and F2 denote

the feature sets for the first and second biclusters. The cardinality of the set O1

is denoted by Card(O1). Then the similarity between two biclusters is defined as
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Card(O1
⋂

O2)√
(Card(O1)×Card(O2))

× Card(F1
⋂

F2)√
(Card(F1)×Card(F2))

. If two clusters have a similarity greater

than a user-defined threshold denoted by Clus Overlap, the smaller of the two clus-

ters is discarded. While Reuse Base Ratio and Reuse Base Ratio are used to specify

the maximum overlap between cluster bases in terms of observations, Clus Overlap

is used to specify the overlap between clusters in terms of both observations and

features.

We now have the list of biclusters contained in the data matrix. In the follow-

ing section, we present an approximation of this method which has a lower time

complexity.

4.5.2 Approximation using grid

The algorithm consists of 4 steps described in 4.5.1. Of these, the second step of

finding densely connected areas for all pairs of dimensions is the most time-consuming.

An approximation of this step can be implemented by mapping each two-dimensional

space [0, 1]× [0, 1] to a cell of size ng × ng superimposed on [0, 1]× [0, 1] space. After

this step, all feature values are assigned to the maximum ng × ng points in the grid

space. It may be noted that some of the cells may remain empty. These cells are

ignored. Let the number of cells populated be np. Now, we find the MST between

these np points. Let the length of MST in 2-dimensional space be l∗g, then the radius

for density-based connectivity is taken as r = (l∗g/np)
c + 1/np. As before, disks are

dense if they have more points than πr2n. The disk is now not perfectly smooth; all

the points that populate cells within the radius r are considered. A cell representing

the area (x1, x2)× (y1, y2) is said to be within radius r if the corner (x1, y1) lies within

radius r. If this number is greater than K = πr2n, the disk is said to be dense.

The parameter δ reflects the minimum number of points in the overlapping region
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between two disks and is calculated as δ = 0.6142r2n. This threshold is taken as half

the overlap area between two disks of radius r such that the center of one lies on the

perimeter of the other. It is given by r2(π/3− sin (π/3)
2

) ≈ 0.6142r2.

Suppose that the number of cells that form the dense region of the dimension

pair < i, j > is given by ndense ij, then the value log(ndense ij)/ndense ij is used to

find connected components within the selected dense cells, that is, two points are

in different sets if the MST of dense points in a 2-dimensional space contains no

path between these points such that each edge forming the path is smaller than

log(ndense ij)/ndense ij.

Thus, we identify cells that form clusters in a two-dimensional space. All the

points contained in these cells are taken to be points forming dense regions in the

following steps as before.

It may be noted that the approximation method has been used on all datasets in

which the number of observations is at least 1000.

For each feature
pair, find the

(K, r, δ)− bonded
dense regions.

For each combination
of 3 features (f1, f2, f3),
find observations lying in
dense regions for 3 pairs.
(f1, f2), (f2, f3), (f3, f1).
Remember the sets with
cardinality greater than

the threshold.

For each set of
observations found
in the previous step

find the set of
connected features.

Each pair of a set
of observations

and a set of features
is a bicluster.

Figure 4.3: Broad outline showing how CBSC works

4.5.3 Parameters required for CBSC

CBSC uses several user-defined parameters that have previously been mentioned in

Section 4.5.1. A list of these parameters is given below for convenience. We also

presented a discussion of factors that affect the choice of these parameters.
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1. c: This parameter is used to find the radius of an open disk in the formula

r = (l∗/N)c, where l is the length of the minimal spanning tree and N is the

number of points in the data. Recall that r is the radius of neighborhood used

to find dense regions in two-dimensional space.

2. RatioMerge: CBSC compares the base seed biclusters with other seed biclus-

ters and if the number of common observations between the two is at least

RatioMerge× ‘number of observations in base cluster’, then both of these seed

biclusters are said to have a similar set of observations. We suggest using a

value in the range [0.75, 0.99] for RatioMerge.

3. ng: Number divisions made along each dimension to form the grid. The value

of this parameter is taken as 10. Increasing the value will increase the execution

time of the method.

4. Reuse All Bases: If this parameter is set to True, every seed bicluster found

using procedure descibed in Section 4.5.1.3, is used as a base to be compared

with other seed biclusters, otherwise, seed biclusters with high overlap with

other seed biclusters are not used as the base to form new biclusters.

5. Reuse Base Ratio: If the parameter Reuse All Bases is set to False, seed bi-

clusters having an overlap of more than Reuse Base Ratio × RatioMerge ×

‘number of observations in base cluster’ with the current base seed bicluster are

not used as base for forming new clusters. Setting Reuse All Bases to True

allows the method to find all the overlapping clusters. In case of overlapping bi-

clusters, if Reuse All Bases is set to False, the number of points discovered

might decrease when Reuse Base Ratio ≤ number of overlapping observations
number of observations in smaller bicluster

.

This happens because dense regions are not treated as the base if they have
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a greater overlap than Reuse Base Ratio with a larger base.

We suggest using Reuse All Bases = True if we want to find all the overlap-

ping biclusters. In this case, the parameter Reuse Base Ratio is not used. If

Reuse All Bases = False, the value of Reuse Base Ratio is used. Let the

maximum overlap between bicluster observations be defined as the ratio of the

number of common observations in both biclusters divided by the number of

observations in the smaller cluster. The value of Reuse Base Ratio should be

set to the desired maximum overlap.

6. MinCompts: A dense region is said to be significant if it contains at least

MinCompts numbers of points. MinCompts is a parameter that controls the

size of the biclusters. Choosing a value nMinCompts will give all biclusters for

which the size of the base seed bicluster used to obtain the bicluster is at least

nMinCompts. Here, the base seed bicluster is the one that is compared to all other

seed biclusters in step 4.5.1.4 of the algorithm. Consequently, it will also give

all biclusters with the number of points greater than nMinCompts.

7. Clus Overlap: This parameter is used to remove the bicluster that has a cosine

similarity greater than Clus Overlap. The cosine similarity used here is defined

in Section 4.5.1.4. Clus Overlap is used to drop off biclusters that have a

high similarity. This is done in the last stage after the search for biclusters is

complete.

In this chapter, several experiments have been performed with fixed parameter

values that are mentioned in Section 4.7. Later, in Chapter 6, the results for CBSC

have been aggregated over several possible parameter values, providing insight into

the behavior of CBSC when different parameter values are selected.
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Algorithm 4.1: main()

1 Normalize data D
2 for each pair of features < i, j > do
3 Pts(i, j, 1), P ts(i, j, 2), · · ·=DenseRegions(D∗,fi, D∗,fj)

4 ListS = ∅
/* Suppose q dense regions are found for features i and j, */

/* then 1 ≤ t ≤ q, Similarly consider each dense regions */

/* u for < j, k > and v for < i, k > */

5 for each triplet of 3 features i, j, k and each dense region t, u, v do
6 So = Pts(i, j, t) ∩ Pts(j, k, u) ∩ Pts(i, k, v)
7 if length(So < MinCompts) then
8 delete (So)

9 else
10 Sf =< i, j, k >
11 S =< So, Sf >
12 Add S to ListS

13 Sort ListS in descending order of length of So.
14 for each S ∈ ListS not marked as ignore do
15 Clf = Sf

16 do
17 for each W ∈ ListS do
18 if (Clf

⋂
Wf ) ̸= ∅ ∧ length(So ∩Wo) > RatioMerge× length(So)

then
19 Clf = Clf ∪Wf

20 if Reuse All Bases == False ∧
length(So ∩Wo) > Reuse Base Ratio× RatioMerge× length(So)
then

21 Mark W as ignore

22 while dimensions are added to Clf in last iteration;
23 Cl = Observations present in So and atleast two other seed biclusters

present in Lists
24 if Cl ̸= ∅ then
25 Clusterlist = Clusterlist∪ < Cl, Clf >
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Algorithm 4.2: DenseRegions

1 Tr = Minimal spanning tree (D∗,i,D∗,j) /* n = number of observations
2 radius=(length(Tr)/n)c

3 K = (radius2)nπ /* average number of points in radius
4 for each pair of points zi, zj do
5 if distance (zi, zj) < radius then
6 connection(zi, zj) = 1

7 else
8 connection(zi, zj) = 0
9 Add zj to neigh(zi)

10 Add zi to neigh(zj)

11 finset = ∅
12 if Card(neigh(zi)) > K then
13 finset = finset ∪ zi
14 do
15 for each pair of points in finset < zi, zj > do
16 if Card(neigh(zi) ∩ neigh(zj)) > δ then
17 merge connection(zi, :) and connection(zj, :)

18 while no more connections are merged ;
19 Remove points that have not merged with any points from finset
20 for mergeSet=each set of points obtained after merging do
21 npc = Card(mergeSet)
22 Find connected components in mergeSet using radius rad = ln(npc)/npc
23 DenseRegions = ∅
24 for connected components numbered icc = 1, 2 · · · ,mcon comp do
25 DenseRegions = DenseRegions ∪ connected component icc

26 Return DenseRegions
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4.6 Time complexity of CBSC

The time complexity of CBSC without approximation is M2N3 +M3N , where N is

the number of points, M is the number of dimensions in the data from which the

biclusters will be searched. However, the time complexity after implementing the

approximate solution of CBSC is CM2 +M3N +m2N , where C is a constant. Thus,

this approximate solution is linear in the number of points. It is seen that the second

term is cubic in a number of dimensions. This is because the dense area found for a

pair < i, j > of dimension is compared to the dense area found for all pairs that have

< i, p > and < j, p > with p = 1, 2, · · · ,m. In practice, this value is likely to be much

smaller than M3, as we only need to consider dense areas that have the minimum

number of points defined by the parameter MinCompts.

The method Proclus [127] works in a top-down manner and searches for k clusters,

it has a time complexity O(Nm + kNM). This method is biased towards biclusters

that are hyper-spherical in shape. UniBic [145] has a time complexity O(N2M2). The

algorithm CLIQUE [128] is linear inN but exponential inm′ = max(m1,m2, · · · ,mk),

i.e. the maximum dimensionality of a bicluster. The complexity of CLIQUE is given

by O(Cm′
+Nm′). SUBCLU also has a runtime proportional to Cm′

.

4.7 Experimental setup and methodology for anal-

ysis with CBSC

In this section, we present the methodology used to perform experiments with

synthetic and real-world datasets. Real-world datasets include five UCI-ML [185]

datasets and two datasets designed to understand the spread of COVID-19 disease.
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4.7.1 Experimental setup for synthetic datasets

To test the efficacy of CBSC, we conducted experiments on synthetic and real-world

datasets. Experiments with synthetic datasets allow us to study the behavior of

CBSC on datasets with known characteristics. To check whether CBSC can detect

biclusters based on linear and non-linear relationships, we have experimented with

several synthetic datasets. We also wanted to see the effect of applying different data

transforms on the performance of the algorithm.

Each column in Tables 4.2-4.5, corresponds to datasets with particular charac-

teristics. For each column, ten instances of synthetic datasets are generated us-

ing the method given in Section 4.7.1.2, and the average accuracy and standard

deviation obtained by different algorithms are reported. The parameters used for

CBSC are MinCompts = n/8, RatioMerge = 0.85, Reuse All Bases = False,

Reuse Base Ratio = 0.75, Clus Overlap = 1, ng = 10 and c = 0.85, where n is

the number of observations in the dataset. For datasets “Normal” and “Noisy Nor-

mal” data is normalized using norm2. For all other datasets norm1 is used.

4.7.1.1 Methods used for comparison with CBSC

The performance of CBSC is compared with six other algorithms namely CLIQUE

[128], Proclus [127], ITL [186], Subclu [20], P3C [125], and UniBic [145]. The methods

CLIQUE, P3C and Subclu are density-based. ITL identifies biclusters by maximizing

mutual information between subsets of rows and columns, aiming to uncover locally

informative patterns in the data. Proclus is a k-medoid based method for subspace

clustering. Comparison with UniBic is important as it specifically aims at finding

biclusters based on non-linear dependence. For UniBic, P3C, Subclu, Proclus, and

CLIQUE, the R packages ‘runibic’ and ‘subspace’ have been used for the experiments
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with default parameters [187, 188]. For ITL, the Matlab Toolbox for Biclustering

Analysis has been used with default parameters [189].

4.7.1.2 Methodology used to generate synthetic datasets

This section presents the methodology used to generate synthetic datasets that are

used to analyze the properties of CBSC. The datasets for Table 4.2 require several

functions which are reported in Table 4.1. The rest of the data is generated using

linear functions.

Table 4.1: Functions used to generate Non-Monotonous, Non-Linear 1 and Non-Linear
2 datasets. Non-Linear 2 uses similar functions as Non-Linear 1, but the range of the
features is scaled and translated to interval [0,1].

hi Non-Monotonous Non-Linear 1 Non-Linear 2
h1(z) Id(z) = z Id(z) = z Id(z) = z
h2(z) 0.5 sin(2πz) + 0.5 sin(z) sin(z)
h3(z) 0.5 sin(3πz) + 0.5 z2 z2

h4(z) 0.5 sin(15πz) + 0.5 z10 z10

h5(z) 0.5 sin(25πz) + 0.5 sin(πz) 0.5 sin(πz)
h6(z) 2z sin(2πz) 0.5 sin(2πz) + 0.5
h7(z) sin(2πz) + 1 z3 z3

h8(z) sin(3πz) + 1 4z2 z2

h9(z) sin(15πz) + 1 sin(4πz) 0.5 sin(4πz) + 0.5
h10(z) sin(25πz) + 1 4z3 z3

In Table 4.2, the first column shows the results for the datasets generated using

the process given below. Initially, a random matrix of size 1000 × 20 is generated.

Subsequently, the submatrix 500×10 of the data is substituted so that the column ith

of this submatrix is defined by hi(z), where z denotes the value of the first column of

the submatrix, and the definitions of hi for i = 1, 2, · · · , 10 are detailed in the second

column of Table 4.1. Consequently, a bicluster of size 500 × 10 is embedded within

the data. These functions result in a bicluster based on non-monotonous feature

relationships.
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Similarly, the second column of Table 4.2 shows the results of the data generated

using the functions in the third column of Table 4.1. Here we may note that some of

the values generated using these functions may lie outside the interval [0, 1], making

the marginal densities in two-dimensional plots highly variable.

The data sets used for the results shown in the third column of Table 4.2 are

generated using functions reported in the fourth column of Table 4.1. These functions

are modifications of the functions given in the third column of Table 4.1, such that

the data in the bicluster lie in the same range as the rest of the data. It may be

noted that the function z2 occurs both as h3 and h8 for the dataset, and z3 occurs

both as h7 and h10. Thus, some of the columns in the bicluster are identical to each

other. However, this has been done, so that the functions used to generate the data

are similar to those used for the second column and differ only in the range of the

data.

In the first column of Table 4.3, the results derived for datasets of size 1000 ×

20 drawn from a uniform distribution are presented. The dataset incorporates a

bicluster of size 500 × 10, generated using functions h1(z) = Id(z) = z, where I

denotes the identity function, and hi(z) = ai ∗ z with i = 2, 3 · · · , 10. The variables

ai with i = 2, 3, · · · , 10 represent random values within the interval (0, 1). This

constitutes our base data, generated utilizing uniform distribution datasets. Different

transformations have been applied to the base data for the purpose of analyzing the

properties of biclustering algorithms, and the respective results are presented in the

following columns.

The second column of Table 4.3 presents the dataset results derived by applying

a scaling factor, selected randomly from the interval (0, 1), to each feature in the

datasets initially generated for the first column of Table 4.3.

The third column of Table 4.3 presents the results obtained for the datasets by
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adding a random number within the interval (0, 1) to each feature of the dataset

generated for the first column of Table 4.3. These results facilitate the analysis of the

algorithms’ scaling and translation properties.

The results presented in the fourth column of Table 4.3 pertain to datasets derived

through the application of a linear transformation to each feature of the datasets

originally produced for the first column of Table 4.3. This transformation encompasses

aspects of both scaling and translation. For each column, two random numbers a1

and a2 are generated, upon which the transformation a1z + a2 is executed. Notably,

scaling, translation, and linear transformations are specialized instances of distance-

preserving transformations.

The fifth column of Table 4.3 presents results derived from datasets in which each

observation of the dataset used for the first column of Table 4.3 has been duplicated.

Consequently, these datasets comprise 2000 observations.

In the sixth column of Table 4.3, the results for the datasets, which have been

produced by duplicating each observation within the bicluster of the datasets gener-

ated for the first column in Table 4.3, are presented. Consequently, these datasets

have 1500 observations.

The seventh column of Table 4.3 presents the results for the datasets generated

by adding a random value within the range [0,0.1] to each element of the data matri-

ces. This is equivalent to adding random noise sampled from a uniform distribution

within the specified range. This methodology is utilized to evaluate the algorithms’

robustness against noise.

The eighth column of Table 4.3, presents the results for the datasets derived by

random permutation of rows and columns from the data generated for the first column

of Table 4.3.

The first column of Table 4.4 presents the results for datasets of dimension 1000×
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20 derived from a Gaussian distribution, wherein the bicluster submatrix of size 500×

10 is constructed in a manner analogous to the first column of Table 4.3.

The second column of Table 4.4 presents the results for datasets subjected to Gaus-

sian noise, characterized by a standard deviation of 0.1, added to the data matrix

initially used to obtain the results reported in the first column of Table 4.4. This anal-

ysis serves to evaluate the robustness of the algorithm against Gaussian-distributed

data.

The third column of Table 4.4 presents results from datasets that have Gaus-

sian noise, added to each element of the first column data matrix, using a standard

deviation 0.2 to assess the robustness of the algorithm.

The first and second columns of Table 4.5 contain results for datasets containing

two overlapping biclusters. The data is generated using uniform distribution. Each

row of biclusters has a constant value chosen randomly from the interval [0,1]. The

first column shows the accuracy for a bicluster with 500 rows and 10 columns. The

second column shows the accuracy for another bicluster with 400 rows and 10 columns.

There is an overlap of 200 rows and 3 features in both biclusters (12% of the larger

bicluster).

Similarly, the third and fourth columns of Table 4.5 contain results for datasets

that contain two overlapping biclusters. Data is generated using a uniform distri-

bution, and each row of the biclusters has a constant value in the range [0,1]. The

third column shows the accuracy for a bicluster with 500 rows and 10 columns. The

fourth column shows the accuracy for another bicluster with 400 rows and 10 columns.

There is an overlap of 200 rows and 5 features in both biclusters (20% of the larger

bicluster).
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4.7.1.3 Evaluating the performance on synthetic datasets

For the synthetic datasets, the performance evaluation is performed as follows. For

data in an N ×M matrix, accuracy is calculated in following way: For each element

in the dataset, let eji = 1 if the element in row i and column j is selected; other-

wise eji = 0. Similarly, for each element in the dataset, let aji = 1 if the element

belongs to the actual bicluster, and aji = 0 otherwise. The accuracy is calculated

as sum(XNOR(eji , a
j
i ))/(NM). In other words, an element is said to be correctly

identified if it is either present in the actual bicluster and also in the bicluster found

by the algorithm, or if the element is absent in both of them. The accuracy for iden-

tifying a bicluster is calculated as the expectation of correctness over all the elements

of the data matrix. We have reported the best match for each bicluster present in the

data. The accuracy for synthetic datasets is reported in Tables 4.2-4.5, and Figures

4.4-4.7. The execution times for the synthetic datasets are reported in Tables 4.6-4.9.

4.7.2 Experimental setup for UCI-ML datasets

Using UCI-ML datasets, we apply CBSC in two ways. First, biclustering algorithms

are used to enhance supervised learning by generating new features that improve

classification accuracy for two datasets, as discussed in Section 4.8.2.1.

Second, in Section 4.8.2.2, we use CBSC for clustering three datasets and then

compare the obtained clusters with known classes in the data. The datasets used

for these experiments are taken from the UCI ML repository [185] and are suitable

for the classification task. These datasets are from various application areas, namely

banking, education, medical science, particle physics, and electrical engineering. The

description of the datasets is given in Sections 4.8.2.1 and 4.8.2.2. For the chosen

datasets, each feature is presented in numeric form. Each of these datasets has at
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least 600 observations and a minimum of 9 features. For each application area, the

dataset with the highest number of views is selected. These datasets were also used

for feature selection in Chapter 3.

It may be noted that non-linear feature relation based biclustering might not be

useful for all datasets. For example, consider the hyperspectral datasets on which

feature selection was applied in Chapter 3. In the case of hyperspectral datasets,

consecutive bands are related to each other for almost all the observations [190]. Thus,

the features in the dataset are directly or indirectly connected for all observations.

Thus, analyzing these datasets with feature relation based biclustering is not useful.

Thus, hyperspectral datasets have not been analyzed using biclustering methods in

this thesis.

For real-world datasets, we initially apply normalization norm1. If no biclusters

are produced using norm1, then the biclusters are found after applying norm2 to the

dataset.

4.7.2.1 Setup for experiments with classification of UCI-ML datasets

CBSC and various other biclustering techniques have been employed to create new

binary features, which help improve the classification accuracy on two UCI ML

datasets [185]. These datasets are: (1)“Default of credit card clients” dataset [175] of

the banking sector that has 30000 observations with 23 features and two classes. (2)

“Predict Student Dropout and Academic Success” dataset [176] from the education

sector has 4424 observations with 36 features and three classes.

Biclusters are identified through various methods, including CBSC and six ad-

ditional techniques. For a specific algorithm, each bicluster is used to create a new

feature. If an observation is part of this bicluster, the new feature is assigned a

value of 1; conversely, if it is not, the value is 0. This implies that the corresponding
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membership value is introduced as a new feature. Subsequently, the Naive Bayes clas-

sifier, recognized for its simplicity, is applied following augmentation of the database

with these new features. The parameter values for CBSC are chosen using a 10-fold

cross-validation. For this, parameters have been tested from the following range. For

MinCompts, we consider the values {N/8, N/16} where N is the number of obser-

vations in the dataset. For RatioMerge, we have taken the values {0.75, 0.85, 0.95}.

The parameter Reuse All Bases can be set to True or False. We have experimented

with both values. For the parameter Reuse Base Ratio, we have experimented with

the values {0.25, 0.5, 0.75} . For the parameter Clus Overlap we have experimented

with the values {0.5, 1}. We have taken ng = 10 and for c, we have considered the

values {0.75, 0.85, 0.95}. As in the case of synthetic datasets, the default parameter

values have been used for other methods.

Performance is evaluated in terms of accuracy, normalized mutual information

(NMI) [61], adjusted rand index (ARI), precision, recall, and G-Score [191]. Note

that ARI can sometimes attain negative values, and the lower bounds have been well

studied [192]. Also note that since the average precision, recall, and G-Score are

reported, the reported G-Score values may be less than the geometric mean of the

reported precision and recall. The results are reported in Table 4.10 and Figures

4.8a-4.8f.

4.7.2.2 Setup for experiments with clustering of UCI-ML datasets

We apply CBSC for unsupervised learning to see whether the biclusters detected by it

correspond to the meaningful structures in the data. We examine whether any of the

identified biclusters align with the known classes within the dataset. This analysis was

carried out for three UCI ML [185] datasets: (1) “Magic gamma telescope” dataset

[177] from the application area named particle physics, which has 19020 observations
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with 10 features (2) “Breast cancer (Wisconsin Original)” dataset [178] of the sector

of medical science has 683 observations and 9 features. (3) “Electrical Grid Stability

Simulated Data” dataset [179] from the application area of electrical engineering,

has 10000 observations and 12 features. For these datasets, the parameters used

for CBSC are MinCompts = N/8, where N is the number of observations in the

dataset, RatioMerge = 0.85, Reuse All Bases = False, Reuse Base Ratio = 0.75,

Clus Overlap = 1, ng = 10, and c = 0.85. Since it is not possible to determine the

values of the ideal parameters in the case of clustering, we have used fixed values here.

Later, in Chapter 6, the performance of CBSC on these datasets has been reported

by computing the average over several parameter values.

The datasets used in this analysis comprise two classes, designated as 0 and 1.

Define OC(i) as the indicator of whether observation i belongs to class 1 or 0. Let

OB(i) = 1 express the inclusion of observation i in the determined bicluster, and 0

otherwise. For each bicluster, the computation of the number of match between the

membership of the bicluster and the class label is calculated as follows:

Acc = max(sum(XNOR(OB(i),OC(i))),sum(XOR(OB(i),OC(i))))
N

; (4.1)

where N is the number of observations in the dataset and XNOR and XOR are

the logical operators. Using this formula, we check whether a bicluster is similar

to any one of the two classes present in the dataset. For the bicluster that obtains

the best accuracy according to equation 4.1, six performance indices are reported.

These indices are accuracy, NMI, ARI, precision, recall, and G-score. The results are

reported in Table 4.11 and Figures 4.9a-4.9f.
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4.7.3 Setup and methodology for application of CBSC to

COVID-19 datset for finding relevant lifestyle factors

We have also used CBSC to find lifestyle factors that impact COVID-19 infection

rates. Toward the end of 2019, a highly contagious disease named COVID-19 emerged

that caused a pandemic of unprecedented scale. However, it is seen that some coun-

tries were more affected by this disease than others. During the early phase of the

spread of COVID-19, it was important for policymakers and medical professionals

to understand the behavior of the disease. For this, there were attempts to find the

relationship between existing lifestyle factors and COVID-19 rates.

One such dataset was created by selecting features from World Development In-

dicators taken from the World Bank website [193] and the script to generate the

dataset was made available at Kaggle [194]. In summary, the creator of the dataset

considered 74 features of the World Bank indicators dataset that intuitively seemed

related to COVID-19 infection rates and eliminated the features where missing values

were greater than 25%. This resulted in a WDI (World Bank Indicators) dataset

with 27 columns. The missing values were treated using KNN imputation [195]. The

creator then joined the WDI dataset with the COVID-19 rate dataset for correlation

analysis. However, the correlation coefficient values at this time were small as the

disease had spread to a few countries and the relationship between COVID-19 rates

and other features was obscured.

For our analysis using CBSC, we have used the extracted WDI features in the

same way as described above and joined this dataset with the table of the cumulative

number of confirmed cases of COVID-19 on 31 January 2020 [196,197].

CBSC did not find a correlation between the features for the entire set of ob-

servations. Instead, it finds subsets of observations where features are related to
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each other by linear or non-linear relations. This allows CBSC to find relations lim-

ited to a smaller subset of data. We may also say that the relation between the

selected features for the selected observations is different from the relation between

the same set of features for the observations outside the bicluster. Thus, a bicluster

that separates countries with a higher occurrence of COVID-19 from other countries

would contain features that are more likely to affect the COVID-19 infection rates.

Note that traditional clustering methods cannot be used for this analysis as they do

not select features. Similarly, feature relation indices like the Spearman correlation,

MIDI, cannot be used to find relevant features; as in the earlier stages of the spread

of COVID-19, the relation between features and infection rates may exist only for a

small number of countries, and thus for a subset of observations. Biclustering is useful

in scenarios where subsets of observations as well as features are required together.

Thus, we applied CBSC for the analysis of lifestyle factors that impact COVID-19

rates. The details of the methodology and the results are provided in the following

sections.

4.7.3.1 Methodology for finding relevant features in COVID-19 dataset

To identify the features that affect the infection rate, we utilize the cumulative number

of confirmed COVID-19 cases documented on 31 January 2020. This dataset, in

conjunction with the World Development Indicators (WDI) features, serves as input

for the CBSC methodology. The infection rate is defined as the number of confirmed

cases of COVID-19 per million inhabitants in a specific region. Countries that surpass

the 90th percentile in terms of infection rate are identified as countries with high

COVID-19 infection rates. The bicluster that has the highest match with the set of

countries that exhibit elevated COVID-19 infection rates is selected from the suite

of biclusters generated through CBSC. This optimal match is determined by the
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accuracy metric obtained according to equation 4.1. It is important to note that this

accuracy metric does not reflect the resemblance between the bicluster and the group

of countries with heightened COVID-19 infection rates, but rather the bicluster’s

ability to distinguish between regions characterized by high and low infection rates.

Given that biclusters are derived based on the similarity of features among particular

observations, one may deduce that the interaction among these features differentiates

the specified set of observations from others. Consequently, these features are likely

to influence the transmission of the disease.

For this analysis, we used the data available at an early stage on 31 January 2020.

We have taken a 90 percentile to cover the major portion of the dataset as the size of

the dataset is very small. The main aim was to obtain information from a large part

of the available data.

Using data for January 2020, we found that CBSC identified some factors related

to the disease occurrence rate. At that time, the Spearman correlations of selected

features with disease occurrence were low. However, Spearman correlations of the

features selected by CBSC with disease occurrence on 31 December 2020 (after 1

year of disease spread, before the COVID-19 vaccination programs began in many

countries) are high (Table 4.12), indicating that the selected features are indeed im-

portant. During the early phases of the disease, these relations were obscured by data

from countries where the disease was still in its nascent stages. CBSC is able to mine

this obscured information as it searches for relations between subsets of data. Early

detection of factors that affect the spread of diseases makes CBSC a useful tool for

understanding new diseases and epidemics. Here we might note that we have used

Spearman correlation to evaluate the association between lifestyle factors and infec-

tion rates for December 2020. This is because MIDI works well with datasets that

have a distribution that has a compact, path-connected base. Thus, it is not suitable
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for analysis with datasets having a discontinuous distribution. As the dataset in this

section has several discontinuities, MIDI has not been applied to the analysis of the

dataset directly. However, MIDI has been used to design the biclustering method

PF-RelDenBi which is applied for analysis of this dataset and will be discussed in

Chapter 6. The parameters used for CBSC are MinCompts = 10, RatioMerge = 0.95,

Reuse All Bases = False, Reuse Base Ratio = 0.5, Clus Overlap = 1, ng = 10 and

c = 0.85. We have chosen a smaller value of MinSeedSize or MinCompts to explore

the relatively small dataset. A higher value is chosen for Sim2Seed or RatioMerge so

that we can choose features having higher similarity. Similar experiments have also

been conducted using UniBic, and a comparison has been presented. UniBic has been

used for comparison as it is a method designed to find non-linear feature relations.

Results of this analysis are reported in Table 4.12.

4.7.4 Setup and methodology for application of CBSC to

identify vaccines existing before COVID-19 that might

help in reducing COVID-19 infection rates

In this section, we present the methodology for applying CBSC to discover the new

association of vaccines (dataset by WHO [198]) for different countries and the spread

of COVID-19. Among various factors that affect the infection rate of COVID-19

in countries, vaccine coverage for existing diseases could contain important informa-

tion both for policymakers and researchers trying to design drugs/vaccines for the

treatment of COVID-19. In the following paragraphs, we present the details of the

datasets and methodology used for this analysis to find the associated features of the

COVID-19 infection rate.
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4.7.4.1 Datasets used for the study

The dataset we used for the experiments includes coverage rates for 50 vaccines in

various countries [196, 198]. Such coverage rates are available for the years 1966 to

2010. During the initial spread of COVID-19, it was found that people in higher

age groups were more severely impacted by the disease [199]. Thus, biclustering is

performed for the vaccine coverage for the years 1966 to 1985. So, we have 20 two-

dimensional data matrices, one for each year. Each row in the matrix represents

a country, and each column represents data for a particular vaccine. In each of

these matrices, we add a feature that represents the COVID-19 infection rates on 31

December 2020 in these counties.

4.7.4.2 Methodology for analysis of COVID-19 and vaccine dataset

We use CBSC to find biclusters in each of the matrices (each matrix includes vaccine

coverage for each year and COVID-19 infection rates on 31 December 2020). We

proceed by selecting the bicluster for which the set of observations has a maximum

match with the set of countries that lie above the 90th percentile in terms of infection

rate. To be precise, we have calculated the accuracy using formula 4.1. Since the given

set of countries forms the basis for the relation between features, it follows that the

features included in the bicluster contain enough information to distinguish countries

with low rates of COVID-19 infection from other countries. After the analysis, the

features that have been selected several times are likely to be the features that have

a relationship with the COVID-19 infection rates.

However, the analysis with CBSC does not indicate whether the increase in vaccine

coverage is associated with a decrease or an increase in the COVID-19 infection rate.

Thus, for deciding the direction of the relation between infection rate and other
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vaccine coverage rates, we use the Spearman correlation sign between the average of

the vaccine coverage rate over the years 1966-2010 and COVID-19 infection rates. We

select vaccines for which the Spearman correlation is negative, that is, an increase

in vaccine coverage is associated with a decrease in the COVID-19 rate. In this

way, we could obtain a set of features associated with lower COVID-19 infection

rates. Since Spearman correlation evaluates the relation for all observations and

not for subsets of observations, its absolute value can be very low and cannot be

used to judge the significance of the features. Only the sign of Spearman correlation

is used. Note that a dependence measure like MIDI can not be used in place of

Spearman correlation because its value lies in [0, 1] and so it does not tell whether

the association is positive or negative. In summary, we only consider the features

with negative Spearman correlations, as we are interested in identifying vaccines

for which increased coverage could help reduce COVID-19 infection rates. Finally,

among the features having negative Spearman correlation, we find the feature that

has been selected by CBSC the maximum number of times. The parameters used

for CBSC are MinCompts = 20, RatioMerge = 0.75, Reuse All Bases = False,

Reuse Base Ratio = 0.75, Clus Overlap = 1, ng = 10 and c = 0.85.

It should be mentioned that several studies have been conducted to understand the

cross-reactive immunity provided by a specific vaccine against COVID-19 infection.

However, we did not find any studies exploring a large number of existing vaccines for

this purpose. Therefore, we studied this association using the biclustering approach.

This study allows us to explore the potential of using pre-existing vaccines as an

additional tool against the spread of COVID-19. This would be especially useful for

groups of people for whom the administration of the COVID vaccine has not yet been

proven to be safe. The results are discussed in Section 4.8.4.
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4.8 Results

This section presents results for experiments described in the previous section.

4.8.1 Results on synthetic datasets

In this section the results for experiments described in Section 4.7.1 are presented.

4.8.1.1 Accuracy for synthetic datasets

Table 4.2: Accuracy for Non-Linear synthetic datasets (Mean and Standard Deviation
for 10 datasets of each type)

Method Accuracy
Datasets

Non-Monotonous Non-Linear 1 Non-Linear 2

CBSC
Mean 0.788 0.874 0.907

Std. Dev. 0.030 0.014 0.017

UniBic
Mean 0.764 0.804 0.839

Std. Dev. 0.004 0.142 0.107

P3C
Mean 0.75 0.765 0.764

Std. Dev. 0.001 0.004 0.003

Subclu
Mean 0.746 0.785 0.793

Std. Dev. 0.005 0.017 0.016

ITL
Mean 0.75 0.75 0.75

Std. Dev. 0.009 0.004 0.002

Proclus
Mean 0.752 0.781 0.792

Std. Dev. 0.009 0.014 0.007

CLIQUE
Mean 0.75 0.784 0.782

Std. Dev. 0.000 0.002 0.002
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Non-Monotonous Non-Linear 1 Non-Linear 2
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Figure 4.4: Accuracy obtained using various algorithms for Non-Linear datasets

Table 4.3: Accuracy for Base and transformed synthetic datasets (Mean and Standard
Deviation for 10 datasets of each type)

Method Accuracy
Datasets

Base Scaled Translated
Linear
Trans-
form

Point
Propor-
tion

Cluster
Propor-
tion

Noisy
Uniform

Permut-
ations

CBSC
Mean 0.935 0.935 0.935 0.936 0.937 0.822 0.936 0.935

Std. Dev. 0.057 0.057 0.057 0.057 0.060 0.111 0.043 0.057

UniBic
Mean 0.900 0.848 0.802 0.793 0.603 0.641 0.832 0.900

Std. Dev. 0.034 0.211 0.159 0.034 0.046 0.078 0.124 0.034

P3C
Mean 0.781 0.782 0.779 0.779 0.787 0.802 0.772 0.783

Std. Dev. 0.040 0.040 0.041 0.041 0.022 0.092 0.032 0.015

Subclu
Mean 0.794 0.759 0.788 0.765 0.802 0.724 0.795 0.798

Std. Dev. 0.023 0.016 0.019 0.025 0.030 0.020 0.017 0.022

ITL
Mean 0.751 0.752 0.750 0.751 0.750 0.750 0.750 0.750

Std. Dev. 0.005 0.004 0.004 0.001 0.001 0.002 0.002 0.001

Proclus
Mean 0.785 0.768 0.803 0.770 0.800 0.711 0.792 0.785

Std. Dev. 0.013 0.015 0.023 0.028 0.024 0.024 0.010 0.015

CLIQUE
Mean 0.776 0.776 0.776 0.776 0.776 0.683 0.720 0.773

Std. Dev. 0.016 0.016 0.016 0.016 0.016 0.012 0.011 0.015
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Table 4.4: Accuracy for synthetic datasets with Normal Distribution (Mean and
Standard Deviation for 10 datasets of each type)

Method Accuracy
Datasets

Normal Noisy Normal 1 Noisy Normal 2

CBSC
Mean 0.895 0.901 0.897

Std. Dev. 0.062 0.059 0.053

UniBic
Mean 0.869 0.794 0.776

Std. Dev. 0.025 0.098 0.009

P3C
Mean 0.767 0.758 0.765

Std. Dev. 0.017 0.047 0.009

Subclu
Mean 0.783 0.78 0.769

Std. Dev. 0.010 0.015 0.006

ITL
Mean 0.75 0.749 0.750

Std. Dev. 0.003 0.001 0.001

Proclus
Mean 0.783 0.772 0.769

Std. Dev. 0.017 0.011 0.006

CLIQUE
Mean 0.799 0.787 0.776

Std. Dev. 0.011 0.015 0.008

Table 4.5: Accuracy for Overlapping synthetic datasets (Mean and Standard Devia-
tion for 10 datasets of each type)

Method Accuracy
Datasets

Overlap 1 Overlap 2
First Second First Second

CBSC
Mean 0.953 0.945 0.952 0.949

Std. Dev. 0.010 0.003 0.011 0.009

UniBic
Mean 0.940 0.626 0.833 0.775

Std. Dev. 0.037 0.032 0.130 0.143

P3C
Mean 0.751 0.801 0.750 0.800

Std. Dev. 0.002 0.004 0.001 0.001

Subclu
Mean 0.761 0.801 0.763 0.801

Std. Dev. 0.005 0.002 0.004 0.002

ITL
Mean 0.750 0.800 0.750 0.800

Std. Dev. 0.001 0.001 0.001 0.001

Proclus
Mean 0.760 0.804 0.761 0.802

Std. Dev. 0.009 0.004 0.008 0.003

CLIQUE
Mean 0.750 0.800 0.750 0.800

Std. Dev. 0.001 0.001 0.001 0.001
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For synthetic data, experiments are carried out with 10 different simulations and

the average accuracy (over 10 simulations) and corresponding standard deviation

(denoted as “deviation”) values are reported in Tables 4.2-4.5. Comparison is made

with six other methods. We see that CBSC provides better accuracy for the sixteen

synthetic datasets.

The columns (“Non-Monotonous”, “Non-Linear 1” and “Non-Linear 2”) of Table

4.2 represent datasets having biclusters based on non-linear relations. We see that

CBSC provides higher accuracy for these three datasets. Unlike other algorithms,

CBSC finds the biclusters accurately for datasets containing highly non-monotonous

relations as seen from the first column (“Non-Monotonous”). The accuracy of CBSC

for dataset containing bicluster based on non-linear relations is higher in comparison

with other algorithms as seen from columns “Non-Linear 1” and “Non-Linear 2”.

The values of accuracy obtained using different algorithms on these datasets are also

presented in Figure 4.4 as bar graphs, for better illustration. The experiments on these

three datasets illustrate that CBSC can find biclusters where features are related to

each other with non-linear or non-monotonous relations as mentioned in Section 6.2.

The first column of Table 4.3 (“Base”) represents a dataset containing biclusters

based on a linear relation. The other seven columns of the table (“Scaled”, “Trans-

lated”, ..., “Permutations”) give results for datasets obtained by applying different

transforms to the “Base” dataset. These datasets allow us to analyze the behavior

of CBSC in a way similar to the analysis done by Ness [24] for clustering algorithms.

From Figure 4.5 (shown in parts 4.5a and 4.5b) and the table mentioned above,

we find that CBSC has produced better results compared to other methods for the

“Base” dataset and its transforms, i.e., “Scaled”,..., “Permutations”.

The three columns of Table 4.4 (“Normal”, “Noisy Normal 1”, and “Noisy Normal

2”) contain results for datasets generated using the normal distribution. “Noisy
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(a) Accuracy obtained for Base dataset and its transforms
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Figure 4.5: Accuracy obtained for synthetic datasets with various transforms applied



130 4.8 Results

Normal Noisy normal 1 Noisy normal  2

Simulated datasets with Normal Distribution 

0.5

0.6

0.7

0.8

0.9

1

A
c

c
u

ra
c

y
 

C
L
IQ

U
E

C
L
IQ

U
E

C
L
IQ

U
E

P
ro

cl
u
s

P
ro

cl
u
s

P
ro

cl
u
s

IT
L

IT
L

IT
L

S
u
b
cl

u

S
u
b
cl

u

S
u
b
cl

u

P
3
C

P
3
C

P
3
C

U
n
iB

ic

U
n
iB

ic

U
n
iB

ic

C
B

S
C

C
B

S
C

C
B

S
C
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Figure 4.7: Accuracy obtained using various algorithms for Overlapping datasets
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Normal 1” and “Noisy Normal 2” datasets have noise with standard deviation 0.1

and 0.2, respectively. CBSC is seen to provide better accuracy than other methods

on these datasets. The results for these datasets have also been presented graphically

in Figure 4.6.

The first two columns of Table 4.5 (“Overlap 1”), present results for a dataset

containing two biclusters with an overlap of 12%. The third and fourth columns

present results for a similar dataset with two biclusters but with an overlap of 20%.

We find that CBSC has the best performance among the methods used for comparison.

These results are presented graphically in Figure 4.7. These results for synthetic

datasets suggest some properties of CBSC that will be discussed in Section 4.8.1.3.

4.8.1.2 Execution time for synthetic datasets and time complexity

Table 4.6: Execution time in seconds for Non-Linear synthetic datasets

Method
Datasets

Non-Monotonous Non-Linear 1 Non-Linear2
CBSC 61.674 93.630 69.359
UniBIc 0.012 0.583 0.612
P3C 1.440 0.359 0.650

Subclu 0.037 0.064 0.052
ITL 15.000 9.096 9.248

Proclus 0.026 0.060 0.055
CLIQUE 0.001 0.011 0.007

Table 4.7: Execution time in seconds for Base and transformed synthetic datasets

Method
Datasets

Base Scale Translated Linear Point Proportion Cluster Proportion Noisy Permutations
CBSC 81.585 82.717 81.450 81.840 97.645 94.466 96.439 81.654
UniBIc 0.583 0.612 0.649 0.673 2.596 1.436 0.621 0.583
P3C 0.513 0.955 0.952 0.433 1.083 0.848 0.458 0.588

Subclu 0.056 0.043 0.050 0.055 0.120 0.082 0.049 0.070
ITL 3.171 3.302 3.498 3.276 9.994 6.519 2.94 3.272

Proclus 0.052 0.055 0.049 0.055 0.120 0.088 0.056 0.063
CLIQUE 0.105 0.015 0.015 0.018 0.033 0.021 0.014 0.013

The execution time for CBSC and other methods is reported in Tables 4.6-4.9.

The datasets used here are the same as those used in Tables 4.2-4.5. The algorithm
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Table 4.8: Execution time in seconds for synthetic datasets with Normal Distribution

Method
Datasets

Normal Noisy Normal 1 Noisy Normal 2
CBSC 67.290 88.490 73.850
UniBic 0.531 0.577 0.001
P3C 18.840 9.751 6.322

Subclu 0.071 0.061 0.050
ITL 1.187 1.259 20.639

Proclus 0.054 0.052 0.084
CLIQUE 0.071 0.044 0.715

Table 4.9: Execution time in seconds for Overlapping synthetic datasets

Method
Datasets

Overlap 1 Overlap 2
CBSC 72.647 68.848
UniBic 2.092 2.775
P3C 0.049 0.016

Subclu 0.074 0.158
ITL 15.102 15.091

Proclus 0.074 0.087
CLIQUE 0.014 0.032

is executed with an Intel Core i7 CPU and 8 GB memory. The execution time of

CBSC is seen to be longer than that of other methods. However, it is already seen in

Tables 4.2-4.5, that the accuracy of CBSC is better than these methods for most of

the synthetic datasets.

4.8.1.3 A discussion on properties of CBSC as seen from experiments on

synthetic datasets

CBSC has been shown to identify relation based biclusters with better accuracy rel-

ative to other algorithms when applied to synthetic datasets, as indicated in Tables

4.2-4.5 and Figures 4.4-4.7. This section discusses some of the observed characteristics

of CBSC.

CBSC is invariant to scaling, translation, and linear transforms, as these transfor-

mations do not alter the bin length or the corresponding estimated densities. However,

theoretically, the procedure lacks invariance to arbitrary order-preserving transfor-
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mations, as these may alter the observation densities. An analysis of the accuracy

achieved on the “Base” dataset and its various transformations reveals that there are

no significant differences in CBSC performance across the datasets “Scaled”, “Trans-

lated”, “Linear Transform”, “Point Proportion” and “Permutations”. For “Cluster

Proportion” dataset, the accuracy of CBSC has decreased in comparison with the

“Base” dataset. This happens because repetition of observations within a cluster

causes a change in the density. However, the accuracy of CBSC is still more than

that of the other method used for comparison. The accuracy achieved by CBSC on

the “Noisy Uniform”, “Noisy Normal 1”, and “Noisy Normal 2” datasets is slightly

reduced compared to the “Base” and “Normal” datasets. However, CBSC exhibits

superior accuracy in the presence of noise when compared to other algorithms.

We may note that the biclusters in the “Base” dataset can also be seen as scaling

biclusters, since each column in the bicluster can be obtained by multiplying another

column by a constant value. In addition, the biclusters in the “Translated” datasets

are obtained by adding a random selected constant value to each column of the “Base”

dataset. Hence, the resulting biclusters can be seen as a combination of scaling and

shift biclusters. This happens because scaling and shifting are examples of linear and

affine transformations, respectively. Since CBSC finds biclusters based on feature

relations, it will be able to find biclusters based on scaling and shifting of columns.

However, CBSC will not be able to find biclusters based on the shifting and scaling

of rows, as it specifically aims to find biclusters based on feature relations.

Overall, we find that CBSC performs well on the data after applying differ-

ent transforms or adding noise. Its performance on datasets containing non-linear

datasets is also good.
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4.8.2 Results for experiments with UCI-ML datasets

4.8.2.1 Experiments with classification of UCI-ML datasets

Table 4.10: Classification performance for Credit card and Student Dropout datasets
(after adding features generated using different biclustering methods)

Dataset Credit Card [175]

Method
Accuracy

NMI ARI
Average

Mean S. Dev. Prec. Recall G-Score
CBSC 0.755 0.006 0.074 0.185 0.647 0.651 0.649
UniBic 0.397 0.006 0.015 -0.047 0.559 0.562 0.472
P3C 0.702 0.012 0.090 0.149 0.642 0.690 0.654

Subclu 0.547 0.098 0.033 0.004 0.581 0.616 0.560
ITL 0.269 0.010 0.006 -0.035 0.562 0.520 0.359

Prolus 0.722 0.015 0.097 0.172 0.650 0.696 0.665
CLIQUE 0.544 0.006 0.032 0.003 0.580 0.614 0.558
Original 0.703 0.028 0.088 0.147 0.640 0.689 0.654
Dataset Student Dropout [176]

Method
Accuracy

NMI ARI
Average

Mean S. Dev. Prec. Recall G-Score
CBSC 0.681 0.016 0.207 0.302 0.604 0.583 0.589
UniBic 0.610 0.009 0.144 0.125 0.550 0.450 0.455
P3C 0.679 0.020 0.215 0.312 0.595 0.581 0.585

Subclu 0.674 0.018 0.197 0.291 0.602 0.586 0.591
ITL 0.185 0.003 0.004 -0.002 0.417 0.336 0.184

Proclus 0.676 0.018 0.206 0.305 0.601 0.589 0.593
CLIQUE 0.675 0.022 0.195 0.295 0.597 0.576 0.582
Original 0.675 0.015 0.200 0.295 0.593 0.576 0.580

The classification results are reported in Table 4.10 and the performance is also

presented as bar graphs in Figures 4.8a-4.8f. We find that for the Student Dropout

dataset, CBSC and P3C provide an improvement over the original accuracy. For the

Credit Card dataset, the features generated by CBSC provide a greater improvement

in accuracy compared to six other algorithms, thereby leading to better identification

of credit card defaulters.
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(a) Accuracy of various algorithms for classification
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(c) ARI obtained by various methods for classification
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Credit Card Student Dropout
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(e) Average recall obtained by various algorithms for classification
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Figure 4.8: Performance of various algorithms for classification
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Table 4.11: Results for clustering

Dataset Magic Gamma [177]

Method Accuracy NMI ARI
Class 1 Class 2

Prec. Recall G-Score Prec. Recall G-Score
CBSC 0.713 0.114 0.179 0.582 0.655 0.617 0.799 0.745 0.772
UniBic 0.655 0.006 0.015 0.654 0.991 0.805 0.677 0.035 0.153
P3C 0.705 0.080 0.110 0.690 0.992 0.827 0.919 0.177 0.404

Subclu 0.639 0.001 0.011 0.653 0.943 0.785 0.425 0.077 0.181
ITL 0.652 0.027 0.007 0.953 0.012 0.107 0.651 1.000 0.807

Proclus 0.648 0.013 0.048 0.676 0.878 0.770 0.498 0.223 0.333
CLIQUE 0.685 0.044 0.104 0.703 0.889 0.791 0.600 0.308 0.430
Dataset Breast Cancer (Wisconsin Original) [178]

Method Accuracy NMI ARI
Class 1 Class 2

Prec. Recall G-Score Prec. Recall G-Score
CBSC 0.931 0.618 0.742 0.893 0.912 0.903 0.952 0.941 0.947
UniBic 0.843 0.330 0.462 0.833 0.690 0.758 0.847 0.926 0.886
P3C 0.796 0.261 0.322 0.981 0.427 0.647 0.763 0.995 0.872

Subclu 0.814 0.296 0.370 0.975 0.481 0.685 0.781 0.993 0.880
ITL 0.656 0.007 0.011 0.833 0.021 0.132 0.654 0.998 0.808

Proclus 0.657 0.008 0.023 0.600 0.063 0.194 0.660 0.977 0.803
CLIQUE 0.921 0.579 0.706 0.881 0.895 0.888 0.943 0.935 0.939
Dataset Electrical Grid

Method Accuracy NMI ARI
Class 1 Class 2

Prec. Recall G-Score Prec. Recall G-Score
CBSC 0.678 0.077 0.124 0.549 0.616 0.582 0.766 0.712 0.739
UniBic 0.638 0.001 0.006 0.497 0.026 0.114 0.641 0.985 0.794
P3C 0.638 0.000 0.000 0.638 1.000 0.799 0.000 0.000 0.000

Subclu 0.631 0.000 0.001 0.383 0.030 0.107 0.639 0.973 0.788
ITL 0.647 0.009 0.029 0.572 0.096 0.235 0.652 0.959 0.791

Proclus 0.635 0.001 0.006 0.444 0.038 0.129 0.641 0.973 0.790
CLIQUE 0.532 0.000 0.002 0.372 0.425 0.398 0.645 0.593 0.619
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Magic Gamma Breast Cancer Electrical Grid
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(a) Accuracy of various algorithms for clustering of UCI-ML datasets (calculated using
equation 4.1)
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(b) NMI obtained by various algorithms for clustering of UCI-ML datasets
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(c) ARI obtained by various algorithms for clustering of UCI-ML datasets
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(d) Average precision obtained by various algorithms for clustering of UCI-ML datasets
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(e) Average recall obtained by various algorithms for clustering of UCI-ML datasets
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(f) Average G-Score obtained by various algorithms for clustering of UCI-ML datasets

Figure 4.9: Performance of various algorithms for clustering of UCI-ML datasets
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4.8.2.2 Experimental results for clustering of UCI-ML datasets

The results for clustering UCI-ML datasets are reported in Table 4.11. CBSC is

seen to have the best accuracy for the datasets used for the investigation. For better

visualization, the accuracies obtained by different methods are presented in Figure

4.9a as bar graphs. NMI and ARI are shown in Figures 4.9b and 4.9c, respectively.

The average Precision, Recall and G-score of both classes have been shown in Figures

4.9d-4.9f, respectively. We find that CBSC obtains better accuracy, NMI, ARI, Pre-

cision, Recall, and G-Score for three datasets, namely Magic Gamma, Breast cancer,

and Electric Grid.

4.8.3 Relevant features in COVID-19 dataset obtained using

CBSC during early stages of the pandemic

Table 4.12 enumerates the 27 features used for analysis [193]. The features identified

by UniBic and CBSC based on data from January 2020 are denoted by a tick mark in

the corresponding columns. In addition, the table presents the Spearman correlation

values (ρs) between the selected features and the COVID-19 infection rate in various

countries on 31 January 2020 (denoted as, ρs(Jan)) and 31 December 2020 (denoted

as, ρs(Dec)). The features are organized in descending order according to the absolute

value of ρs(Dec).

CBSC identified 11 out of 27 WDI features effective in distinguishing regions with

elevated infection rates. It is observed that 9 of the 11 features selected by CBSC

exhibit a Spearman correlation (absolute value) exceeding 0.5 with the disease occur-

rence rate as of 31 December 2020. This finding suggests that CBSC could ascertain

the significance of these features considerably earlier, specifically from the January

data, despite the Spearman correlation not yet demonstrating this relationship. Con-
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Table 4.12: Features (WDI dataset) selected by biclusters based on countries having
high COVID-19 occurrence (90 percentile) in January 2020

S. No. Feature description ρs(Jan) ρs(Dec) UniBic CBSC

1
Current health expenditure per capita,
PPP (current international $) 0.22 0.69 ✓ -

2
Cause of death, by communicable diseases
and maternal, prenatal and nutrition con-
ditions (% of total)

-0.09 -0.68 ✓ ✓

3
Cause of death, by non-communicable dis-
eases (% of total)

0.12 0.67 ✓ ✓

4
Mortality rate, adult, female (per 1,000 fe-
male adults)

-0.27 -0.67 - ✓

5 Survival to age 65, female (% of cohort) 0.27 0.67 ✓ ✓

6
People using at least basic sanitation ser-
vices (% of population)

0.23 0.64 ✓ ✓

7 Life expectancy at birth, total (years) 0.26 0.64 ✓ -

8
GDP per capita, PPP (current interna-
tional $) 0.22 0.62 ✓ ✓

9
Tuberculosis case detection rate (%, all
forms)

0.13 0.61 - -

10 Population ages 65 and above (% of total) 0.25 0.59 ✓ -
11 Survival to age 65, male (% of cohort) 0.24 0.58 ✓ ✓
12 Urban population (% of total) 0.12 0.58 - -

13
Mortality rate, adult, male (per 1,000 male
adults)

-0.23 -0.57 - ✓

14
Incidence of tuberculosis (per 100,000 peo-
ple)

-0.05 -0.51 ✓ ✓

15 Population ages 15-64 (% of total) 0.07 0.46 ✓ -
16 International tourism, number of arrivals 0.4 0.44 ✓ -

17
Mortality from CVD, cancer, diabetes or
CRD between exact ages 30 and 70 (%)

-0.23 -0.4 - ✓

18
PM2.5 air pollution, population exposed to
levels exceeding WHO guideline value (%
of total)

-0.23 -0.38 - -

19 Air transport, passengers carried 0.44 0.37 - -
20 International migrant stock, total 0.35 0.27 - -
21 Trade (% of GDP) 0.03 0.26 - -

22
Out-of-pocket expenditure (% of current
health expenditure)

-0.09 -0.25 - ✓

23
Labor force participation rate, total (% of
total population ages 15+) (modeled ILO
estimate)

0.04 -0.24 - -

24
Population density (people per sq. km of
land area)

0.23 0.16 ✓ -

25 Population, total 0.34 -0.16 ✓ -

26
Tuberculosis treatment success rate (% of
new cases)

-0.08 -0.15 ✓ -

27 Death rate, crude (per 1,000 people) 0.02 0.07 ✓ -
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versely, among the features omitted from the bicluster, only 5 out of 16 exhibit a

Spearman correlation (absolute value) greater than 0.5 with disease occurrence rates

on 31 December 2020.

The aforementioned findings indicate that CBSC holds potential for identifying

critical factors influencing emerging diseases. This approach could consequently facili-

tate the development of more scientifically grounded strategies for managing pandemic

scenarios in various countries. Notably, certain features selected for COVID-19 have

been analyzed previously and deemed significant, as elaborated in the subsequent

paragraphs, where references to features are made using their serial numbers (S. No.)

as listed in Table 4.12.

Among the features selected by CBSC, the percentage of deaths in the region due

to communicable and non-communicable diseases (S. Nos. 2 and 3 of Table 4.12) is

in line with the report given by Chakrabarti et al. [200]. The features showing the life

expectancy and mortality rate for the overall population and for each gender affect the

age distribution of people in a region (S. Nos. 4,5,11,13,17 of Table 4.12) are selected

by CBSC. The feature “People using at least basic sanitation services” (S. Nos. 6 of

Table 4.12) is related to the spread of communicable diseases and the corresponding

immunity. The feature GDP per capita (S. No. 8) is also known to be associated

with basic sanitation services and life expectancy, thus having an association with

COVID-19 infection rates. The feature “Incidence of tuberculosis” (S. No. 14 of

Table 4.12), is interesting. Countries with higher tuberculosis incidences are also

seen to have relatively lower rates of COVID-19 infection. A study [201] has already

noted that the administration of the BCG vaccine is likely to reduce the severity of

the symptoms of COVID-19. Another factor that may contribute to this association

is that tuberculosis is more rampant in warm and humid climates, while COVID-19

is expected to spread faster in cold and dry climates [202].
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As mentioned earlier, all features selected by CBSC, except two (S.Nos. 17 and

22 of Table 4.12) have a high Spearman correlation with COVID infection rates on 31

December 2020, although the biclusters are obtained using the least amount of data

from 31 January 2020.
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Methods used for selecting features from WDI dataset
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Figure 4.10: Spearman correlation (absolute value) between Dec 31 2020 COVID
infection rates and features selected from WDI database by biclustering methods.
Selected features are marked in blue and rejected in red

The performance comparison between CBSC and UniBic is shown in Figure 4.10,

which shows a scatter plot for the Spearman correlation (absolute values). For each

method, selected features are marked in blue and rejected features in red. For CBSC,

the selected features are mainly those that have a higher correlation, while UniBic

also selects features that have a low Spearman correlation.

In summary, most of the features selected by CBSC are relevant, and the presented

methodology allows us to explore some previously unknown associations. Once fea-

tures are identified from larger datasets, a more detailed analysis could be performed

for individual features.
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4.8.4 Results of analysis on COVID-19 and Vaccine dataset

We have applied CBSC to find the vaccine that could provide protection against

COVID-19 infection using the methodology given in Section 4.7.4. The feature se-

lected by CBSC is the percentage of newborns who have received the Tetanus-Toxoid

vaccine. A study [203] has already noted that a dose of the Tetanus-Toxoid vaccine

may result in a reduction in the severity of COVID-19 symptoms. Their study is

based on similarities between the COVID-19 spike protein and Tetanus Toxin. Our

experiments reinforce this hypothesis. We have also repeated the above-mentioned

experiments with UniBic. The analysis using UniBic also indicates that the coverage

of the Tetanus Toxoid vaccine may be related to the infection rate of COVID-19.

4.9 Limitations of CBSC

In our experiments, CBSC is seen to achieve better performance on the synthetic and

real-world datasets used in this experiment. However, it also has a longer execution

time. In the future, parallel computing techniques can be used to reduce the runtime

of this method. As discussed earlier, the detection of high-density regions for each

pair of features is independent. Parallel processing is thus expected to significantly

reduce the runtime of the method.

4.10 Summary

This chapter presents CBSC, a novel algorithm for subspace clustering that leverages

connectivity between observations in the two-dimensional space to identify dense

regions. These regions are used for the discovery of subspace clusters in higher-

dimensional spaces. By capturing both direct and indirect relationships among fea-
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tures, CBSC is capable of detecting non-linear relationship-based biclusters. CBSC

has been applied to several synthetic datasets with varying characteristics to identify

embedded biclusters. CBSC has also been applied for the identification of clusters

in three UCI-ML datasets. Experimental results on both synthetic and real-world

datasets demonstrate that CBSC identifies meaningful biclusters and outperforms

existing biclustering techniques in terms of accuracy. Furthermore, CBSC has been

utilized to enhance two UCI-ML datasets, leading to improved classification per-

formance. Its successful application in uncovering lifestyle factors associated with

COVID-19 infection rates further highlights its practical utility. CBSC was also ap-

plied to a vaccine coverage dataset along with COVID-19 infection rates revealing a

potential protective association between the Tetanus Toxoid vaccine and COVID-19.

Overall, CBSC is an effective tool for uncovering hidden patterns in data.





Chapter 5

RelDenClu: Relative Density

based Biclustering

5.1 Introduction

In this chapter, we present a non-linear relation based biclustering method named

RelDenClu. It uses joint and marginal densities for pairs of variables to discover non-

linear relation based biclusters. The main objective of RelDenClu is to find biclusters

formed by features related to each other with a subset of observations as a base. In the

previous chapter, we presented a method named CBSC [30] with a similar objective.

However, CBSC tends to fragment biclusters when the marginal densities are highly

variable.

RelDenClu analyzes two-dimensional spaces to identify regions where the joint

density exceeds the marginal densities. Subsequently, it identifies pairs of features for

which the same sets of observations constitute dense regions, and determines the sets

of interconnected features within these regions that form biclusters. Consequently,

RelDenClu distinguishes itself from CBSC by the approach it uses to find the dense

149
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regions. By evaluating both joint and marginal distributions, RelDenClu effectively

mitigates the issue of fragmented biclusters. After identifying the dense regions, its

method of finding features connected through identical sets of observations closely

resembles that of CBSC.

RelDenClu does not require additional parameters to identify dense regions. How-

ever, it requires input parameters specifying the minimum size of dense regions and

the amount of overlap between the dense regions. RelDenClu can find relations based

on both monotonous and non-monotonous relations. The following section presents

the RelDenClu method in detail.

5.2 Non-linear relation based Biclustering

Method: RelDenClu

The problem addressed by RelDenClu is the same as that addressed by CBSC. Thus

the problem statement is same as that stated in Section 4.2.2 in Chapter 4. RelDen-

Clu differs from CBSC in its method of finding the dense regions for each pair of

dimensions. Unlike CBSC, RelDenClu uses both the joint and marginal densities of

the variables to identify the dense regions. In this section, we present a procedure

for finding dense sets for each pair of features, which is the main contribution of the

present chapter.

5.2.1 Technique used to find the set of observations showing

dependence for a feature pair

This section describes a novel method for identifying subsets of observations which

show dependence between two features, by comparing joint distribution and marginal
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distributions using the histogram technique. The data in the Euclidean space are

normalized to space [0, 1] × [0, 1]. A grid or rolling window is used to calculate the

density. Data is analyzed by considering small rectangular regions called cells. The

terminology used in this section is as follows: The region given by (vx − xlen/2, vx +

xlen/2] × (vy − ylen/2, vy + ylen/2] is said to be a cell of size (xlen, ylen) centered

at the point(vx, vy). The phrase “corresponding marginal cells” refers to rectangular

regions: (vx−xlen/2, vx+xlen/2]× [0, 1] and [0, 1]× (vy − ylen/2, vy + ylen/2]. Here

we use the term ‘density’ for ‘histogram density estimate’ i.e., density is given by the

number of observations in a cell divided by product of cell area and total number

of observations. A cell is said to be dense if its density is higher than the average

density of the corresponding marginal cells.

As examining cells centered at each observation may not be computationally fea-

sible for large datasets, we use slightly different schemes for small and large datasets.

This allows us to achieve a balance between accuracy and ease of computation.

Whether a dataset is considered large or small depends on the availability of compu-

tational power. Both the methods for small and large datasets are given below.

5.2.1.1 Finding related dense regions for small datasets

For small datasets, the cell centered around each observation is examined. Note that

we will have many overlapping cells. For each observation with coordinates (vx, vy),

we find observations lying in the cell centered on it. More precisely, we check the cell

given by (vx − xlen/2, vx + xlen/2]× (vy − ylen/2, vy + ylen/2] to see if its density is

higher than the average density of both marginal cells, which are the cells given by

(vx−xlen/2, vx+xlen/2]×(0, 1] and (0, 1]×(vy−ylen/2, vy+ylen/2]. If this condition

is found to be true and the density of the cell is also higher than the average density

of the entire region, we mark the cell centered at (vx, vy) as ‘dense’. Two dense cells
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are merged only if the center of each cell lies within the other cell and the average

density of the overlapping region between two cells is high. The density is considered

high if it is not less than the density of each of the marginal cells corresponding to the

two overlapping cells and is also not less than the average density of the entire space.

Repeating these steps iteratively allows us to find larger connected dense regions.

The algorithm 5.1 provides pseudo-code for finding dense regions as described here.

The size of a cell along a dimension X is calculated using maximal spacing along

X. The definition of maximal spacing was given in Chapter 3 in Section 3.2.2.1. For

each pair of dimensions X and Y let the maximal spacings be sx and sy, respectively.

The intervals used to find dense regions along X and Y are given by xlen = sx
c and

ylen = sy
c, where 0 < c < 0.5 and is close to 0.5. We have taken c = 0.4999. The

reason for choosing this value has been discussed in Section 5.2.1.3.

As the maximal spacing does not go to zero for datasets having non-continuous dis-

tribution, this method cannot be used for such datasets. Therefore, for such datasets

and for large datasets, we present a simpler method which does not use maximal

spacing. This is discussed in the following section.

5.2.1.2 Finding related dense regions for large datasets

For larger datasets the method previously described becomes infeasible due to the

computational burden of determining the number of observations in the neighborhood

of each individual observation. To mitigate this limitation, we introduce a simplified

methodology for identifying dense regions within extensive datasets. Specifically, for

sizable datasets, the space is segmented into 3 log(N) equal intervals along each axis,

where N represents the number of observations in the dataset. The examination is

confined to disjoint cells, thereby optimizing the execution time. A cell is classified

as dense if its density surpasses both the densities of marginal cells and the average
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density across the entire space. Dense regions are merged if they are contiguous either

horizontally, vertically, or diagonally. A singular dense region can be connected to a

maximum of eight adjacent dense regions. Subsequent to the identification of dense

regions in two-dimensional space, noise elimination is achieved by evaluating the

overlap among three two-dimensional spaces for every trio of features. Consequently,

redundancy introduced by using three features facilitates the elimination of noise. A

detailed description of this step can be found in Section 5.2.2.

Figure 5.1 shows how the dense cell (marked in red) has a higher density than the

two marginal cells (marked in green). The adjacent dense cells (marked pink) will be

combined together to form dense regions in 2-dimensional space.

5.2.1.3 Choosing parameters for density estimates and convergence

The performance of histogram-based density methods depends on the appropriate bin

length (size of partitions used for density estimation). If the bin length reduces too

quickly, the estimated density will be incorrect as some of the bins (partitions) may

remain empty. However, if the bin length decreases too slowly, it will not converge to

the true density as it will be averaging over a large area. [132] has given the criterion

for convergence of density estimates as follows: The area of each bin AN should

converge to zero as the number of observations N goes to infinity. In addition, the

product of the number of observations N and the area of each cell should tend to

infinity as N approaches infinity. We can write the condition as limN→∞AN → 0 and

the product limN→∞(N × AN) → ∞.

In this chapter, we use a bin length based on maximal spacing. As discussed in

Section 5.2.1.1, for small datasets, we use bin lengths xlen = scx and ylen = scy where

sx and sy are maximal spacings along the X and Y axes, respectively, and c is the

constant which should have a value close to 0.5, but also less than 0.5. We will now
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Figure 5.1: Choosing dense cells with density higher than marginal cells and merging
them with adjacent dense cells

discuss how this choice leads to consistent estimates.

Suppose N observations are distributed in the interval [0, 1] along a particular

axis and the maximal spacing along this axis is given by s. The work done by

Deheuvels [166], discussed in detail in Section 3.2.3, shows that if certain regularity

conditions are fulfilled and probability density for each feature fulfills the following

conditions: 1) probability density function is defined on a bounded interval and 2)

probability density has non-zero minima on this interval, then the limits for maximal

spacing are given by lim
N→∞

sx = C1 log(N)/N and lim
N→∞

sy = C2 log(N)/N , where C1

and C2 are different constants. For small datasets, the area of each cell is given by
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AN = scx × scy. Since c < 0.5, we see that upper limit is given by:

lim
N→∞

AN = lim
N→∞

C1C2(log(N)/N)2c = 0. (5.1)

Parzen’s second condition is also fulfilled as a product of area, and the number of

observations goes to infinity. We find that lower limit is given by:

lim
N→∞

N × AN = lim
N→∞

N × C1C2(log(N)/N)2c

= lim
N→∞

N (1−2c)C1C2(log(N))2c = ∞,

as 1− 2c > 0.

(5.2)

Thus, estimated density for small datasets is consistent, according to Parzen density

estimates. For larger datasets, we simply divide the [0, 1] interval along each axis into

3 log(N) partitions. Thus, for a two-dimensional space normalized to [0, 1] × [0, 1],

the area of each cell is limN→∞
1

9 log2(N)
. It should be noted that limN→∞

1
9 log2(N)

= 0

and limN→∞
N

9 log2(N)
= ∞.Thus, we obtain consistent density estimates according to

Parzen’s rules.

5.2.2 Obtaining biclusters from dense regions found with dif-

ferent dimension pairs

Once we have obtained dense regions in two-dimensional spaces, this information is

used to obtain biclusters in higher dimensions. The pseudocode for the procedure is

given as Algorithm 5.2 and the procedure is described in detail below.
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5.2.2.1 Finding seed biclusters

To determine the set of observations related to each other, we identify subsets based

on relative density within the two-dimensional Euclidean space defined by each pair of

features using the procedure outlined in Section 5.2.1. However, because background

noise can exhibit arbitrary distributions, this process of uncovering associations may

yield considerable noise. Consequently, to mitigate noise interference, we seek a

set of three features (feature triplet) for which a specified set of observations forms

dense regions across each pair of features within the feature triplet. Accordingly, for a

specific set of features {f1, f2, f3}, dense regions are identified for the pairs < f1, f2 >,

< f2, f3 >, and < f3, f1 >. The common observations forming dense regions are then

determined by computing the intersection of these three pairs. If the resulting set of

observations is significant, that is, the number of observations is larger than a user-

defined parameter named ObsInMinBase, we consider it to be a seed bicluster. A

discussion of the values of ObsInMinBase and other user-defined parameters is given

in Section 5.3.1. Once the set of observations has been identified, we treat it as a

seed bicluster and add other feature triplets which have significant overlap in their

corresponding observation subsets. Note that this method of finding biclusters from

seed biclusters is similar to that used by CBSC, but not exactly the same. Thus, the

following subsection describes the procedure for obtaining biclusters in detail.

5.2.2.2 Using seed biclusters to get larger biclusters

We first arrange seed biclusters in descending order by the number of observations

present in each seed bicluster. We iteratively used these seed biclusters as a base to

find biclusters. When we use a particular seed bicluster for building a larger bicluster,

we call it a base seed bicluster. We initialize a bicluster with a set of observations
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Cl and a set of characteristics Clf as < Cl, Clf > using a base seed bicluster S∗.

Let S∗ have a set of observations S∗
o and a set of characteristics S∗

f , then we initialize

Cl = S∗
o and Clf = S∗

f . We consider other seed biclusters S (except S∗) given by the

observation set So and the feature set Sf . If the length of S∗
o is denoted by length(S∗

o),

we find seed biclusters that have at least length(S∗
o) × Sim2Seed observations in

common with Cl, where Sim2Seed is a user-defined parameter and Sf

⋂
Clf ̸= ∅.

As we continue to find seed biclusters that match Cl, we update Clf by adding all

the features present in the matching seed bicluster. This is repeated until no more

additions can be made to the bicluster. Then we find observations that occur in at

least ObsInMinBase seed biclusters, where ObsInMinBase is a user-defined parameter.

These observations and features corresponding to the matching seed biclusters form

an output bicluster.

The user also has the option of ignoring seed biclusters that have a very high

overlap with some other seed bicluster already used as the base. To use this option,

one must set the user-defined parameter ReuseAllSeeds to false. In this case, the

user-defined parameter named ReuseSeedSim gives the threshold for the amount of

overlap between seed biclusters. If the overlap between a base seed bicluster S∗ and

another seed bicluster is greater than ReuseSeedSim × Sim2Seed × length(S∗), we

do not use the matching seed bicluster as a base seed bicluster in future iterations.

On the other hand, if the parameter ReuseAllSeeds is set to true, we will not ignore

seed biclusters, and they will be used as a base in subsequent iterations. These

two parameters control the amount of overlap between the biclusters in terms of

observations.
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5.2.2.3 Removing out similar biclusters

Biclusters that are similar to each other are removed using cosine similarity in the

same way as was done in Section 4.5.1.4 for CBSC. The parameter ClusSim is used

to remove overlapping biclusters, as it controls the maximum amount of similarity

allowed between biclusters. For each pair of biclusters, we calculate the similarity

between them using the formula: Card(O1
⋂

O2)√
Card(O1)×

√
Card(O2)

× Card(F1
⋂

F2)√
Card(F1)×

√
Card(F2)

. Here, O1

and O2 denote the sets of observations in the first and second biclusters, respectively.

Similarly, F1 and F2, respectively, denote the sets of features in the first and second

biclusters. Card() is used to denote the cardinality of a set. If the similarity between

the two biclusters is found to be greater than ClusSim, we discard the smaller ones.

While CBSC [30] compares the density of a cell to the average density, RelDenClu

compares the cell density to marginal densities, as discussed in Section 5.2. Both

algorithms use similar pre-processing and a similar procedure to obtain biclusters

from dense related regions. Many algorithms like those proposed by [20,126,139] use

the apriori method to obtain biclusters from information obtained in low-dimensional

spaces. The procedure used by RelDenClu and CBSC is different from the apriori

method.

5.3 Algorithm for RelDenClu

In this section, we present the algorithm for RelDenClu. Before we find dense regions,

we need to normalize the data to [0, 1]× [0, 1]. This is done in the same way as CBSC

using the functions norm1 or norm2 given as equations 3.49 and 3.50 and discussed

in Sections 3.4.2 and 4.5.1.1.

Once the data is normalized, we find the dense regions using the procedure de-
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scribed in Section 5.2.1. This step has been discussed extensively in Section 5.2.1

and the pseudocode is given as Algorithm 5.1. Then we find the biclusters using the

process described in Section 5.2.2. The pseudocode for these steps has been presented

as Algorithm 5.2. The steps used by RelDenClu have been summarized in Figure 5.2.

Here we may note that the main difference between CBSC (summarized in Figure

4.3) and RelDenClu lies in the process of finding dense regions. This difference can

be seen from the first block in Figure 4.3 and the first block in Figure 5.2. While,

CBSC uses (K, r, δ) − bonded sets to find dense regions, RelDenClu uses joint and

marginal densities to find dense regions in a two-dimensional space.

In the following paragraphs, we discuss different parameters required by RelDen-

Clu and also present some guidelines on the choice of the parameters.

For each feature
pair, find the
dense regions
by comparing
cell density
with the

marginal density.

For each combination
of 3 features (f1, f2, f3),
find observations lying in
dense regions for 3 pairs
(f1, f2), (f2, f3), (f3, f1).
Remember the sets with
cardinality greater than

the threshold.

For each set of
observations found
in the previous step

find the set of
connected features.

Each pair of a set
of observations

and a set of features
is a bicluster.

Figure 5.2: Broad outline showing how RelDenClu works

5.3.1 Choice of parameters for RelDenClu

The parameters used by RelDenClu have been described while discussing the details

of the method. However, in this section, a list of parameters required by RelDenClu

and the recommended range for these parameters is presented for better readability.

MinSeedSize: When choosing seed biclusters in Step 6 in Algorithm 5.2, this pa-

rameter is used. We make a list of all seed biclusters longer than MinSeedSize and

use only these biclusters for further processing. Other seed biclusters are deleted.
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Algorithm 5.1: RelDenseRegions()
/* ---------------------------------------------------- */

/* This is an algorithm for finding dense regions in */

/* two-dimensional space defined by dimensions i and j, */

/* for small dataset method described in Section 5.2.1.1 */

/* Input is list of all observations in two-dimensional space defined by i and j */

/* ----------------------------------------------------- */

/* sepi is the maximum separation in dimension i */

1 for each point pa do
/* neigh(pa) is the set of points representing neighborhood of pa */

/* Initialize neighborhood of each point */

2 neigh(pa) = ∅

3 for each pair of points pa, pb do
/* di denotes distance in dimension i and dj denotes distance in dimension j */

4 if ( di(pa, pb) < sepi and dj(pa, pb) < sepj) then
5 connection(pa, pb) = 1
6 Add pb to neigh(pa)
7 Add pa to neigh(pb)

8 else
9 connection(pa, pb) = 0

10 finset = ∅
11 for each point pa do

/* MarginalNeighi(pa) is set of points lying in the region given by

(pa − sepi/2, pa + sepi/2) in dimension i and (0, 1) in dimension j */

/* Card denotes cardinality of a set */

/* Here, n is the ‘number of observations in dataset’ */

12 if Card(neigh(pa))/(sepi ∗ sepj) > n and
Card(neigh(pa))/(sepi ∗ sepj) > Card(MarginalNeighi(pa))/sepi and
Card(neigh(pa))/(sepi ∗ sepj) > Card(MarginalNeighj(pa))/sepj then

13 finset = finset ∪ pa

14 for each pair of points pa, pb in finset do
15 if Card(neigh(pa) ∩ neigh(pb)) ∗ 4/(sepi ∗ sepj) >

max(MarginalNeighi(pa)/sepi,MarginalNeighj(pa)/sepj ,MarginalNeighi(pb)/sepi,MarginalNeighj(pb)/sepj)
then

/* Merge the two cells i.e., cell connected to one is automatically connected to

other */

/* connection(pa, :) denotes all connections of pa */

16 connection(pa, :) = connection(pa, :) ∪ connection(pb, :)
17 connection(pb, :) = connection(pa, :)

/* Perform connected components according to new connections */

18 while new connections are formed do
19 for each pair of points pa, pb connected to each other do
20 connection(pa, :) = connection(pa, :) ∪ connection(pb, :)
21 connection(pb, :) = connection(pa, :)

/* Retain only those points from finset which have merged with other points */

22 finset=finset[sum(connection(pa, :)) > 0]
23 npc = Card(finset)
24 Find connected components in finset using radius rad = log(npc)/npc

/* kth connected component is denoted by Pts(i, j, k) */

/* Let total number of connected components for given pair of dimensions be mcc */

25 Return points < Pts(fi, fj , 1), P ts(fi, fj , 2) · · · , P ts(fi, fj ,mcc) >
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Algorithm 5.2: GetBiClusters
/* This algorithm gives the process of obtaining biclusters from dense regions obtained by

Algorithm 5.1 */

/* Let the data be D */

/* Normalize the data using norm1 if data seems to be */

/* coming from a bounded distribution otherwise use norm2 */

1 Normalize data using the procedure given in Section 5.3
/* Each pair of dimensions may contain several sets representing dense regions */

2 for each pair of features < fi, fj > do
/* This is described in Section 5.2.1.1 */

3 Pts(fi, fj , 1), P ts(fi, fj , 2), · · ·=RelDenseRegions(D∗,fi, D∗,fj)

/* Initialize list of seed biclusters as given in the first paragraph of Section 5.2.2 */

4 T list = ∅ Flist = ∅ for each set of 3 features fi, fj , fk and each combination of u, v, w do
/* Check if a seed bicluster is formed by each dense region for a set of three features

*/

/* dense regions numbered u, v and w in dimension pairs < fi, fj >, < fj , fk > */

/* and < fk, fi > are checked for each combination between dense regions */

5 Tx = Pts(fi, fj , u) ∩ Pts(fj , fk, v) ∩ Pts(fk, fi, w)
6 if length(Tx < MinSeedSize) then
7 Delete (Tx)

8 else
9 Fx =< u, v, w >

10 Add Tx to Tlist
11 Add Fx to Flist

12 Sort T list in descending order of length
/* Remaining part of algorithm corresponds to Section 5.2.2 */

13 Clusterlist = ∅
14 for each Tx in Tlist not marked as ignore do
15 Clf = Fx

16 SelectedT list = Tx

17 for each Ty in Tlist do
18 if (Clf

⋂
Fy) ̸= ∅ ∧ length(Tx

⋂
Ty) > Sim2Seed× length(Tx) then

19 Clf = Clf ∪ Fy

20 if ReuseAllSeeds == FALSE
∧

length(Tx
⋂

Ty) > ReuseSeedSim× Sim2Seed× length(Tx) then
/* This seed bicluster will not be used as base */

21 Mark Ty as ignore

22 Goto 17 if seed biclusters have been added
23 Cl is list of observations which occur in at least ObsInMinBase bases present in SelectedT list
24 if Cl ̸= ∅ then
25 Clusterlist = Clusterlist ∪ < Cl,Clf >

26 for each pair of biclusters in Clusterlist < Cli, Clfi >,< Clj , Clfj > do
/* Formula for cosine similarity is given in Section 5.2.2 */

27 if Cosine Similarity between < Cli, Clfi >,< Clj , Clfj >> ClusSim then
28 Delete the smaller bicluster
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Setting lower values will allow the algorithm to detect biclusters with fewer observa-

tions. Setting a larger value will leave out smaller biclusters and report only large

ones. If we want all small and large biclusters, it can be set to three, as we have

defined a common dense region based on the connectedness for three pairs in Section

5.2.2.

Sim2Seed: In Section 5.2.2, a base seed bicluster is compared to other seed bi-

clusters to see if the latter can be included in the bicluster, based on the similarity

between the two. This similarity between the base seed bicluster S and other seed

biclusters W is judged using the number of observations present in both S and W . If

this number is greater than Sim2Seed × length(S), they are said to be similar. The

range (0.6, 0.98) is seen to give stable results.

ReuseAllSeeds: Each seed bicluster can be used as a base for finding a bicluster.

For using each seed bicluster as a base, this parameter should be set to TRUE. Other-

wise, seeds previously found to have a high overlap with base seed bicluster, are not

used as bases in further calculations.

ReuseSeedSim: If we ignore some seed biclusters while choosing the bases, we set

ReuseAllSeeds to FALSE. In this case, we need to set the parameter ReuseSeedSim.

If the number of common observations between the base seed bicluster S and other

seed bicluster W is greater than ReuseSeedSim × Sim2Seed × length(S), then W is

not used as a base. The value of this parameter lies in (0, 1). Setting a higher value

of this parameter allows the algorithm to detect biclusters with a greater amount of

overlap. If the parameter is set to a lower value, less overlap occurs and computation

time is also less.

ObsInMinBase: If an observation is present in at least ObsInMinBase of dense

regions forming a bicluster, it is included in the set of observations corresponding to

the bicluster.
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ClusSim: If the cosine similarity defined in Section 5.2.2, between biclusters

is found to be greater than ClusSim, the smaller bicluster is ignored. Unlike

ReuseSeedSim, here we compare the biclusters in terms of both the number of obser-

vations and the number of features. Also, it weeds out biclusters once they are found,

and thus provides finer control.

In this chapter, several experiments have been performed with fixed parameter

values that are mentioned in Section 5.4. Later, in Chapter 6, the results for RelDen-

Clu have been aggregated over several possible parameter values, providing insight

into the behavior of RelDenClu when different parameter values are selected.

5.3.2 Time complexity of RelDenClu

The time complexity of ROCCO has been reported by He and Moreira-Matias [148].

The time complexity of other methods used for comparison has been discussed in the

previous chapter. We are reporting the time complexity of RelDenClu, where N and

M , respectively, are the number of observations and the number of features in a given

dataset. The time complexity of RelDenClu is (log(N)M)2 +NM3, where N and M

represent the number of observations and features in the dataset, respectively.

5.4 Experimental setup and methodology for anal-

ysis with RelDenClu

In this section, we present the experimental setup and methodology used to perform

investigation with synthetic and real-world datasets. Real-world datasets include five

UCI-ML datasets [185] and two datasets designed to understand the spread of the

COVID-19 disease [193,197,198].
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5.4.1 Experimental setup for synthetic datasets

To test the efficacy of RelDenClu, we performed experiments on simulated and real-

world datasets. Experiments with simulated datasets allow us to study the behavior

of RelDenClu on datasets with known characteristics. The synthetic datasets used for

the experiments and the methodology to evaluate them is the same as that described

in the Chapter 4 in Section 4.7.1.

The parameters used for RelDenClu for this analysis are MinSeedSize = N/8

whereN is the number of observations in the dataset, ObsInMinBase = 5, Sim2Seed =

0.85, ReuseAllSeeds = False, ReuseSeedSim = 0.75, ClusSim = 1.

5.4.2 Methods used for comparison with RelDenClu

The performance of RelDenClu is compared with eight other algorithms namely

CLIQUE [128], Proclus [127], ITL [186], Subclu [20], P3C [125], UniBic [145], CBSC

[30] and ROCCO [148]. CLIQUE, P3C, and Subclu are density-based methods. ITL

is an information-theoretic method, while Proclus is known to provide stable re-

sults. ROCCO is a parameter-free coclustering method. Comparison with UniBic

and CBSC is important as they specifically aim at finding biclusters based on non-

linear dependence. The parameters used by all the methods used for the comparison

except ROCCO are the same as those used in the previous chapter. For ROCCO

the parameter K is required for finding the K nearest neighbors adjacency matrix

for spectral analysis. The authors have shown that the performance of ROCCO is

consistent for any of the values of K of 8, 9 or 10, making it a hyperparameter-free

algorithm [148]. Thus, we have chosen K = 9 for our experiments.

The performance of RelDenClu is evaluated in terms of accuracy and execution

time in the same way as done for CBSC in Chapter 4. The accuracy for synthetic
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datasets has been reported in Tables 5.1-5.4 and Figures 5.3-5.6. The execution time

for these datasets has been reported in Tables 5.5-5.8.

5.4.3 Experimental setup for UCI-ML datasets

Like CBSC, we demonstrate the use of RelDenClu on UCI-ML datasets in two differ-

ent ways. First, as an application to supervised learning, biclustering algorithms have

been used to generate new features for two different datasets that lead to improved

classification accuracy. This is discussed in Section 5.4.3.1

Second, in Section 5.4.3.2, we describe the methodology for using RelDenClu for

the clustering of three datasets.

As in the case of CBSC, for real-world datasets, we initially apply normalization

norm1. If no biclusters are produced using norm1, then the biclusters are found after

applying norm2 to the dataset.

5.4.3.1 Setup for for experiments with classification of UCI-ML datasets

RelDenClu has been used to generate new binary features that are used to improve

the classification performance on two UCI ML datasets [185]. Such experiments were

also performed with CBSC and the datasets and methodology are described in detail

in Section 4.7.2.1 of Chapter 4. The datasets used for the classification experiments

are described in Chapter 4 in Section 4.7.2.1.

For classification, the parameter values for RelDenClu are selected using a 10-

fold cross-validation. The different parameter values used for the 10-fold cross-

validation are as follows. For the parameter MinSeedSize, we have taken the values

{N/8, N/16}, where N is the number of observations in the dataset. We have ex-

perimented with the values {3, 5} for ObsInMinBase. For the parameter Sim2Seed
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and we have taken the values {0.65, 0.8, 0.95}. The parameter ReuseAllSeeds can

be set to True or False. We have experimented with both values. For parameter

ReuseSeedSim, we have experimented with the values {0.25, 0.5, 0.75}. For the pa-

rameter ClusSim, we have experimented with the values {0.5, 1}. For ROCCO we use

the parameter value K = 9. The parameter values for all other methods are the same

as mentioned in Section 4.7.2.1. The evaluation criterion is also the same, that is

accuracy, NMI, ARI, precision, recall, and G-Score. The results of these experiments

are reported in Table 5.9 and Figures 5.8a-5.8f.

5.4.3.2 Setup for for experiments with clustering of UCI-ML datasets

We use RelDenClu for unsupervised learning to identify if its detected biclusters

match known data classes, as we did for CBSC. This was done for three UCI ML

datasets mentioned in Section 4.7.2.2 of Chapter 4. The methodology for evaluating

performance has also been discussed there.

For these datasets, the parameters used for RelDenClu are MinSeedSize = N/8

whereN is the number of observations in the dataset, ObsInMinBase = 3, Sim2Seed =

0.6, ReuseAllSeeds = False, ReuseSeedSim = 0.75, ClusSim = 1. Six performance

indices are reported. These indices are accuracy, NMI, ARI, precision, recall and

G-score. The results for these experiments are reported in Table 5.10 and Figures

5.8a-5.8f.
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5.4.4 Setup and methodology for application of RelDenClu

to COVID-19 dataset for finding relevant lifestyle fac-

tors

Like CBSC, we have also used RelDenClu to find lifestyle factors that impact COVID-

19 infection rates. As mentioned in Section 4.7.3, the dataset is based on World

Development Indicators and COVID-19 infection rates. As mentioned earlier, biclus-

tering is useful in scenarios where subsets of observations and features are required

together. Thus, we applied RelDenClu for the analysis of lifestyle factors that im-

pact COVID-19 rates. The parameters used for RelDenClu for this analysis are

MinSeedSize = 15, ObsInMinBase = 10, Sim2Seed = 0.95, ReuseAllSeeds = False,

ReuseSeedSim = 0.75, ClusSim = 0.75. The remainder of the methodology is the

same as that used in Section 4.7.3. The results are provided in Table 5.11 and Figure

5.9.

5.4.5 Setup and methodology for application of RelDenClu

to identify vaccines existing before COVID-19 that

might help in reducing COVID-19 infection rates

We have used RelDenClu to find out whether any of the existing vaccines before

2020 is likely to provide protection against COVID-19 using the same methodology

as CBSC in Section 4.7.4. The parameters used for RelDenClu for this analysis are

MinSeedSize = 20, ObsInMinBase = 5, Sim2Seed = 0.75, ReuseAllSeeds = False,

ReuseSeedSim = 0.75, ClusSim = 1. The details of methodology and datasets can

be found in Section 4.7.4. The results are reported in Section 5.5.4.
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5.5 Results

This section presents the results obtained for synthetic and real-world datasets using

the methodology discussed in Section 5.4.

5.5.1 Results on simulated datasets

In the section we report the accuracy and execution time of different biclustering

methods for simulated datasets. We will also discuss the properties of RelDenClu

with reference to the results on simulated datasets.

5.5.1.1 Accuracy for simulated datasets

Table 5.1: Accuracy for Non-Linear simulated datasets (Mean and Standard Devia-
tion for 10 datasets of each type)

Method Accuracy
Datasets

Non-Monotonous Non-Linear 1 Non-Linear 2

RelDenClu
Mean 0.818 0.933 0.922

Std. Dev. 0.019 0.032 0.009

ROCCO
Mean 0.751 0.82 0.836

Std. Dev. 0.020 0.015 0.020

CBSC
Mean 0.788 0.874 0.907

Std. Dev. 0.030 0.014 0.017

UniBic
Mean 0.764 0.804 0.839

Std. Dev. 0.004 0.142 0.107

P3C
Mean 0.75 0.765 0.764

Std. Dev. 0.001 0.004 0.003

Subclu
Mean 0.746 0.785 0.793

Std. Dev. 0.005 0.017 0.016

ITL
Mean 0.75 0.75 0.75

Std. Dev. 0.009 0.004 0.002

Proclus
Mean 0.752 0.781 0.792

Std. Dev. 0.009 0.014 0.007

CLIQUE
Mean 0.75 0.784 0.782

Std. Dev. 0.000 0.002 0.002
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Figure 5.3: Accuracy obtained using various algorithms for Non-Linear datasets

Table 5.2: Accuracy for Base and transformed simulated datasets (Mean and Stan-
dard Deviation for 10 datasets of each type)

Method Accuracy
Datasets

Base Scaled Translated
Linear
Trans-
form

Point
Propor-
tion

Cluster
Propor-
tion

Noisy
Uniform

Permut-
ations

RelDenClu
Mean 0.996 0.996 0.997 0.997 0.997 0.999 0.981 0.996

Std. Dev. 0.002 0.002 0.002 0.002 0.003 0.002 0.008 0.002

ROCCO
Mean 0.813 0.881 0.883 0.851 0.881 0.829 0.839 0.819

Std. Dev. 0.019 0.015 0.014 0.020 0.034 0.036 0.012 0.019

CBSC
Mean 0.935 0.935 0.935 0.936 0.937 0.822 0.936 0.935

Std. Dev. 0.057 0.057 0.057 0.057 0.060 0.111 0.043 0.057

UniBic
Mean 0.900 0.848 0.802 0.793 0.603 0.641 0.832 0.900

Std. Dev. 0.034 0.211 0.159 0.034 0.046 0.078 0.124 0.034

P3C
Mean 0.781 0.782 0.779 0.779 0.787 0.802 0.772 0.783

Std. Dev. 0.040 0.040 0.041 0.041 0.022 0.092 0.032 0.015

Subclu
Mean 0.794 0.759 0.788 0.765 0.802 0.724 0.795 0.798

Std. Dev. 0.023 0.016 0.019 0.025 0.030 0.020 0.017 0.022

ITL
Mean 0.751 0.752 0.750 0.751 0.750 0.750 0.750 0.750

Std. Dev. 0.005 0.004 0.004 0.001 0.001 0.002 0.002 0.001

Proclus
Mean 0.785 0.768 0.803 0.770 0.800 0.711 0.792 0.785

Std. Dev. 0.013 0.015 0.023 0.028 0.024 0.024 0.010 0.015

CLIQUE
Mean 0.776 0.776 0.776 0.776 0.776 0.683 0.720 0.773

Std. Dev. 0.016 0.016 0.016 0.016 0.016 0.012 0.011 0.015
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Table 5.3: Accuracy for simulated datasets with Normal Distribution (Mean and
Standard Deviation for 10 datasets of each type)

Method Accuracy
Datasets

Normal Noisy Normal 1 Noisy Normal 2

RelDenClu
Mean 0.991 0.948 0.881

Std. Dev. 0.004 0.025 0.020

ROCCO
Mean 0.753 0.755 0.752

Std. Dev. 0.011 0.009 0.003

CBSC
Mean 0.895 0.901 0.897

Std. Dev. 0.062 0.059 0.053

UniBic
Mean 0.869 0.794 0.776

Std. Dev. 0.025 0.098 0.009

P3C
Mean 0.767 0.758 0.765

Std. Dev. 0.017 0.047 0.009

Subclu
Mean 0.783 0.78 0.769

Std. Dev. 0.010 0.015 0.006

ITL
Mean 0.75 0.749 0.750

Std. Dev. 0.003 0.001 0.001

Proclus
Mean 0.783 0.772 0.769

Std. Dev. 0.017 0.011 0.006

CLIQUE
Mean 0.799 0.787 0.776

Std. Dev. 0.011 0.015 0.008

Table 5.4: Accuracy for Overlapping simulated datasets (Mean and Standard Devia-
tion for 10 datasets of each type)

Method Accuracy
Datasets

Overlap 1 Overlap 2
First Second First Second

RelDenClu
Mean 0.998 0.993 0.997 0.992

Std. Dev. 0.001 0.003 0.002 0.005

ROCCO
Mean 0.773 0.817 0.751 0.801

Std. Dev. 0.008 0.007 0.002 0.002

CBSC
Mean 0.953 0.945 0.952 0.949

Std. Dev. 0.010 0.003 0.011 0.009

UniBic
Mean 0.940 0.626 0.833 0.775

Std. Dev. 0.037 0.032 0.130 0.143

P3C
Mean 0.751 0.801 0.750 0.800

Std. Dev. 0.002 0.004 0.001 0.001

Subclu
Mean 0.761 0.801 0.763 0.801

Std. Dev. 0.005 0.002 0.004 0.002

ITL
Mean 0.750 0.800 0.750 0.800

Std. Dev. 0.001 0.001 0.001 0.001

Proclus
Mean 0.760 0.804 0.761 0.802

Std. Dev. 0.009 0.004 0.008 0.003

CLIQUE
Mean 0.750 0.800 0.750 0.800

Std. Dev. 0.001 0.001 0.001 0.001
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For simulated data, experiments are carried out with 10 different simulations and

the average accuracy (over 10 simulations) and corresponding standard deviation

(denoted as “deviation”) values are reported in Tables 5.1-5.4. Comparison is made

with eight other methods. We see that RelDenClu provides better accuracy for fifteen

of the sixteen simulated datasets. Data is normalized using norm2 for “Normal” and

“Noisy Normal” datasets. For all other datasets, norm1 is used.

The columns (“Non-Monotonous”, “Non-linear 1” and “Non-linear 2”) of Table

5.1 represent datasets having biclusters based on non-linear relations. We see that

RelDenClu provides higher accuracy for these three datasets. RelDenClu finds the

biclusters with higher accuracy for “Non-Monotonous” dataset containing highly non-

monotonous relations as seen from the first column. In spite of the significantly varied

distribution of background observations, RelDenClu finds biclusters with greater ac-

curacy, as seen from results presented in the “Non-Linear 1” column. Its accuracy

for another dataset containing bicluster based on non-linear relations is also higher in

comparison with other algorithms as seen from column “Non-Linear 2”. The values

of accuracy obtained using different algorithms on these datasets are presented in

Figure 5.3 as bar graphs, for better illustration. The analysis conducted on these

three datasets demonstrate that RelDenClu is capable of identifying biclusters where

features exhibit non-linear or non-monotonous relationships, as discussed in Section

6.2. This capability stems from RelDenClu’s utilization of relative density for the

identification of the initial observation set and the implementation of the relation

index MIDI to determine the final biclusters.

The first column of Table 5.2 (“Base”) represents a dataset containing biclusters

based on a linear relation. The other seven columns of the table (“Scaled”, “Trans-

lated”, ..., “Permutations”) give results for datasets obtained by applying different

transforms to the “Base” dataset. These datasets allow us to analyze the behavior



172 5.5 Results

of RelDenClu in a way similar to the analysis performed by Ness [24] for clustering

algorithms. From Figure 5.4 (shown in parts 5.4a and 5.4b) and the table mentioned

above, we find that RelDenClu has produced better results compared to other meth-

ods for the “Base” dataset and its transforms, that is, “Scaled”,..., “Permutations”.

The three columns of Table 5.3 (“Normal”, “Noisy Normal 1” and “Noisy Nor-

mal 2”), contain results for datasets generated using the normal distribution. For

the “Normal” and “Noisy Normal 1” (noise with standard deviation 0.1) datasets

RelDenClu performs better than the other methods. In the case of “Noisy Normal 2”

(noise with standard deviation 0.2), we find that CBSC performs slightly better than

RelDenClu. The performance for these datasets is reported in Table 5.3 and Figure

5.5.

The first two columns of Table 5.4 (“Overlap 1”), present results for a dataset

containing two biclusters with an overlap of 12%. We find that RelDenClu has the best

performance among the methods used for comparison. These results are presented

graphically in Figure 5.6. Similarly, the third and fourth columns present results for

a dataset containing two biclusters with an overlap of 20% (“Overlap 2”). For these

two biclusters, RelDenClu also has the highest accuracy.

These results for simulated datasets suggest some properties of RelDenClu which

will be discussed in Section 5.5.1.3.

5.5.1.2 Execution time for simulated datasets and time complexity

The execution times of the methods are reported in Tables 5.5-5.8. The datasets

used here are the same as those used in Tables 5.1-5.4. The algorithm is executed

with an Intel Core i7 CPU and 8 GB memory. As seen from the tables mentioned

above, the execution time for RelDenClu is less than CBSC. In many cases, it is also

less than ITL and ROCCO. It is high compared to density-based methods such as
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Table 5.5: Execution time in seconds for Non-Linear simulated datasets

Method
Datasets

Non-Monotonous Non-Linear 1 Non-Linear2
RelDenClu 0.298 2.913 0.737
ROCCO 31.402 4.087 3.164
CBSC 61.674 93.630 69.359
UniBIc 0.012 0.583 0.612
P3C 1.440 0.359 0.650

Subclu 0.037 0.064 0.052
ITL 15.000 9.096 9.248

Proclus 0.026 0.060 0.055
CLIQUE 0.001 0.011 0.007

Table 5.6: Execution time in seconds for Base and transformed simulated datasets

Method
Datasets

Base Scale Translated Linear Point Proportion Cluster Proportion Noisy Permutations
RelDenClu 6.970 6.884 7.273 6.879 80.673 55.676 30.128 6.293
ROCCO 2.939 3.021 2.681 2.794 29.275 7.509 2.874 2.958
CBSC 81.585 82.717 81.450 81.840 97.645 94.466 96.439 81.654
UniBIc 0.583 0.612 0.649 0.673 2.596 1.436 0.621 0.583
P3C 0.513 0.955 0.952 0.433 1.083 0.848 0.458 0.588

Subclu 0.056 0.043 0.050 0.055 0.120 0.082 0.049 0.070
ITL 3.171 3.302 3.498 3.276 9.994 6.519 2.94 3.272

Proclus 0.052 0.055 0.049 0.055 0.120 0.088 0.056 0.063
CLIQUE 0.105 0.015 0.015 0.018 0.033 0.021 0.014 0.013

Table 5.7: Execution time in seconds for simulated datasets with Normal Distribution

Method
Datasets

Normal Noisy Normal 1 Noisy Normal 2
RelDenClu 53.006 53.733 52.754
ROCCO 6.258 5.128 2.938
CBSC 67.290 88.490 73.850
UniBic 0.531 0.577 0.001
P3C 18.840 9.751 6.322

Subclu 0.071 0.061 0.050
ITL 1.187 1.259 20.639

Proclus 0.054 0.052 0.084
CLIQUE 0.071 0.044 0.715

Table 5.8: Execution time in seconds for Overlapping simulated datasets

Method
Datasets

Overlap 1 Overlap 2
RelDenClu 5.639 5.671
ROCCO 2.571 25.663
CBSC 72.647 68.848
UniBic 2.092 2.775
P3C 0.049 0.016

Subclu 0.074 0.158
ITL 15.102 15.091

Proclus 0.074 0.087
CLIQUE 0.014 0.032
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Subclu, Proclus, and CLIQUE. However, it is already seen in Tables 5.1-5.4, that

the accuracy of RelDenClu is better than these methods for most of the simulated

datasets.

5.5.1.3 A discussion on properties of RelDenClu as seen from experi-

ments on Simulated datasets

It is already seen that RelDenClu can find relation based biclusters with better accu-

racy compared to other algorithms for most of the simulated datasets, as seen from

Tables 5.1-5.4 and Figures 5.3-5.6. In this section, we discuss some of the observed

properties of RelDenClu.

RelDenClu exhibits invariance to scaling, translation, and linear transformations,

as these transformations do not alter the bin length or estimated densities. However,

theoretically, the methodology is not invariant to arbitrary order-preserving trans-

formations, which have the potential to modify the density of the observations. An

analysis was performed to compare the accuracy obtained for the “Base” dataset

with its various transformations. It is observed that there is no significant differ-

ences in the accuracy of RelDenClu for data sets “Scaled”, “Translated”, “Linear

Transform”, “Point proportion”, “Cluster Proportion” and “Permutations”. Accu-

racy for the “Noisy Uniform”, “Noisy Normal 1” and “Noisy Normal 2” datasets

are only slightly lower than the “Base” and “Normal” datasets. Compared to other

algorithms, RelDenClu still has a higher accuracy for noisy datasets.

We may note that the biclusters in the “Base” dataset can also be seen as scaling

biclusters, since each column in the bicluster can be obtained by multiplying another

column by a constant value. Also, the biclusters in the “Translated” datasets can be

seen as a combination of scaling and shift biclusters. Since RelDenClu finds biclusters

based on feature relations, it will be able to find biclusters based on scaling and
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shifting of columns. However, RelDenClu will not be able to find biclusters based

on the shifting and scaling of rows, as it specifically aims to find biclusters based on

feature relations.

We find that RelDenClu has similar performance for the “Base” and various trans-

formed datasets. However, RelDenClu has a higher accuracy for these datasets com-

pared to other methods.

In conclusion, the RelDenClu algorithm demonstrates robust performance when

applied to datasets subjected to various transformations or the introduction of noise.

Its efficacy is also notable on datasets characterized by non-linear feature relation-

ships.

5.5.2 Results for experiments with UCI-ML datasets

5.5.2.1 Experimental results for classification of UCI-ML datasets

The results for the classification of the UCI-ML datasets are reported in Table 5.9

and the performance is also presented as bar graphs in Figures 5.7a-5.7f. The analysis

of the student dropout dataset indicates that the application of RelDenClu, CBSC,

and P3C results in an improvement over the original accuracy. For the Credit Card

dataset, the features derived from RelDenClu lead to a substantial improvement in

accuracy. The accuracy gain is greater compared to eight other methods, thereby

facilitating a more effective identification of credit card defaulters.
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Table 5.9: Classification performance for Credit card and Student Dropout datasets
(after adding features generated using different biclustering methods)

Dataset Credit Card [175]

Method
Accuracy

NMI ARI
Average

Mean S. Dev. Prec. Recall G-Score
RelDenClu 0.761 0.006 0.108 0.227 0.672 0.702 0.685
ROCCO 0.269 0.005 0.000 -0.007 0.510 0.504 0.355
CBSC 0.755 0.006 0.074 0.185 0.647 0.651 0.649
UniBic 0.397 0.006 0.015 -0.047 0.559 0.562 0.472
P3C 0.702 0.012 0.090 0.149 0.642 0.690 0.654

Subclu 0.547 0.098 0.033 0.004 0.581 0.616 0.560
ITL 0.269 0.010 0.006 -0.035 0.562 0.520 0.359

Prolus 0.722 0.015 0.097 0.172 0.650 0.696 0.665
CLIQUE 0.544 0.006 0.032 0.003 0.580 0.614 0.558
Original 0.703 0.028 0.088 0.147 0.640 0.689 0.654
Dataset Student Dropout [176]

Method
Accuracy

NMI ARI
Average

Mean S. Dev. Prec. Recall G-Score
RelDenClu 0.685 0.018 0.219 0.317 0.616 0.602 0.608
ROCCO 0.221 0.011 0.010 -0.003 0.434 0.360 0.264
CBSC 0.681 0.016 0.207 0.302 0.604 0.583 0.589
UniBic 0.610 0.009 0.144 0.125 0.550 0.450 0.455
P3C 0.679 0.020 0.215 0.312 0.595 0.581 0.585

Subclu 0.674 0.018 0.197 0.291 0.602 0.586 0.591
ITL 0.185 0.003 0.004 -0.002 0.417 0.336 0.184

Proclus 0.676 0.018 0.206 0.305 0.601 0.589 0.593
CLIQUE 0.675 0.022 0.195 0.295 0.597 0.576 0.582
Original 0.675 0.015 0.200 0.295 0.593 0.576 0.580
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Table 5.10: Results for clustering of UCI-ML datasets

Dataset Magic Gamma [177]

Method Accuracy NMI ARI
Class 1 Class 2

Prec. Recall G-Score Prec. Recall G-Score
RelDenClu 0.737 0.179 0.225 0.593 0.808 0.692 0.870 0.699 0.780
ROCCO 0.653 0.006 0.009 0.845 0.016 0.117 0.652 0.998 0.807
CBSC 0.713 0.114 0.179 0.582 0.655 0.617 0.799 0.745 0.772
UniBic 0.655 0.006 0.015 0.654 0.991 0.805 0.677 0.035 0.153
P3C 0.705 0.080 0.110 0.690 0.992 0.827 0.919 0.177 0.404

Subclu 0.639 0.001 0.011 0.653 0.943 0.785 0.425 0.077 0.181
ITL 0.652 0.027 0.007 0.953 0.012 0.107 0.651 1.000 0.807

Proclus 0.648 0.013 0.048 0.676 0.878 0.770 0.498 0.223 0.333
CLIQUE 0.685 0.044 0.104 0.703 0.889 0.791 0.600 0.308 0.430
Dataset Breast Cancer (Wisconsin Original) [178]

Method Accuracy NMI ARI
Class 1 Class 2

Prec. Recall G-Score Prec. Recall G-Score
RelDenClu 0.956 0.724 0.831 0.927 0.950 0.938 0.973 0.959 0.966
ROCCO 0.660 0.011 0.022 0.733 0.046 0.184 0.659 0.991 0.808
CBSC 0.931 0.618 0.742 0.893 0.912 0.903 0.952 0.941 0.947
UniBic 0.843 0.330 0.462 0.833 0.690 0.758 0.847 0.926 0.886
P3C 0.796 0.261 0.322 0.981 0.427 0.647 0.763 0.995 0.872

Subclu 0.814 0.296 0.370 0.975 0.481 0.685 0.781 0.993 0.880
ITL 0.656 0.007 0.011 0.833 0.021 0.132 0.654 0.998 0.808

Proclus 0.657 0.008 0.023 0.600 0.063 0.194 0.660 0.977 0.803
CLIQUE 0.921 0.579 0.706 0.881 0.895 0.888 0.943 0.935 0.939
Dataset Electrical Grid

Method Accuracy NMI ARI
Class 1 Class 2

Prec. Recall G-Score Prec. Recall G-Score
RelDenClu 0.665 0.121 0.108 0.858 0.570 0.699 0.524 0.833 0.661
ROCCO 0.650 0.011 0.030 0.651 0.973 0.796 0.631 0.082 0.228
CBSC 0.678 0.077 0.124 0.549 0.616 0.582 0.766 0.712 0.739
UniBic 0.638 0.001 0.006 0.497 0.026 0.114 0.641 0.985 0.794
P3C 0.638 0.000 0.000 0.638 1.000 0.799 0.000 0.000 0.000

Subclu 0.631 0.000 0.001 0.383 0.030 0.107 0.639 0.973 0.788
ITL 0.647 0.009 0.029 0.572 0.096 0.235 0.652 0.959 0.791

Proclus 0.635 0.001 0.006 0.444 0.038 0.129 0.641 0.973 0.790
CLIQUE 0.532 0.000 0.002 0.372 0.425 0.398 0.645 0.593 0.619
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Base Scaled Translated Linear Trasnform

Simulated datasets with various transforms applied
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(a) Accuracy obtained for Base dataset and its transforms
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(b) Accuracy for 4 more transforms applied to Base dataset

Figure 5.4: Accuracy obtained for simulated datasets with various transforms applied
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Normal Noisy normal 1 Noisy normal  2

Simulated datasets with Normal Distribution 
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Figure 5.5: Accuracy obtained using various algorithms for Normal and Noisy Normal
datasets
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Figure 5.6: Accuracy obtained using various algorithms for Overlapping datasets
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Credit Card Student Dropout

Datasets used for classification
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(a) Accuracy of various biclustering algorithms for classification

Credit Card Student Dropout
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(b) NMI obtained by various algorithms for classification
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Credit Card Student Dropout

Datasets used for classification
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(d) Average precision obtained by various biclustering algorithms for classification
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Credit Card Student Dropout

Datasets used for classification
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(e) Average recall obtained by various biclustering algorithms for classification

Credit Card Student Dropout
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(f) Average G-Score obtained by various biclustering algorithms for classification

Figure 5.7: Performance of various biclustering algorithms for classification
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Magic Gamma Breast Cancer Electrical Grid

Datasets used for clustering
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(a) Accuracy of various algorithms for clustering of UCI-ML datasets (calculated using
Equation 4.1)
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(b) NMI obtained by various algorithms for clustering of UCI-ML datasets
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Magic Gamma Breast Cancer Electrical Grid

Datasets used for clustering
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(c) ARI obtained by various algorithms for clustering of UCI-ML datasets

Magic Gamma Breast Cancer Electrical Grid
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(d) Average precision obtained by various algorithms for clustering of UCI-ML datasets
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Magic Gamma Breast Cancer Electrical Grid
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(e) Average recall obtained by various algorithms for clustering of UCI-ML datasets

Magic Gamma Breast Cancer Electrical Grid
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(f) Average G-Score obtained by various algorithms for clustering of UCI-ML datasets

Figure 5.8: Performance of various algorithms for clustering of UCI-ML datasets
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5.5.2.2 Experimental Results with clustering of UCI-ML datasets

The results for clustering are reported in Table 5.10. RelDenClu is seen to have the

best accuracy for the datasets used for the investigation. For better visualization, the

accuracies obtained by different methods are presented in Figure 5.8a as bar graphs.

NMI and ARI are shown in Figures 5.8b and 5.8c, respectively. The average Precision,

Recall and G-score of both classes have been shown in Figures 5.8d-5.8f, respectively.

We find that RelDenClu obtains better accuracy, NMI and ARI for the three datasets

used for experiments, i.e., Magic Gamma, Breast cancer, and Electric Grid. It also

obtains a better average G-Score compared to other methods.

5.5.3 Relevant features in COVID-19 dataset obtained using

RelDenClu during early stages of the pandemic

Table 5.11 presents the 27 features used in the analysis [193]. A checkmark in the

corresponding columns denotes the features identified by UniBic, CBSC, ROCCO,

and RelDenClu, based on data from January 2020. The table also reports the values

of Spearman correlation (ρs) between the chosen feature and the infection rate of

COVID-19 for various countries for 31 January 2020 (denoted as ρs(Jan)) and 31

December 2020 (denoted as ρs(Dec)). The features are listed in decreasing order of

absolute value of ρs(Dec).

RelDenClu selected 16 of 27 WDI features. We find that 12 out of 16 features

selected by RelDenClu have a Spearman correlation (absolute value) greater than 0.5

with the disease occurrence rate on 31 December 2020. This suggests that it may have

recognized the significance of these features earlier, for example, by using January’s

data, a period when the Spearman correlation failed to indicate this relationship.

Within the features excluded from the bicluster, only 2 of the 11 show a Spearman
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correlation (in terms of absolute value) exceeding 0.5 with disease occurrence rates

on 31 December 2020. The reason for using Spearman’s correlation to evaluate the

features has been discussed in Section 4.8.4 in Chapter 4.

The above-mentioned results suggest that RelDenClu could be explored to identify

important factors that affect a new disease. This would help combat the pandemic

situation in countries with a more scientific approach. Some of these identified features

for COVID-19 have been previously examined and deemed significant. These are

detailed in the following paragraphs, where we cite the features using their serial

numbers (S. No.) from Table 5.11.

Among the features selected by RelDenClu, the percentage of deaths in the region

due to communicable and non-communicable diseases (S. Nos. 2 and 3 of Table 5.11)

concurs with the findings of Chakrabarti et al. [200]. The features showing the life

expectancy and mortality rate for the overall population and for each gender affect the

age distribution of people in a region (S. Nos. 4,5,7,11,13,17 of Table 5.11) are selected

by RelDenClu. The feature “People using at least basic sanitation services” (S. No.

6 of Table 5.11) is linked to the transmission of communicable diseases and related

immunity. The feature GDP per capita (S. No. 8) is also known to be associated with

basic sanitation services and life expectancy, thus having association with COVID-

19 infection rates. The features “Tuberculosis detection rate” and “Incidence of

tuberculosis” (S. Nos. 9,14 of Table 5.11), are also selected by RelDenClu. The

feature “Urban Population” (S. No. 12 of Table 5.11) is seen to be important and

could be related to the difference in facilities such as sanitation in cities.

As mentioned earlier, all features selected by RelDenClu, except four (S.Nos. 17,

22, 24 and 25 of Table 5.11) have a high Spearman correlation with COVID infection

rates on 31 December 2020, although the biclusters are obtained using the least

amount of data from 31 January 2020.



188 5.5 Results

Table 5.11: Features (WDI dataset) selected by biclusters based on countries having
high COVID-19 occurrence (90 percentile) in January 2020

S. No. Feature description ρs(Jan) ρs(Dec) UniBic CBSC ROCCO RelDenClu

1
Current health expenditure per capita, PPP (cur-
rent international $) 0.22 0.69 ✓ - - -

2
Cause of death, by communicable diseases and ma-
ternal, prenatal and nutrition conditions (% of to-
tal)

-0.09 -0.68 ✓ ✓ - ✓

3
Cause of death, by non-communicable diseases (%
of total)

0.12 0.67 ✓ ✓ - ✓

4
Mortality rate, adult, female (per 1,000 female
adults)

-0.27 -0.67 - ✓ - ✓

5 Survival to age 65, female (% of cohort) 0.27 0.67 ✓ ✓ - ✓

6
People using at least basic sanitation services (% of
population)

0.23 0.64 ✓ ✓ - ✓

7 Life expectancy at birth, total (years) 0.26 0.64 ✓ - - ✓
8 GDP per capita, PPP (current international $) 0.22 0.62 ✓ ✓ - ✓
9 Tuberculosis case detection rate (%, all forms) 0.13 0.61 - - - ✓
10 Population ages 65 and above (% of total) 0.25 0.59 ✓ - - -
11 Survival to age 65, male (% of cohort) 0.24 0.58 ✓ ✓ - ✓
12 Urban population (% of total) 0.12 0.58 - - - ✓
13 Mortality rate, adult, male (per 1,000 male adults) -0.23 -0.57 - ✓ - ✓
14 Incidence of tuberculosis (per 100,000 people) -0.05 -0.51 ✓ ✓ - ✓
15 Population ages 15-64 (% of total) 0.07 0.46 ✓ - - -
16 International tourism, number of arrivals 0.4 0.44 ✓ - - -

17
Mortality from CVD, cancer, diabetes or CRD be-
tween exact ages 30 and 70 (%)

-0.23 -0.4 - ✓ - ✓

18
PM2.5 air pollution, population exposed to levels
exceeding WHO guideline value (% of total)

-0.23 -0.38 - - ✓ -

19 Air transport, passengers carried 0.44 0.37 - - - -
20 International migrant stock, total 0.35 0.27 - - - -
21 Trade (% of GDP) 0.03 0.26 - - - -

22
Out-of-pocket expenditure (% of current health ex-
penditure)

-0.09 -0.25 - ✓ - ✓

23
Labor force participation rate, total (% of total
population ages 15+) (modeled ILO estimate)

0.04 -0.24 - - - -

24 Population density (people per sq. km of land area) 0.23 0.16 ✓ - - ✓
25 Population, total 0.34 -0.16 ✓ - - ✓

26
Tuberculosis treatment success rate (% of new
cases)

-0.08 -0.15 ✓ - - -

27 Death rate, crude (per 1,000 people) 0.02 0.07 ✓ - - -
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Figure 5.9: Spearman correlation (absolute value) between Dec 31 2020 COVID infec-
tion rates and features selected from WDI database by biclustering methods. Selected
features are marked in blue and rejected in red

Performance comparison between RelDenClu and other methods is shown in Fig-

ure 5.9, which shows a scatter plot for the Spearman correlation (absolute values).

For each method, selected features are marked in blue and rejected features in red.

For RelDenClu, most of the selected features are those that have a higher correlation.

In conclusion, most of the features selected by RelDenClu demonstrate relevance

and the methodology presented enables the investigation of previously unidentified

associations. Following the identification of features from larger datasets, a more

in-depth analysis could be conducted on individual factors.

5.5.4 Results of analysis on COVID-19 and vaccine dataset

When applied to the vaccine datasets described in Section 5.4.5, RelDenClu selects

the percentage of newborns vaccinated with Tetanus-Toxoid. A study has already

noted that a dose of the Tetanus-Toxoid vaccine can result in a reduction in the



190 5.6 Limitations of RelDenclu

severity of COVID-19 symptoms, based on similarities between the COVID-19 spike

protein and Tetanus Toxin [203]. Our experiments support this hypothesis. Analysis

using UniBic, CBSC and ROCCO methods also indicates that the coverage of the

Tetanus Toxoid vaccine may be related to the infection rate of COVID-19.

5.6 Limitations of RelDenclu

In this chapter, we saw that RelDenClu achieves encouraging results when applied to

various datasets. We also saw that its execution time is less than CBSC. However,

RelDenClu still has a longer execution time. In the future, we would like to design

algorithms that allow the use of parallel computing for this method. Furthermore,

we note that RelDenClu calculates the density estimation parameters from the data

but requires several other parameters to identify the biclusters. This makes the use

of RelDenClu difficult for the end user.

5.7 Summary

In this chapter, we presented an algorithm named RelDenClu that finds biclusters

based on non-linear relations between features. By analyzing local variations in den-

sity, the algorithm is seen to perform well on non-linear datasets. RelDenClu has been

used to improve the classification performance of the credit card dataset. RelDenClu

is seen to be effective in discovering existing classes for three real-world datasets of

the UCI-ML repository, namely Magic Gamma, Breast Cancer, and Electric Grid.

Furthermore, RelDenClu has been applied to a dataset that incorporates infection

rates for COVID-19 in different regions and lifestyle indicators in these regions. From

this analysis, it was able to discover lifestyle factors that are likely to affect COVID-19
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infection rates. RelDenClu was also used to identify a negative association between

Tetanus-Toxoid coverage and COVID-19 infection rates, which was supported by the

existing literature. Finally, RelDenClu facilitates us to understand the relationship

between subsets of a dataset which is otherwise obscured by unrelated subsets of

observations or overlooked due to non-linearity.





Chapter 6

PF-RelDenBi: A Parameter free

Relative Density based

Biclustering Method for identifying

non-linear feature relations

6.1 Introduction

Biclustering finds hidden patterns in the data by searching for paired subsets of fea-

tures and observations. Each of these subsets is based on spatial proximity in space

defined by selected features or similarity between features for selected observations.

Most existing algorithms generally focus on the former, that is, finding biclusters

based on the closeness in the selected subspace [15]. On the other hand, relation

based biclustering methods search mainly for biclusters based on linear relations be-

tween features [141]. Some algorithms [143, 145] exist for finding non-linear relation

based biclusters, where they search for biclusters with some constraints. For example,

193
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UniBic finds biclusters based only on monotonous relations, thus UniBic will not be

able to find a relation based on functions like the sine wave. As discussed in the

previous chapter, CBSC does not adjust for variations in marginal distributions, lim-

iting their ability to find various types of relation based biclusters. CBSC finds more

general relations, but if marginal densities have sparse and dense regions, the actual

biclusters in the data may not be obtained due to fragmentation. We had also seen in

the previous chapter that RelDenClu overcomes the problem of fragmentation. How-

ever, it requires users to provide several parameter values, making it difficult to use

RelDenClu for datasets from various domains. In this chapter, we try to overcome

these problems.

The algorithm presented in this chapter finds biclusters based on non-linear con-

tinuous feature relations. By scrutinizing joint and marginal densities for each feature

pair, we discern observations forming relationships, subsequently expanding these as-

sociations to identify dense regions of related features. Leveraging distances between

features based on selected observations, the PF-RelDenBi method efficiently clus-

ters features, resulting in the identification of biclusters possessing desirable prop-

erties such as invariance to permutations, scaling, and translation. In particular,

this invariance ensures the consistency of PF-RelDenBi, regardless of changes in data

representation. Additionally, it has been crafted to be entirely parameter-free, allevi-

ating the user’s burden by requiring the user to provide only the dataset for analysis.

Since the thresholds used in the algorithm are calculated automatically based on

the dataset itself, PF-RelDenBi is not dataset dependent. This makes PF-RelDenBi

versatile enough to be applied to datasets in different domains.

Beyond its parameter-free nature, PF-RelDenBi distinguishes itself by incorpo-

rating a non-linear feature dependence index named MIDI for clustering features

that share common dense regions. Recall that MIDI is the mutual information-based
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dependence index presented in Chapter 3. The combination of parameter-free oper-

ation and the use of MIDI not only enhances the efficiency of the method, but also

underlines its adaptability and robust performance in diverse datasets. PF-RelDenBi,

therefore, stands as a pioneering advancement in biclustering methodologies, provid-

ing a powerful, accessible, and efficient tool for uncovering meaningful patterns in

complex datasets.

6.2 Contributions

PF-RelDenBi finds biclusters based on continuous non-linear relationships using

marginal and joint densities and information derived from two-dimensional spaces

corresponding to each pair of features. The advantages of this approach are listed

below.

1. The users do not need to provide any parameter values.

2. The algorithm does not assume that the relationship between features has a

particular form such as linear or multiplicative. Thus, PF-RelDenBi finds bi-

clusters with both linear and non-linear relations among features.

3. The algorithm does not assume that the relationship between features is

monotonous. In other words, biclusters based on both monotonous and non-

monotonous relations in the data can be found. For this, it uses a mutual

information-based feature relation index named MIDI.

4. It avoids the fragmentation of biclusters by adapting to variations in marginal

densities.
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Briefly speaking, the main aim of PF-RelDenBi is to find relation based biclusters.

This includes relations which are linear, non-linear, and non-monotonous. Finding

the latter two is more challenging. PF-RelDenBi can find biclusters having feature

relations even if they are non-linear or non-monotonous. In addition, the feature re-

lations in the biclusters obtained by PF-RelDenBi are quantified by a feature relation

index named MIDI.

6.3 Objective of PF-RelDenBi

In this section, we present the objective of PF-RelDenBi and provide relevant defini-

tions. The biclusters obtained by PF-RelDenBi are submatrices in which features are

directly or indirectly related. Let the dataset be denoted by a matrix D containing

N rows each corresponding to observation and M columns each corresponding to a

feature. In this chapter, a direct relationship between two columns of a matrix means

the following: there is dependence between the features corresponding to these two

columns when the subset of observations contained in the bicluster is used as the

base. Here, dependence is estimated using the MIDI that was discussed in Chapter 3.

Two columns are connected indirectly if there exists a chain of columns connecting

them such that each consecutive pair of columns in this chain is directly connected.

This has been stated in the following definitions.

Definition 6.1. For a matrix A let the ith column be denoted by A∗,i. In this chapter,

we call the ith and jth columns of a matrix directly connected if there is a dependence

between these two columns. Perfect dependence occurs when A∗,i can be used to de-

termine A∗,j, or vice-versa.

Let us assume each direct relationship between features to be an edge connecting
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two vertices, each representing a column. Two columns are said to be indirectly

connected if they are connected by a path. Note that a direct or indirect connection

between the columns exists only on the base of rows contained in the submatrix.

Definition 6.2. We call the ith and the jth columns of a matrix A to be connected if

these two columns are directly connected or there exist columns A∗,r1 , · · · , A∗,rk , such

that (1) each column in this list is directly connected to the consecutive column in the

list (e.g. A∗,r2 is directly connected to A∗,r3), (2) A∗,i is directly connected to A∗,r1,

and (3) A∗,rk is directly connected to A∗,j.

Using the definition of connected features, we now define a bicluster as follows:

Definition 6.3. A bicluster in the data matrix D is a pair of two sets given by

O = {oi1, oi2, · · · , oin} and F = {fi1, fi2, · · · , f im}. The matrix D, restricted to

observations in O and features in F gives us a submatrix A corresponding to the

bicluster < O,F >. More specifically, the submatrix corresponding to < O,F > is

given by A, where the qth element of the pth row is given by A[p, q] = D[oip, fiq]. A

bicluster is said to be relation based if all the columns of the corresponding submatrix

are connected, either directly or indirectly.

It may be noted that PF-RelDenBi finds biclusters based on the relation between

feature pairs and so it can result in biclusters with disconnected regions. Thus, PF-

RelDenBi can be seen as grouping related features based on observations.

6.4 Biclustering Method: PF-RelDenBi

We now present the procedure for finding dense sets for each pair of features and then

combine them to obtain biclusters.
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6.4.1 Finding the set of observations having dependence for

a given feature pair

This section describes a method for identifying subsets of observations which show

dependence between two features, by comparing joint distribution and marginal dis-

tributions using histograms. After normalising the data to the range [0, 1], we take

3 log(N) equal intervals along each axis, where N is the number of observations in

the dataset.

Since the data are in the range [0, 1], taking 3 log(N) cells along each axis in a two-

dimensional space leads to the cell area A = 1/(3 log(N))2. This leads to consistent

density estimates [132] as we know that limN→∞A = limN→∞ 1/(3 log(N))2 = 0 and

the product of the cell area and number of observations given by limN→∞NA =

limN→∞N/(3 log(N))2 = ∞. We have taken 3 log(N) instead of log(N) so that there

is a sufficient number of cells even when N is small. Using this scheme, the joint

density and marginal density of each cell are estimated. Of course, any histogram

scheme that leads to consistent density estimates can be used here. However, we

chose to use the simple scheme with 3 log(N) cells, since it leads to shorter execution

times.

Thus, each cell obtained using the above-mentioned scheme can be represented as

a region Ix × Iy, where Ix and Iy are intervals of length 1/(3 log(N)), along X and

Y axes, respectively. The regions Ix × [0, 1] and [0, 1] × Iy can be used to calculate

the marginal densities of the cell Ix × Iy. We call these regions the marginal cells

for convenience. We then decide whether a cell is dense if its density is greater than

the densities of marginal cells as well as the average density of the entire space. The

thought behind this step is that a higher cell density compared to marginal density

implies a higher conditional probability of a point lying in a particular cell within a



Chapter 6 199

given marginal cell.

Two dense regions are merged if they are adjacent to each other horizontally, ver-

tically, or diagonally. A dense region can have at most eight dense regions connected

to it. After finding dense regions in two-dimensional space, noise is removed by us-

ing the overlap between three two-dimensional spaces for every set of three features.

Thus, redundancy introduced by using three features is used to weed out the noise.

Up to this point, the procedure for finding the dense cells used by RelDenClu and

PF-RelDenBi is the same. But in the next step, RelDenClu needs user-defined pa-

rameters to prune the noise, while PF-RelDenBi calculates the thresholds required

for pruning automatically. A detailed description of this step is given below.

6.4.2 Finding the pruned set of observations for biclusters

To identify the set of observations related to each other, we find relative density-

based subsets in the two-dimensional Euclidean space given by each pair of features.

However, because the background noise can be distributed in arbitrary ways, this

procedure of finding relations can result in a lot of noise. Therefore, to weed out

noise, we search for a set of three features for which a given set of observations

forms dense regions for each pair of features belonging to the set. Thus, for a set of

three features {f1, f2, f3}, we find dense regions for pairs < f1, f2 >, < f2, f3 >, and

< f3, f1 >. The intersection of observations forming dense regions for these three

pairs is found. This observation set is retained only if it contains a significant number

of observations. Let us call this significant number ObsMin. The value of ObsMin

is calculated using the dense regions found earlier in Section 6.4.1. The method of

calculating ObsMin is discussed in the following paragraphs.

In Section 6.4.1, we calculated dense regions for each pair of features. A dataset
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having M features will have M(M − 1)/2 feature pairs. The number of points lying

in dense regions, for each feature pair, may vary between 0 and N (number of ob-

servations in the dataset). Thus, M(M − 1)/2 values (number of observations lying

in dense regions for each feature pair) are distributed over the range [0, N ]. This

distribution can give us an idea about the size of biclusters in the dataset. This is

because the distribution will tend to peak around the actual size of the biclusters

since there will be many dense regions of this size. This distribution can be examined

using histograms. As discussed above, the number or size of histogram bins plays an

important role. Since M(M − 1)/2 values are distributed over [0, N ], according to

the discussion in Section 6.4.1, we can divide this range to 3log2(M(M − 1)/2) bins

to obtain consistent density estimates.

Since many of the feature pairs will have no dense regions or might have a very

small number of points in dense regions caused by noise, we will ignore the first bin of

the histogram. We then find the first bin blim such that the next two consecutive bins

are populated (i.e. one or more feature pairs have dense regions such that ‘the number

of observations in the regions’ lies in the bin range). The lower edge of blim denoted

by lEdgeB, can be taken as the lower limit of the minimum number of observations

in any bicluster. The reason for considering two consecutive bins is that we want to

identify the place where the distribution starts to increase.

For each set of three features, we can now retain the observation sets containing

more than ObsMin observations and discard the rest. We refer to the retained ob-

servation sets as the “Triplet observation sets” for convenience. Each of these sets is

now represented as a binary array. The presence of observation is indicated by 1 and

the absence by 0. However, many of the sets may be very similar to each other. To

combine these similar sets, we perform single-linkage clustering on the binary arrays

that represent the observation sets. Cosine similarity is used for this clustering. Thus,
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we obtain several clusters of sets of observations.

The hierarchical clustering mentioned above requires a parameter that indicates

the maximum number of clusters to be found by the algorithm. Let us say that PF-

RelDenBi sets this value automatically at NclusObsMax. We will now discuss how

the value of NclusObsMax is calculated.

The maximum number of clusters that any clustering algorithm can find should

be greater than 2. Thus, NclusObsMax should be at least 3. Furthermore, we note

that if ObsMin (minimum number of observations in “triplet observation sets”) were

larger, we would have a greater variety of observation sets. This is because a larger

value of ObsMin leads to a greater number of possible combinations.

On the other hand, if the sum of the number of rows in different biclusters in a

dataset is fixed, we tend to have a greater number of “Triplet observation sets” if the

number of biclusters is less and vice versa. This can be understood as follows. Suppose

a dataset has i biclusters with m1,m2, · · · ,mi rows each while another dataset has

a single bicluster having m rows where m =
∑i

k=1mk. Let us assume that all rows

are connected. We know m3 ≥
∑i

k=1m
3
k. So, the dataset with a smaller number of

biclusters will have a larger number of “Triplet observation sets”.

Thus, we want NclusObsMax to increase with ObsMin but decrease with

the number of “Triplet observation sets” denoted by NtripleSets. So we set

NclusObsMax = ceil(3 + ObsMin/NtripleSets), where the function ceil(x) gives

the smallest integer greater than or equal to x.

Thus, using hierarchical clustering, we may obtain many clusters (less than or

equal to NclusObsMax) of “Triplet observation sets”. From each of these clusters,

we obtain a single set of observations by finding the observations that appear in many

“Triplet observation sets” lying in the cluster. We say that observations are located

in many “Triplet observation sets” if they are located in more than 1/NclusObsMax
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of all the “Triplet observation sets” that form the cluster. This is because, a smaller

number of biclusters means a greater number of “Triplet observation sets” in each,

thus even if a smaller proportion of the “Triplet observation sets” contain an obser-

vation, we still have sufficient redundancy. At this stage, only the set of observations

having more than ObsMin elements should be retained, and the rest should be ig-

nored. Note that the same observation may be present in several clusters.

6.4.3 Finding feature sets for each bicluster

In the previous step, we found several sets of observations. We now need to find the

corresponding feature sets. For each set of observations, we perform single-linkage

clustering and choose the largest feature cluster. The maximum number of clusters is

taken to be M/2, where M is the number of features in the dataset. Note that this is

an upper limit and a smaller number of feature clusters can be obtained, thus a high

value for the upper limit is chosen.

The distance between features f1 and f2 is taken as 1−MIDI(f1, f2), where MIDI

is a feature dependence index [28]. Recall that MIDI is the Mutual Information based

Dependence Index presented in Chapter 3 that uses normalized mutual information

as a feature dependence. In Chapter 3, we saw that MIDI is capable of evaluating

non-linear and even non-monotonous relations between features. It was also found

to have a small execution time in comparison to other non-linear relation indices

like MIDI. Therefore, we used MIDI to find the distance between the features for the

selected set of observations. Figure 6.1 shows the general outline of how PF-RelDenBi

works.
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For each feature
pair, find the
dense regions
by comparing
cell density
with the

marginal density.

From the distribution
of the number of

observations in dense
regions found in the

previous step calculate
the threshold ObsMin.

For each combination
of 3 features (f1, f2, f3),
find observations lying in
dense regions for 3 pairs
(f1, f2), (f2, f3), (f3, f1).
Remember the sets with
cardinality greater than

ObsMin.

For the sets of
observations found
in the previous step

find the MIDI
distance and perform
hierarchical clustering.
Then find connected set
of features associated
with the observations.

Figure 6.1: Broad outline showing how PF-RelDenBi works

Algorithm 6.1: PF RelDenseRegions()

/* Finding dense regions in 2-dim space */

/* N is the total number of observations */

1 Find histogram cells, where the number of cells along each axis is given by
3 log(N)

2 for each cell in the grid do
3 if density(cell) is greater than marginal densities then
4 Mark as dense

5 for each region marked as dense do
6 if At least one adjoining cell is marked dense then
7 Mark the observations in the cell as True

8 Return state of all observations

6.4.4 Algorithm

This section presents the algorithm and some details required for the implementation

of PF-RelDenBi. For finding dense regions, we need to normalize the data to [0, 1]×

[0, 1]. To normalize data from different distributions to the range [0, 1] we have applied

one of the two transformations, presented as equations 3.49 and 3.50 in Chapter 3

and also discussed in Section 4.5.1.1 of Chapter 4.

The next step is to find dense regions using the procedure described in Section

6.4.1. The pseudocode is given as Algorithm 6.1. Once we have obtained dense

regions in two-dimensional spaces, this information is used to obtain biclusters in

higher dimensions. The details of the procedure are given in Sections 6.4.2 and 6.4.3,
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Algorithm 6.2: GetBiClusters()

/* This algorithm discusses the process of obtaining biclusters

from dense regions obtained by Algorithm 6.1 */

/* M is the total number of features */

1 Normalise data using the procedure given in Section 6.4.4
/* Each pair of dimensions may contain several sets representing

dense regions */

2 for each pair of features do
3 Find observations forming dense regions using Algorithm 6.1

4 Find the number of observations in dense regions for each feature pair
/* There are M(M − 1)/2 values */

5 Plot a histogram for these values with the number of bins given by
3 log2(M(M − 1)/2). Ignore first bin

6 Find the first bin blim such that two consecutive bins after blim are populated.
ObsMin=lower edge of the bin blim

7 for each set of 3 features < f1, f2, f3 > do
8 Find the intersection of observations forming dense regions for all 3 pairs

< f1, f2 >< f2, f3 >< f3, f1 >
9 if resulting set is larger than ObsMin then

10 Store observation set as binary array

11 Let the number of observation sets be NtripleSets
/* The function ceil(x) returns the smallest integer greater than

or equal to x */

12 Perform single-linkage clustering of observation sets with the maximum
number of clusters given by
NclusObsMax = ceil(3 +ObsMin/NtripleSets)

13 for each cluster obtained do
14 Calculate the bicluster observation set given by observations occurring in

more than 1/NclusObsMax of the ‘Triplet observation sets’ in the
cluster.

15 for each bicluster observation set found in the previous step do
16 Calculate feature dependence (MIDI) using all features in the dataset and

selected observations Perform single-linkage clustering using distance
1−MIDI between features, and select the largest feature cluster as the
feature set for the bicluster

17 Return biclusters obtained

and the pseudo-code is given as Algorithm 6.2.
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6.4.4.1 Time complexity of PF-RelDenBi

The time complexity of ITL has been reported by Dhillon et al. [186], and Liu et

al. have reported the time complexity of ARBic [146]. The time complexity of

ROCCO has been reported by He and Moreira-Matias [148]. For MESBC, the most

computationally expensive operation is to calculate the Singular Value Decomposition

which is known to have a complexity of MN2, where N and M , respectively, are the

number of observations and the number of features. However, faster approximations

have recently been designed, which may lead to faster implementations [204]. The

time complexity of other methods used for comparison has been reported in Section

4.6 in Chapter 4. Here, we report the time complexity of PF-RelDenBi, where N

and M , respectively, are the number of observations and the number of features in a

given dataset.

The time complexity of PF-RelDenBi is (log(N)M)2 + NM3 where N and M

represent the number of observations and features in the dataset, respectively. For

finding dense regions, the complexity is given by (log(N)M)2. The complexity is

NM3 for the pruning step because the intersection of observations is calculated for

a set of 3 dimensions. However, this is the worst-case scenario, and in reality, we

do not check for all feature triplets, but only find the intersections for dense regions

calculated previously.

Theoretically, the time complexity of CBSC [30] and PF-RelDenBi is similar.

However, the execution time for PF-RelDenBi is found to be much shorter than

CBSC for the high-dimensional dataset. This happens because PF-RelDenBi does

not calculate the Minimal Spanning Tree for each pair of dimensions, which is done

in CBSC. The time complexity of PF-RelDenBi is similar to that of RelDenClu.

However, in practical applications, PF-RelDenBi may save time, as the user does not
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need to experiment with different parameter settings.

6.5 Experimental setup and methodology for anal-

ysis with PF-RelDenBi

In this section, we discuss the experimental setup and methodology employed to con-

duct experiments using both synthetic and real-world datasets. Real-world datasets

include five UCI-ML datasets [185] and two datasets designed to understand the

spread of COVID-19 disease [193,197,198].

6.5.1 Experimental setup for synthetic datasets

To test the efficacy of PF-RelDenBi, we performed experiments on synthetic and real-

world datasets. Experiments with synthetic datasets allow us to study the behavior

of PF-RelDenBi on datasets with known characteristics. The synthetic datasets used

for the experiments and the methodology to evaluate them is the same as that used

in the chapter 4 in Section 4.7.1.

6.5.2 Methods used for comparison with PF-RelDenBi

The performance of PF-RelDenBi is compared with eleven other algorithms namely

CLIQUE [128], Proclus [127], ITL [186], Subclu [20], P3C [125], UniBic [145], CBSC

[30], ROCCO [148], RelDenClu [32], MESBC [103], and ARBic [146]. CLIQUE, P3C,

and Subclu are density-based methods. ITL is an information-theoretic method, while

Proclus is known to provide stable results. ROCCO is a parameter-free coclustering

method [148]. ARBic is a recent biclustering method for finding feature relation bi-

clusters which is shown to have better results in comparison with several established
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methods like FABIA, OPSM and UniBic. It also shows better results compared to

other recent methods such as Qubic2 [26]. Comparison with UniBic, CBSC, RelDen-

Clu and ARBic is important as they specifically aim at finding biclusters based on

non-linear dependence. MESBC is a recent biclustering method that uses spectral

analysis to find biclusters. The single parameter required by the user is the num-

ber of clusters in the dataset. This parameter is set to the minimum value of 2 for

MSBEC as we know that each of the synthetic datasets contains a single embedded

bicluster. For ARBic, the implementation provided by the author [146] is used and

the default parameters are used. As in the previous chapter, for ROCCO we use

the parameter value K = 9. For UniBic, P3C, SubClu, ProClus and CLIQUE the

R packages ‘runibic’ and ‘subspace’ have been used for the experiments with default

parameters [187, 188]. For ITL, the Matlab Toolbox for Biclustering Analysis has

been used with default parameters [189].

In this chapter, we experiment with different parameter values for CBSC and

RelDenClu. For the synthetic datasets, we report the performance of CBSC by av-

eraging the performance obtained using different parameter values. The parameter

values considered are the same as those described in Section 4.7.2.1 in Chapter 4.

Similarly, for RelDenClu we have also reported the average of results obtained with

different parameter values. The parameter values considered for RelDenClu are re-

ported in Section 5.4.3.1 in Chapter 5. Data is normalized using norm2 for “normal”

and “Noisy Normal” datasets. For all other synthetic datasets, norm1 is used. The

results for synthetic datasets are given in Tables 6.1-6.4 and Figures 6.2-6.5. The

execution time on synthetic datasets is reported in Tables 6.5-6.8.
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6.5.3 Experimental setup for UCI-ML datasets

Like CBSC and RelDenClu, we demonstrate the use of PF-RelDenBi on UCI-ML

datasets in two different ways. First, as an application to supervised learning, biclus-

tering algorithms have been used to generate new features for two different datasets

that lead to improved classification accuracy.

Second, we used PF-RelDenBi to cluster three datasets and then compared the

clusters obtained with known classes in the data. The datasets used for these exper-

iments are taken from the UCI ML repository [185] and are described in Chapter 4

in Sections 4.7.2.1 and 4.7.2.2.

As in the case of CBSC and RelDenClu, for real-world datasets, we initially apply

normalization norm1. If no biclusters are produced using norm1, then the biclusters

are found after applying norm2 to the dataset.

6.5.3.1 Setup for for experiments with classification of UCI-ML datasets

PF-RelDenBi has been used to generate new binary features that are used to im-

prove the classification performance on two UCI ML datasets [185]. Its performance

is compared with eleven other methods mentioned in Section 6.5.2. Such experiments

were also performed with CBSC and RelDenClu. The datasets and methodology

are described in detail in Section 4.7.2.1 of Chapter 4. For the methods RelDenClu

and CBSC, we needed to choose one set of parameter values for which the biclusters

could be used to generate new features. The choice is made by selecting the values of

the parameters using a 10-fold cross-validation from the combinations of parameters

mentioned in Section 4.7.2.1 for CBSC and 5.4.3.1 for RelDenClu. All other param-

eters for various algorithms are the same as those discussed in Section 6.5.2. The

evaluation criterion is also the same, i.e. accuracy, NMI, ARI, precision, recall, and
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G-Score. The classification results are reported in Table 6.9 and Figures 6.6a-6.6f.

6.5.3.2 Setup for for experiments with clustering of UCI-ML datasets

We use PF-RelDenBi for unsupervised learning to identify whether its detected bi-

clusters match known data classes as we did for CBSC. This was done for three UCI

ML datasets mentioned in Section 4.7.2.2 of Chapter 4. The methodology for evaluat-

ing performance has also been discussed there. The methods used for comparison and

the parameter values are the same as those used in Section 6.5.2. Six performance

indices are reported. These indices are accuracy, NMI, ARI, precision, recall, and

G-score. The results for clustering are reported in Table 6.10 and Figures 6.7a-6.7f.

6.5.4 Setup and methodology for application of PF-

RelDenBi to COVID-19 dataset for finding relevant

lifestyle factors

Like CBSC and RelDenClu, we have also used PF-RelDenBi to find lifestyle factors

that impact COVID-19 infection rates. As mentioned in Section 4.7.3, the dataset is

based on World Development Indicators and COVID-19 infection rates. As mentioned

earlier, biclustering is useful in scenarios where subsets of observations and features

are required together. Thus, we applied PF-RelDenBi for the analysis of lifestyle

factors that impact COVID-19 rates. The parameter values used by CBSC and

RelDenClu are the same as those used in Sections 4.7.3 and 5.4.4, respectively. The

parameter values used by UniBic, Rocco and MESBC are the same as those used in

Section 6.5.2. The rest of the methodology is the same as that used in Section 4.7.3.

The results are provided in Table 6.11 and Figure 6.8.
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6.5.5 Setup and methodology for application of PF-

RelDenBi to identify vaccines existing before COVID-

19 that might help in reducing COVID-19 infection

rates

We have used PF-RelDenBi to find out if any of the existing vaccines before 2020 is

likely to provide protection against COVID-19 using the same methodology as CBSC

in Section 4.7.4. The parameter values used by CBSC and RelDenClu are the same

as those used in Sections 4.7.4 and 5.4.5, respectively. The parameter values used by

UniBic, Rocco and MESBC are the same as those used in Section 6.5.2. The results

are reported in Section 6.6.4.

6.6 Results

In this section, we present the results obtained using the methodology presented in

the previous section.

6.6.1 Results on synthetic datasets

Results for the experiments with synthetic datasets have been presented in this sec-

tion.

6.6.1.1 Accuracy for synthetic datasets
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Table 6.1: Accuracy for Non-Linear synthetic datasets (Mean and Standard Deviation
for 10 datasets of each type)

Method Accuracy
Datasets

Non-Monotonous Non-Linear 1 Non-Linear 2

PF-RelDenBi
Mean 0.973 0.939 0.927

Std. Dev. 0.025 0.034 0.005

MSBEC
Mean 0.671 0.767 0.704

Std. Dev. 0.023 0.001 0.043

ARBic
Mean 0.76 0.848 0.867

Std. Dev. 0.022 0.029 0.040

RelDenClu
Mean 0.786 0.912 0.913

Std. Dev. 0.069 0.077 0.031

ROCCO
Mean 0.751 0.82 0.836

Std. Dev. 0.020 0.015 0.020

CBSC
Mean 0.79 0.827 0.892

Std. Dev. 0.086 0.049 0.022

UniBic
Mean 0.764 0.804 0.839

Std. Dev. 0.004 0.142 0.107

P3C
Mean 0.75 0.765 0.764

Std. Dev. 0.001 0.004 0.003

Subclu
Mean 0.746 0.785 0.793

Std. Dev. 0.005 0.017 0.016

ITL
Mean 0.75 0.75 0.75

Std. Dev. 0.009 0.004 0.002

Proclus
Mean 0.752 0.781 0.792

Std. Dev. 0.009 0.014 0.007

CLIQUE
Mean 0.75 0.784 0.782

Std. Dev. 0.000 0.002 0.002
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Table 6.2: Accuracy for Base and transformed synthetic datasets (Mean and Standard
Deviation for 10 datasets of each type)

Method Accuracy
Datasets

Base Scaled Translated
Linear
Trans-
form

Point
Propor-
tion

Cluster
Propor-
tion

Noisy
Uniform

Permut-
ations

PF-RelDenBi
Mean 0.986 0.983 0.985 0.986 0.984 0.981 0.984 0.986

Std. Dev. 0.036 0.036 0.038 0.037 0.026 0.026 0.032 0.036

MSBEC
Mean 0.600 0.601 0.604 0.654 0.603 0.641 0.595 0.600

Std. Dev. 0.041 0.041 0.059 0.033 0.037 0.042 0.054 0.034

ARBic
Mean 0.968 0.973 0.857 0.633 0.968 0.964 0.874 0.867

Std. Dev. 0.032 0.060 0.100 0.103 0.032 0.036 0.051 0.033

RelDenClu
Mean 0.980 0.980 0.981 0.981 0.980 0.980 0.974 0.980

Std. Dev. 0.057 0.057 0.073 0.057 0.042 0.051 0.058 0.057

ROCCO
Mean 0.813 0.881 0.883 0.851 0.881 0.829 0.839 0.819

Std. Dev. 0.019 0.015 0.014 0.020 0.034 0.036 0.012 0.019

CBSC
Mean 0.914 0.914 0.913 0.914 0.915 0.924 0.906 0.913

Std. Dev. 0.063 0.063 0.063 0.062 0.068 0.070 0.049 0.063

UniBic
Mean 0.900 0.848 0.802 0.793 0.603 0.641 0.832 0.900

Std. Dev. 0.034 0.211 0.159 0.034 0.046 0.078 0.124 0.034

P3C
Mean 0.781 0.782 0.779 0.779 0.787 0.802 0.772 0.783

Std. Dev. 0.040 0.040 0.041 0.041 0.022 0.092 0.032 0.015

Subclu
Mean 0.794 0.759 0.788 0.765 0.802 0.724 0.795 0.798

Std. Dev. 0.023 0.016 0.019 0.025 0.030 0.020 0.017 0.022

ITL
Mean 0.751 0.752 0.750 0.751 0.750 0.750 0.750 0.750

Std. Dev. 0.005 0.004 0.004 0.001 0.001 0.002 0.002 0.001

Proclus
Mean 0.785 0.768 0.803 0.770 0.800 0.711 0.792 0.785

Std. Dev. 0.013 0.015 0.023 0.028 0.024 0.024 0.010 0.015

CLIQUE
Mean 0.776 0.776 0.776 0.776 0.776 0.683 0.720 0.773

Std. Dev. 0.016 0.016 0.016 0.016 0.016 0.012 0.011 0.015
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Figure 6.2: Accuracy obtained using various algorithms for Non-Linear datasets

Table 6.3: Accuracy for synthetic datasets with Normal Distribution (Mean and
Standard Deviation for 10 datasets of each type)

Method Accuracy
Datasets

Normal Noisy Normal 1 Noisy Normal 2

PF-RelDenBi
Mean 0.971 0.964 0.934

Std. Dev. 0.022 0.015 0.020

MSBEC
Mean 0.746 0.747 0.746

Std. Dev. 0.009 0.009 0.010

ARBic
Mean 0.975 0.812 0.784

Std. Dev. 0.010 0.009 0.002

RelDenClu
Mean 0.958 0.941 0.810

Std. Dev. 0.043 0.074 0.010

ROCCO
Mean 0.753 0.755 0.752

Std. Dev. 0.011 0.009 0.003

CBSC
Mean 0.951 0.950 0.886

Std. Dev. 0.075 0.074 0.074

UniBic
Mean 0.869 0.794 0.776

Std. Dev. 0.025 0.098 0.009

P3C
Mean 0.767 0.758 0.765

Std. Dev. 0.017 0.047 0.009

Subclu
Mean 0.783 0.78 0.769

Std. Dev. 0.010 0.015 0.006

ITL
Mean 0.75 0.749 0.750

Std. Dev. 0.003 0.001 0.001

Proclus
Mean 0.783 0.772 0.769

Std. Dev. 0.017 0.011 0.006

CLIQUE
Mean 0.799 0.787 0.776

Std. Dev. 0.011 0.015 0.008
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Table 6.4: Accuracy for Overlapping synthetic datasets (Mean and Standard Devia-
tion for 10 datasets of each type)

Method Accuracy
Datasets

Overlap 1 Overlap 2
First Second First Second

PF-RelDenBi
Mean 0.994 0.999 0.973 0.955

Std. Dev. 0.010 0.001 0.028 0.108

MESBC
Mean 0.727 0.779 0.701 0.751

Std. Dev. 0.015 0.009 0.005 0.005

ARBic
Mean 0.927 0.584 0.905 0.603

Std. Dev. 0.029 0.020 0.031 0.016

RelDenClu
Mean 0.980 0.996 0.906 0.965

Std. Dev. 0.004 0.002 0.002 0.004

ROCCO
Mean 0.773 0.817 0.751 0.801

Std. Dev. 0.008 0.007 0.002 0.002

CBSC
Mean 0.924 0.935 0.872 0.883

Std. Dev. 0.036 0.006 0.012 0.012

UniBic
Mean 0.940 0.626 0.833 0.775

Std. Dev. 0.037 0.032 0.130 0.143

P3C
Mean 0.751 0.801 0.750 0.800

Std. Dev. 0.002 0.004 0.001 0.001

Subclu
Mean 0.761 0.801 0.763 0.801

Std. Dev. 0.005 0.002 0.004 0.002

ITL
Mean 0.750 0.800 0.750 0.800

Std. Dev. 0.001 0.001 0.001 0.001

Proclus
Mean 0.760 0.804 0.761 0.802

Std. Dev. 0.009 0.004 0.008 0.003

CLIQUE
Mean 0.750 0.800 0.750 0.800

Std. Dev. 0.001 0.001 0.001 0.001
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Base Scaled Translated Linear Trasnform

Simulated datasets with various transforms applied
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(a) Accuracy obtained for Base dataset and its transforms
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(b) Accuracy for 4 more transforms applied to Base dataset

Figure 6.3: Accuracy obtained for synthetic datasets with various transforms applied
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Figure 6.4: Accuracy obtained using various algorithms for Normal and Noisy Normal
datasets
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Figure 6.5: Accuracy obtained using various algorithms for Overlapping datasets

For synthetic data, experiments are conducted with 10 different simulations and

the average (over 10 simulations) accuracy and corresponding standard deviation

(denoted as, “deviation”) values are reported in Tables 6.1-6.4. Comparison is done
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with eleven other methods. We see that PF-RelDenBi provides better accuracy for

fifteen out of the sixteen synthetic datasets.

The columns (“Non-Monotonous”, “Non-linear 1” and “Non-linear 2”) of Table

6.1 represent datasets having biclusters based on non-linear relations. We see that

PF-RelDenBi provides higher accuracy for these three datasets. Unlike other algo-

rithms, PF-RelDenBi finds the biclusters accurately for datasets containing highly

non-monotonous relations as seen from the first column. Despite the highly vari-

able distribution of background observations, PF-RelDenBi finds the biclusters with

higher accuracy as seen from the column “Non-Linear 1”. Its accuracy for another

dataset containing bicluster based on non-linear relations is also higher in comparison

with other algorithms as seen from column “Non-Linear 2”. The values of accuracy

obtained using different algorithms on these datasets are presented in Figure 6.2 as

bar graphs, for better illustration. The experiments on these three datasets illustrate

that PF-RelDenBi can find biclusters where features are related to each other with

non-linear or non-monotonous relations as mentioned in Section 6.2. PF-RelDenBi

can identify these relations due to its reliance on relative density to find the initial

set of observations and the use of the relation index MIDI to find the final biclusters.

The first column of Table 6.2 (“Base”) represents a dataset containing biclusters

based on linear relation. The other seven columns of the table (“Scaled”, “Trans-

lated”, ..., “Permutations”) give results for datasets obtained by applying different

transforms to the “Base” dataset. These datasets allow us to analyze the behavior

of PF-RelDenBi in a way similar to the analysis done by Ness [24] for clustering al-

gorithms. From Figure 6.3 (shown in parts 6.3a and 6.3b) and the above-mentioned

table, we find that PF-RelDenBi has produced better results as compared to other

methods for the “Base” dataset and its transforms, i.e. “Scaled”,..., “Permutations”.
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The three columns of Table 6.3 (“Normal”, “Noisy Normal 1” and “Noisy Normal

2”), contain results for datasets generated using the normal distribution. In the case

of the “Normal” dataset, we find that ARBic has slightly better performance than

PF-RelDenBi. But from the results on the “Noisy Normal 1” (noise with standard

deviation 0.1) and “Noisy Normal 2” (noise with standard deviation 0.2) datasets, we

find that the performance of ARBic decreases more sharply when noise is added. On

the other hand, PF-RelDenBi shows a more robust performance and achieves higher

accuracy than other methods on “Noisy Normal 1” and “Noisy Normal 2” datasets.

The performance for these datasets is reported in Table 6.3 and Figure 6.4.

The first two columns of Table 6.4 (“Overlap 1”), present results for a dataset

containing two biclusters with an overlap of 12%. We find that PF-RelDenBi has

the best performance among the methods used for comparison. The third and fourth

columns present results for a similar dataset with two biclusters but with an overlap of

20%. In this case, we find that RelDenClu finds the second bicluster with the highest

accuracy. On the other hand, PF-RelDenBi finds the first bicluster with the highest

accuracy. If we take the average over both biclusters in the dataset “Overlap 2”,

PF-RelDenBi achieves the highest accuracy. These results are presented graphically

in Figure 6.5.

These results for synthetic datasets suggest some properties of PF-RelDenBi which

will be discussed in Section 6.6.1.3.

6.6.1.2 Execution time for synthetic datasets and time complexity

Execution time is considered as another evaluation criterion, and the results are

reported in Tables 6.5-6.8. The datasets used here are the same as those used in Tables

6.1-6.4. The algorithm is executed with an Intel Core i7 CPU and 8 GB memory. As

seen from the tables mentioned above, the execution time for PF-RelDenBi is less than



Chapter 6 219

Table 6.5: Execution time in seconds for Non-Linear synthetic datasets

Method
Datasets

Non-Monotonous Non-Linear 1 Non-Linear2
PF-RelDenBi 0.287 0.221 0.232

MSBEC 0.021 0.069 0.075
ARBic 0.258 0.232 0.254

RelDenClu 0.195 0.295 0.275
ROCCO 31.402 4.087 3.164
CBSC 19.294 37.464 31.82
UniBIc 0.012 0.583 0.612
P3C 1.440 0.359 0.650

SubClu 0.037 0.064 0.052
ITL 15.000 9.096 9.248

Proclus 0.026 0.060 0.055
CLIQUE 0.001 0.011 0.007

Table 6.6: Execution time in seconds for Base and transformed synthetic datasets

Method
Datasets

Base Scale Translated Linear Point Proportion Cluster Proportion Noisy Permutations
PF-RelDenBi 0.250 0.238 0.243 0.236 0.488 0.549 0.228 0.243

MSBEC 0.104 0.089 0.063 0.071 0.209 0.153 0.073 0.136
ARBic 0.254 0.229 0.248 0.282 2.751 2.105 0.287 0.216

RelDenClu 0.293 0.291 0.273 0.302 11.103 7.768 0.288 0.293
ROCCO 2.939 3.021 2.681 2.794 29.275 7.509 2.874 2.958
CBSC 42.416 51.400 43.964 41.313 91.973 83.796 42.304 41.654
UniBIc 0.583 0.612 0.649 0.673 2.596 1.436 0.621 0.583
P3C 0.513 0.955 0.952 0.433 1.083 0.848 0.458 0.588

SubClu 0.056 0.043 0.050 0.055 0.120 0.082 0.049 0.070
ITL 3.171 3.302 3.498 3.276 9.994 6.519 2.94 3.272

Proclus 0.052 0.055 0.049 0.055 0.120 0.088 0.056 0.063
CLIQUE 0.105 0.015 0.015 0.018 0.033 0.021 0.014 0.013

Table 6.7: Execution time in seconds for synthetic datasets with Normal Distribution

Method
Datasets

Normal Noisy Normal 1 Noisy Normal 2
PF-RelDenBi 0.234 0.225 0.296

MSBEC 0.069 0.076 0.859
ARBic 0.288 0.264 0.918

RelDenClu 1.398 1.395 71.117
ROCCO 6.258 5.128 2.938
CBSC 66.659 63.821 267.958
UniBic 0.531 0.577 0.001
P3C 18.840 9.751 6.322

SubClu 0.071 0.061 0.050
ITL 1.187 1.259 20.639

Proclus 0.054 0.052 0.084
CLIQUE 0.071 0.044 0.715
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Table 6.8: Execution time in seconds for Overlapping synthetic datasets

Method
Datasets

Overlap 1 Overlap 2
PF-RelDenBi 0.379 0.430

MESBC 0.240 0.142
ARBic 0.590 0.811

RelDenClu 27.090 27.103
ROCCO 2.571 25.663
CBSC 110.521 115.285
UniBic 2.092 2.775
P3C 0.049 0.016

Subclu 0.074 0.158
ITL 15.102 15.091

Proclus 0.074 0.087
CLIQUE 0.014 0.032

ITL, P3C, UniBic, and CBSC. The execution times of ARBic and PF-RelDenBi are

similar. It is high compared to MESBC and density-based methods such as Subclu,

Proclus, and CLIQUE. However, it is already seen in Tables 6.1-6.4, that the accuracy

of PF-RelDenBi is better than these methods for most of the synthetic datasets.

6.6.1.3 A discussion on properties of PF-RelDenBi as seen from experi-

ments on Synthetic datasets

It is already seen that PF-RelDenBi can find relation based biclusters with better

accuracy compared to other algorithms for most of the synthetic datasets, as seen

from Tables 6.1-6.4 and Figures 6.2-6.5. In this section, we discuss some of the

observed properties of PF-RelDenBi.

PF-RelDenBi is invariant to scaling, translation, and linear transforms because

these transforms affect neither the bin length nor estimated densities. Theoretically,

the procedure is not invariant to arbitrary order-preserving transforms, which may

change the density of the observations. We compare the accuracy obtained for the

“Base” dataset and its various transforms. We find that there is no significant dif-

ference in the performance of PF-RelDenBi for the data sets “Scaled”, “Translated”,

“Linear Transform”, “Point Proportion”, “Cluster Proportion” and “Permutations”.
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Accuracy for the “Noisy Uniform”, “Noisy Normal 1” and “Noisy Normal 2” datasets

are only slightly lower than the “Base” and “Normal” datasets. Compared to other

algorithms, PF-RelDenBi still has higher accuracy for noisy datasets.

We may note that the biclusters in the “Base” dataset can also be seen as scaling

biclusters, since each column in the bicluster can be obtained by multiplying another

column by a constant value. In addition, the biclusters in the “Translated” datasets

are obtained by adding a random selected constant value to each column of the “Base”

dataset. Hence, the resulting biclusters can be seen as a combination of scaling and

shift biclusters. This happens because scaling and shifting are examples of linear

and affine transformations, respectively. Since PF-RelDenBi finds biclusters based

on feature relations, it will be able to find biclusters based on scaling and shifting

of columns. However, PF-RelDenBi will not be able to find biclusters based on the

shifting and scaling of rows, as it specifically aims to find biclusters based on feature

relations.

We find that RelDenClu and CBSC also have similar performance for the “Base”

and various transformed datasets. However, PF-RelDenBi obtains higher accuracy

for these datasets.

Overall, we find that PF-RelDenBi performs well on data after applying differ-

ent transforms or adding noise. Its performance on datasets containing non-linear

datasets is also good.

6.6.2 Results for experiments with UCI-ML datasets

6.6.2.1 Experimental results for classification of UCI-ML datasets

The results of the application of PF-RelDenBi to classification are reported in Table

6.9 and the performance in terms of various indices is presented as bar graphs in Fig-
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Table 6.9: Classification performance for Credit card and Student Dropout datasets
(after adding features generated using different biclustering methods)

Dataset Credit Card [175]

Method
Accuracy

NMI ARI
Average

Mean S. Dev. Prec. Recall G-Score
PF-RelDenBi 0.775 0.007 0.116 0.241 0.680 0.694 0.686

MESBC 0.697 0.015 0.086 0.140 0.638 0.687 0.650
ARBic 0.736 0.012 0.097 0.188 0.654 0.692 0.668

RelDenClu 0.761 0.006 0.108 0.227 0.672 0.702 0.685
ROCCO 0.269 0.005 0.000 -0.007 0.510 0.504 0.355
CBSC 0.755 0.006 0.074 0.185 0.647 0.651 0.649
UniBic 0.397 0.006 0.015 -0.047 0.559 0.562 0.472
P3C 0.702 0.012 0.090 0.149 0.642 0.690 0.654

Subclu 0.547 0.098 0.033 0.004 0.581 0.616 0.560
ITL 0.269 0.010 0.006 -0.035 0.562 0.520 0.359

Prolus 0.722 0.015 0.097 0.172 0.650 0.696 0.665
CLIQUE 0.544 0.006 0.032 0.003 0.580 0.614 0.558
Original 0.703 0.028 0.088 0.147 0.640 0.689 0.654
Dataset Student Dropout [176]

Method
Accuracy

NMI ARI
Average

Mean S. Dev. Prec. Recall G-Score
PF-RelDenBi 0.692 0.015 0.222 0.325 0.624 0.600 0.609

MESBC 0.664 0.021 0.192 0.285 0.566 0.554 0.555
ARBic 0.679 0.020 0.209 0.307 0.602 0.583 0.589

RelDenClu 0.685 0.018 0.219 0.317 0.616 0.602 0.608
ROCCO 0.221 0.011 0.010 -0.003 0.434 0.360 0.264
CBSC 0.681 0.016 0.207 0.302 0.604 0.583 0.589
UniBic 0.610 0.009 0.144 0.125 0.550 0.450 0.455
P3C 0.679 0.020 0.215 0.312 0.595 0.581 0.585

Subclu 0.674 0.018 0.197 0.291 0.602 0.586 0.591
ITL 0.185 0.003 0.004 -0.002 0.417 0.336 0.184

Proclus 0.676 0.018 0.206 0.305 0.601 0.589 0.593
CLIQUE 0.675 0.022 0.195 0.295 0.597 0.576 0.582
Original 0.675 0.015 0.200 0.295 0.593 0.576 0.580
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Credit Card Student Dropout

Datasets used for classification
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(a) Accuracy of various biclustering algorithms for classification
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(b) NMI obtained by various algorithms for classification
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Credit Card Student Dropout

Datasets used for classification
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(c) ARI obtained by various biclustering methods for classification
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(d) Average precision obtained by various biclustering algorithms for classification
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(e) Average recall obtained by various biclustering algorithms for classification
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(f) Average G-Score obtained by various biclustering algorithms for classification

Figure 6.6: Performance of various biclustering algorithms for classification
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ures 6.6a-6.6f. We find that for the Credit Card dataset, the features generated by

PF-RelDenBi provide a greater improvement in accuracy compared to eleven other

algorithms, thereby leading to better identification of credit card defaulters. RelDen-

Clu and CBSC also resulted in similar improvements. However, this was achieved

only after the parameters were determined using cross-validation, making the process

more computationally costly and time consuming. For the Student Dropout dataset,

PF-RelDenBi provides an improvement over the original accuracy. It also results

in better NMI and ARI. Here, too, RelDenClu provides a similar improvement only

after determining the parameters with cross-validation. Overall, we find that PF-

RelDenBi provides better accuracy for these datasets without the hassle of finding

suitable parameters.

6.6.2.2 Experimental results with clustering of UCI-ML datasets

The results for clustering of UCI-ML datasets are reported in Table 6.10. PF-

RelDenBi is seen to have the best accuracy for the datasets used for the investigation.

For better visualization, the accuracies obtained by different methods are presented

in Figure 6.7a as bar graphs. NMI and ARI are shown in Figures 6.7b and 6.7c,

respectively. The average Precision, Recall and G-score of both classes have been

shown in Figures 6.7d-6.7f, respectively. We find that PF-RelDenBi obtains better

accuracy for three datasets namely Magic Gamma, Breast cancer, and Electric Grid.

PF-RelDenBi obtains the best NMI and ARI for Magic and Breast Cancer datasets.

It does not achieve a better G-Score for each class individually but achieves a higher

G-Score averaged over the two classes for the Magic and Breast Cancer datasets.
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Table 6.10: Results for clustering of UCI-ML datasets

Dataset Magic Gamma [177]

Method Accuracy NMI ARI
Class 1 Class 2

Prec. Recall G-Score Prec. Recall G-Score
PF-RelDenBi 0.754 0.181 0.256 0.848 0.755 0.800 0.625 0.751 0.685

MESBC 0.657 0.023 0.068 0.690 0.857 0.769 0.522 0.289 0.388
ARBic 0.599 0.005 0.024 0.674 0.739 0.706 0.414 0.341 0.376

RelDenClu 0.699 0.096 0.138 0.629 0.500 0.536 0.770 0.807 0.779
ROCCO 0.653 0.006 0.009 0.845 0.016 0.117 0.652 0.998 0.807
CBSC 0.689 0.062 0.089 0.839 0.225 0.376 0.700 0.941 0.808
UniBic 0.655 0.006 0.015 0.654 0.991 0.805 0.677 0.035 0.153
P3C 0.705 0.080 0.110 0.690 0.992 0.827 0.919 0.177 0.404

Subclu 0.639 0.001 0.011 0.653 0.943 0.785 0.425 0.077 0.181
ITL 0.652 0.027 0.007 0.953 0.012 0.107 0.651 1.000 0.807

Proclus 0.648 0.013 0.048 0.676 0.878 0.770 0.498 0.223 0.333
CLIQUE 0.685 0.044 0.104 0.703 0.889 0.791 0.600 0.308 0.430
Dataset Breast Cancer (Wisconsin Original) [178]

Method Accuracy NMI ARI
Class 1 Class 2

Prec. Recall G-Score Prec. Recall G-Score
PF-RelDenBi 0.968 0.784 0.874 0.986 0.964 0.975 0.936 0.975 0.955

MESBC 0.845 0.452 0.475 0.697 0.983 0.828 0.988 0.770 0.873
ARBic 0.862 0.389 0.520 0.887 0.903 0.895 0.814 0.787 0.800

RelDenClu 0.924 0.632 0.718 0.834 0.981 0.904 0.989 0.893 0.939
ROCCO 0.660 0.011 0.022 0.733 0.046 0.184 0.659 0.991 0.808
CBSC 0.925 0.607 0.719 0.866 0.932 0.898 0.963 0.920 0.941
UniBic 0.843 0.330 0.462 0.833 0.690 0.758 0.847 0.926 0.886
P3C 0.796 0.261 0.322 0.981 0.427 0.647 0.763 0.995 0.872

Subclu 0.814 0.296 0.370 0.975 0.481 0.685 0.781 0.993 0.880
ITL 0.656 0.007 0.011 0.833 0.021 0.132 0.654 0.998 0.808

Proclus 0.657 0.008 0.023 0.600 0.063 0.194 0.660 0.977 0.803
CLIQUE 0.921 0.579 0.706 0.881 0.895 0.888 0.943 0.935 0.939
Dataset Electrical Grid

Method Accuracy NMI ARI
Class 1 Class 2

Prec. Recall G-Score Prec. Recall G-Score
PF-RelDenBi 0.679 0.041 0.088 0.680 0.939 0.799 0.673 0.220 0.385

MESBC 0.503 0.000 0.000 0.363 0.497 0.425 0.639 0.506 0.569
ARBic 0.552 0.009 -0.022 0.255 0.124 0.177 0.615 0.795 0.699

RelDenClu 0.610 0.045 0.032 0.415 0.497 0.437 0.737 0.674 0.693
ROCCO 0.650 0.011 0.030 0.651 0.973 0.796 0.631 0.082 0.228
CBSC 0.649 0.055 0.092 0.503 0.487 0.491 0.724 0.741 0.731
UniBic 0.638 0.001 0.006 0.497 0.026 0.114 0.641 0.985 0.794
P3C 0.638 0.000 0.000 0.638 1.000 0.799 0.000 0.000 0.000

Subclu 0.631 0.000 0.001 0.383 0.030 0.107 0.639 0.973 0.788
ITL 0.647 0.009 0.029 0.572 0.096 0.235 0.652 0.959 0.791

Proclus 0.635 0.001 0.006 0.444 0.038 0.129 0.641 0.973 0.790
CLIQUE 0.532 0.000 0.002 0.372 0.425 0.398 0.645 0.593 0.619
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(a) Accuracy of various algorithms for clustering of UCI-ML datasets (calculated using
Equation 4.1)
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(b) NMI obtained by various algorithms for clustering of UCI-ML datasets
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Magic Gamma Breast Cancer Electrical Grid
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(c) ARI obtained by various algorithms for clustering of UCI-ML datasets
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(d) Average precision obtained by various algorithms for clustering of UCI-ML datasets



230 6.6 Results

Magic Gamma Breast Cancer Electrical Grid

Datasets used for clustering
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(e) Average recall obtained by various algorithms for clustering of UCI-ML datasets

Magic Gamma Breast Cancer Electrical Grid
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(f) Average G-Score obtained by various algorithms for clustering of UCI-ML datasets

Figure 6.7: Performance of various algorithms for clustering of UCI-ML datasets
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Table 6.11: Features (WDI dataset) selected by biclusters based on countries having
high COVID-19 occurrence (90 percentile) in January 2020

S. No. Feature description ρs(Jan) ρs(Dec) UniBic CBSC ROCCO RelDenClu ARBic MESBC PF-RelDenBi

1
Current health expenditure per capita,
PPP (current international $) 0.22 0.69 ✓ - - - - - ✓

2
Cause of death, by communicable diseases
and maternal, prenatal and nutrition con-
ditions (% of total)

-0.09 -0.68 ✓ ✓ - ✓ - ✓ ✓

3
Cause of death, by non-communicable dis-
eases (% of total)

0.12 0.67 ✓ ✓ - ✓ - - ✓

4
Mortality rate, adult, female (per 1,000 fe-
male adults)

-0.27 -0.67 - ✓ - ✓ - ✓ ✓

5 Survival to age 65, female (% of cohort) 0.27 0.67 ✓ ✓ - ✓ ✓ - ✓

6
People using at least basic sanitation ser-
vices (% of population)

0.23 0.64 ✓ ✓ - ✓ - - ✓

7 Life expectancy at birth, total (years) 0.26 0.64 ✓ - - ✓ ✓ - ✓

8
GDP per capita, PPP (current interna-
tional $) 0.22 0.62 ✓ ✓ - ✓ ✓ - ✓

9
Tuberculosis case detection rate (%, all
forms)

0.13 0.61 - - - ✓ - - -

10 Population ages 65 and above (% of total) 0.25 0.59 ✓ - - - ✓ - -
11 Survival to age 65, male (% of cohort) 0.24 0.58 ✓ ✓ - ✓ - - ✓
12 Urban population (% of total) 0.12 0.58 - - - ✓ - - -

13
Mortality rate, adult, male (per 1,000 male
adults)

-0.23 -0.57 - ✓ - ✓ - ✓ ✓

14
Incidence of tuberculosis (per 100,000 peo-
ple)

-0.05 -0.51 ✓ ✓ - ✓ - ✓ ✓

15 Population ages 15-64 (% of total) 0.07 0.46 ✓ - - - - - ✓
16 International tourism, number of arrivals 0.4 0.44 ✓ - - - - - -

17
Mortality from CVD, cancer, diabetes or
CRD between exact ages 30 and 70 (%)

-0.23 -0.4 - ✓ - ✓ - ✓ ✓

18
PM2.5 air pollution, population exposed to
levels exceeding WHO guideline value (%
of total)

-0.23 -0.38 - - ✓ - ✓ ✓ -

19 Air transport, passengers carried 0.44 0.37 - - - - - - -
20 International migrant stock, total 0.35 0.27 - - - - - - -
21 Trade (% of GDP) 0.03 0.26 - - - - - - -

22
Out-of-pocket expenditure (% of current
health expenditure)

-0.09 -0.25 - ✓ - ✓ - ✓ -

23
Labor force participation rate, total (% of
total population ages 15+) (modeled ILO
estimate)

0.04 -0.24 - - - - - ✓ -

24
Population density (people per sq. km of
land area)

0.23 0.16 ✓ - - ✓ - - -

25 Population, total 0.34 -0.16 ✓ - - ✓ ✓ ✓ -

26
Tuberculosis treatment success rate (% of
new cases)

-0.08 -0.15 ✓ - - - - - -

27 Death rate, crude (per 1,000 people) 0.02 0.07 ✓ - - - - - -
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6.6.3 Relevant features in COVID-19 dataset obtained using

PF-RelDenBi during early stages of the pandemic

Table 6.11 lists the 27 features used for analysis [193]. The features obtained by all the

methods, using the data from January 2020 have been indicated by a tick in respective

columns. The table also reports the values of Spearman correlation (ρs) between the

chosen feature and the infection rate of COVID-19 for various countries for 31 January

2020 (denoted as, ρs(Jan)) and 31 December 2020 (denoted as, ρs(Dec)). The features

are listed in decreasing order of absolute value of ρs(Dec).

PF-RelDenBi selected 13 of 27 WDI features capable of distinguishing regions

with high infection rates. We find that 11 out of 13 features selected by PF-RelDenBi

have a Spearman correlation (absolute value) greater than 0.5 with the disease oc-

currence rate on 31 December 2020. This indicates that PF-RelDenBi could identify

the importance of these features much earlier, i.e., from the January data, when the

Spearman correlation could not reflect this relation. Amongst the features not in-

cluded in the bicluster, only 3 out of the 14 features have a Spearman correlation

(absolute value) greater than 0.5 with disease occurrence rates on 31 December 2020.

The above-mentioned results suggest that PF-RelDenBi could be explored to iden-

tify important factors that impact a new disease, and this, in turn, will aid in prepar-

ing a strategy, more scientifically, to combat the pandemic situation across countries.

Indeed some of these selected features for COVID-19 have already been studied and

are found to be important, as discussed in the following paragraphs, where we refer

to features using their serial number (S. No.) given in Table 6.11.

Among the features selected by PF-RelDenBi, the features “Current health ex-

penditure per capita” and “GDP per capita” (S No. 1 and 8 in Table 6.11) may be

related to the higher COVID-19 rate due to the higher number of tests. The per-
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centage of deaths in the region due to communicable and non-communicable diseases

(S. Nos. 2 and 3 of Table 6.11) is consistent with the report given by Chakrabati et

al. [200]. The features showing the life expectancy and mortality rate for the over-

all population and for each gender affect the age distribution of people in a region

(S. Nos. 4,5,7,11,13,15,17 of Table 6.11) are selected by PF-RelDenBi. The feature

“People using at least basic sanitation services” (S. No. 6 of Table 6.11) is related to

the spread of communicable diseases and the corresponding immunity. The feature

“Incidence of tuberculosis” (S. No. 14 of Table 6.11), is interesting. Countries with

higher tuberculosis incidences are also seen to have relatively lower rates of COVID-

19 infection. A study [201] has already noted that the administration of the BCG

vaccine is likely to reduce the severity of the symptoms of COVID-19. Another fac-

tor that may contribute to this association is that tuberculosis is more rampant in

warm humid climates, whereas COVID-19 is expected to spread faster in cold dry

climates [202].

As mentioned earlier, all features selected by PF-RelDenBi, except two (S.Nos.

15 and 17 of Table 6.11) have a high correlation with COVID infection rates on 31

December 2020, although the biclusters are obtained using the least amount of data

from 31 January 2020.

Performance comparison between PF-RelDenBi and other methods is shown in

Figure 6.8, which shows a scatter plot for Spearman correlation (absolute values). For

each method, selected features are marked in blue and rejected features in red. For

PF-RelDenBi, the selected features are mainly the ones that have a higher correlation.

In fact, the minimum absolute value attained by any feature selected by PF-RelDenBi

is 0.4, another selected feature attains a value of 0.46, while all other selected features

lie above 0.5.

In summary, most of the features selected by PF-RelDenBi are relevant, and the
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Figure 6.8: Spearman correlation (absolute value) between Dec 31 2020 COVID infec-
tion rates and features selected from WDI database by biclustering methods. Selected
features are marked in blue and rejected in red

presented methodology allows us to explore some previously unknown associations.

Once features are identified from larger datasets, a more detailed analysis could be

performed for individual features.

6.6.4 Results of analysis on COVID-19 and vaccine dataset

We applied PF-RelDenBi to the vaccine dataset described in Section 6.5.5. PF-

RelDenBi selects the percentage of newborns vaccinated with Tetanus-Toxoid. Previ-

ous research has identified that the administration of the Tetanus-Toxoid vaccine may

contribute to a lower severity of symptoms associated with COVID-19. This is based

on the observed similarities between the COVID-19 spike protein and the tetanus

toxin [203]. Our experiments support this hypothesis. Analysis using UniBic, CBSC,

ROCCO and RelDenClu methods also indicates that the coverage of the Tetanus

Toxoid vaccine may be related to the infection rate of COVID-19.
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6.7 Limitations and Future Work

With the encouraging results obtained on several datasets, we would like to further

develop the proposed method. Some possibilities for future work are discussed below.

It may be noted that the main objective of the proposed method is to find relations

between features for a subset of observations. When used for clustering, it would work

best for datasets where different clusters are defined by different relations between

the features. However, in datasets where clusters are well separated only by spatial

distances, the proposed method may not perform well. Therefore, in the future,

we would like to experiment with ensemble methods utilizing the proposed method.

We would also like to enhance the proposed algorithm so that it can utilize parallel

computing allowing its application to larger datasets. Further, the proposed method

either includes or excludes an observation or a feature in a bicluster; but does not

provide a membership value to it. In the future, we would like to work on assigning

a membership value to observations and features using fuzzy sets.

6.8 Summary

In this chapter, we present a parameter-free algorithm that finds biclusters based on

non-linear relations between features. By analyzing local variations in marginal and

joint densities, the algorithm is seen to perform well on non-linear datasets. PF-

RelDenBi does not require any user-defined parameter, making it a versatile method

that can be used to analyze datasets in different domains. Experiments on synthetic

datasets have shown that PF-RelDenBi is consistent under linear transforms. It is

also seen to provide better performance on datasets obtained by adding noise. The

performance of PF-RelDenBi is compared to eleven state-of-the-art methods for these
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synthetic datasets. PF-RelDenBi is seen to provide better accuracy in most cases.

PF-RelDenBi is seen to improve the classification accuracy when used as a precur-

sor for supervised learning for the Credit Card dataset and Student Dropout datasets.

As an unsupervised learning method, it can find classes hidden in the Magic Gamma,

Breast Cancer, and Electrical grid datasets with greater accuracy.

PF-RelDenBi has also been applied to a dataset containing information on

COVID-19 infection rates in different countries, along with the corresponding de-

velopment indicators, to identify demographic factors that influence the number of

confirmed infections in a region. Furthermore, PF-RelDenBi was applied to a dataset

on vaccine coverage along with COVID-19 infection rates in different countries, where

it identified an association between infection rates and the Tetanus-Toxoid vaccine.

This finding is consistent with independent research on the COVID-19 spike pro-

tein [203]. Overall, PF-RelDenBi enables the discovery of relationships among fea-

tures within specific subsets of the data, revealing feature relationships that may be

obscured by unrelated observations or missed due to non-linear dependencies.
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Conclusion and Scope for Further

Research

7.1 Conclusion

This thesis explores two complementary approaches to understand non-linear rela-

tionships between features.

The first approach involves the development of a novel non-linear feature index,

MIDI (Mutual Information based Dependence Index) [28], which utilizes normalized

mutual information for identifying feature dependencies. MIDI uses histogram for

probability density estimation to calculate mutual information and entropy. MIDI

determines the bin length for the histogram using the maximal spacing for each

feature, allowing for efficient and consistent density estimation. This makes MIDI

a practical and effective tool for capturing non-linear relationships among features.

In addition, MIDI has also been used to design an unsupervised feature selection

method [29]. The details of MIDI and the associated feature selection method are

discussed in Chapter 3.

237
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The second approach to understand non-linear relationships is feature relation-

based biclustering. This approach aims to identify subsets of observations that exhibit

linear or non-linear feature relationships. In this context, three novel biclustering

algorithms have been developed.

The first biclustering method, CBSC [30], presented in Chapter 4, identifies dense

regions by examining the connectivity among observations in two-dimensional space.

These dense regions form the basis for discovering subspace clusters in higher dimen-

sions. Regions are grouped into the same bicluster if they share similar observations

and their corresponding feature sets are connected via a path, enabling the identifi-

cation of biclusters governed by non-linear feature relationships.

The second biclustering method, RelDenClu [32], introduced in Chapter 5, identi-

fies dense regions using joint and marginal densities. This approach allows the method

to adapt to variations in marginal distributions. Like CBSC, RelDenClu extracts bi-

clusters from connected regions in two-dimensional spaces, by grouping dense regions

that share similar sets of observations and are also connected by common features.

The third method, PF-RelDenBi [33], described in Chapter 6, is built on RelDen-

Clu by using MIDI to group similar dense regions, thus reducing computational time.

Additionally, PF-RelDenBi calculates all the thresholds required to find the biclus-

ters directly from the dataset, making it a parameter-free method. This enhances the

practical utility of the method, particularly for unsupervised learning tasks, where

hyperparameter tuning can be especially challenging.

Performances of these biclustering methods have been systematically evaluated on

sixteen synthetic datasets to demonstrate their distinctive properties. Their practical

utility has been further validated on several real-world datasets. Specifically, the

methods have been applied to enhance two UCI-ML datasets in order to obtain higher

classification accuracy. They have been applied to three UCI-ML datasets to detect
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clusters in the data. They have also been used to uncover emerging patterns in

COVID-19 datasets, to find relationships between lifestyle factors and infection rates

across countries.

7.2 Scope for future Work

As discussed in the previous section, this thesis introduces a novel feature relationship

index, MIDI, and three biclustering methods: CBSC, RelDenClu, and PF-RelDenBi.

Experimental evaluation on both synthetic and real-world datasets has demonstrated

their effectiveness in various pattern recognition tasks. Nevertheless, several oppor-

tunities for further development and exploration remain. The following directions

outline possible avenues for future work.

1. Extension of MIDI for other information-theoretic applications: MIDI provides

a fast and reliable estimate of the dependence between two variables by com-

puting mutual information normalized by the minimum of their entropies. This

allows MIDI to detect non-monotonous relationships. In future work, we aim to

extend the underlying histogram-based estimation scheme to other applications

that require efficient estimation of mutual information or entropy.

2. Supervised feature selection using MIDI: While MIDI has been used in this

thesis for unsupervised feature selection, its potential in supervised settings

remains unexplored. Future research could investigate its applications to su-

pervised feature selection tasks, where class-label information is available.

3. Parallelization of biclustering algorithms: The biclustering methods proposed in

this thesis rely on pairwise feature analysis, which can become computationally

expensive in high-dimensional spaces. To improve scalability and efficiency, we
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plan to develop parallelized versions of these algorithms, making them more

suitable for large-scale data.

4. Ensemble approaches for general clustering tasks: The primary objective of the

proposed biclustering methods is to discover feature relationships within sub-

sets of observations. These methods perform best when clusters are defined by

distinct feature relationships, rather than spatial proximity alone. To handle

a wider variety of clustering scenarios, future work may involve designing en-

semble methods that combine relation-based biclustering with distance-based

or density-based clustering techniques.

5. Incorporating fuzzy membership values: Currently, the biclustering methods as-

sign hard inclusion or exclusion of observations and features within biclusters.

A natural extension is to integrate fuzzy set theory to assign degrees of member-

ship, enabling soft clustering and better capturing uncertainty and overlapping

structures in the data.

6. Causal inference using relation-based biclustering: The usefulness of relation-

based biclustering as a preliminary step for causal analysis has been demon-

strated in the context of COVID-19 datasets. In future, we intend to design

a generalized framework that integrates these methods into causal inference

pipelines for broader application domains.

In summary, the exploration of non-linear and non-monotonous relationships in data

remains an open area for investigation. Continued research in this direction holds

the potential to uncover novel patterns and generate deeper insights across diverse

application areas.
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