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Ch-1. General Introduction

CHAPTER-1
GENERAL INTRODUCTION

1.1.INTRODUCTION

Plasma is an ionized gas consisting of equal numbers of positively charged ions and
negatively charged electrons, which shows some sort of collective behaviour. The
characteristics of plasmas are significantly different from those of ordinary neutral gases so
that plasmas are considered as a distinct state of matter commonly called "fourth state of
matter.” In addition to externally imposed fields, the plasma is acted upon by electric and
magnetic fields created within the plasma itself through localized charge concentrations and
electric currents that result from the differential motion of the ions and electrons. It is
estimated that about 99% of the matter in the observable universe is in the plasma state. Stars,
stellar and extragalactic jets, and the interstellar medium are examples of astrophysical
plasmas. In our solar system, the Sun, the interplanetary medium, the magnetospheres and/or
ionospheres of the Earth and the comets all consist of plasmas. Again the plasma can also be
produced in the laboratory. In recent years, the interest in plasma has grown primarily
because of its many applications in electrical and aeronautical engineering, astrophysics and
space science and, above all, in the possible development of thermonuclear power generation.
Plasma physics is one of the more advanced disciplines of classical physics, drawing its
methodology from diverse fields such as statistical mechanics, classical electricity and

Magnetism, hydrodynamics, atomic physics, and the kinetic theory of gases.
1.2. DIFFERENT TYPES OF PLASMA

The plasma may be composed of i) electrons and positive ions, ii) electrons, positrons and
positive ions, iii) electrons, positrons, positive ion and negative ions, iv) electrons, positive
ions and negatively charged dust particles, v) electrons, positrons, positive ions and
negatively charged dust particles. Moreover, the plasma particles may be non-relativistic and

relativistic depending on the physical situations.

In general, the plasma is considered as non-degenerate for both laboratory and space. But,
under some special situations, the plasma is considered as degenerate. In non-degenerate

plasma the electrons are considered as i) Maxwellian (isothermal) and ii) Non-Maxwellian
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Ch-1. General Introduction

e.g. non-isothermal, nonthermal, super thermal ( kappa distributed), Q-nonextensive. But, in

degenerate plasma the ionized particles are assumed to follow F.D. statistics.
i). Electron-lon Plasma

When matter becomes sufficiently hot, it becomes ionized and forms plasma. This process
breaks matter into its constituent particles which includes negatively charged electrons and
positively charged ions. Fully ionized plasma has only electrons and ions. It is called

electron-ion plasma. The electron density is Maxwellian and given by
n, =N, exp(ep/ KgT,)

Where neO is the equilibrium electron density, ¢is electrostatic potential, K; is the

Boltzmann constant, T, is the temperature of electrons and e is the charge of an electron which

is negative.

In non-dimensional form

n, =n,, exp(@) , where @ =ep/ K,T,
if). Electron-lon-Positron Plasma

The plasma may be composed of electrons, ions and positrons. Such plasmas have been
observed in the polar regions of neutron stars, in pulsar magnetospheres, in active galactic

nuclei, as well as in the intense laser fields. Positron density is assumed to be Maxwellian,

n, =n,,exp(-ep/KgT))

where, n,, is equilibrium positron density, T, is the temperature of positrons and ¢ is

p

electro-static potential.

In non-dimensional form
np = Zexp(_o-p@)

where, ¢p=ep/T,,0, =T IT ,x=n,/n,, T, and T, are temperature of electrons and

positrons (For simplicity the bar over ¢ will be omitted subsequently).
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Ch-1. General Introduction

iii). Negative lon Plasma

In plasma, both positive ions and negative ions together with electrons may be present and
their collective behaviour is interesting. When free electrons are attached to neutral particles,
negative ions are produced in the plasma. Then negative ions are present in the earth
ionosphere and in space. It can be produced in the laboratory. Different types of positive ions
and negative ions, e.g. (H*, O") ions, (H*,02") ions, (H",SFs") ions ,(He*, CI") ions, (Ar",0")

ions are found to exist.
iv). Dusty Plasma

The dusty plasma is composed of electrons, ions and negatively charged tiny dust particles.
Dusty plasmas are found in various plasma media e.g. cometary tails, asteroid belts, planetary
ring system, magnetosphere, the lower part of the earth's ionospheres and do expect in
various laboratory plasmas too. In dusty plasma, the dust particles get negatively charged due

to the attachment of the background electrons and ions on the surface via collisions.
V). Quantum (Degenerate) Plasma

Quantum effects in plasma may become important in a variety of environments such as in
intense laser-solid density plasma interaction experiments, in dense astrophysical and
cosmological environments, in ultra-small electronic devices and metal nanostructures.
Quantum plasma is be found in a variety of environments such as metal nanostructures,
astrophysical systems, ultra-small electronic devices, bio-photonics, cool vibes, neutron stars,
laser-produced plasmas, quantum wells and quantum diodes. Quantum plasma is a relatively
new and fast-developing field of research. The physics of quantum plasmas is now a very

rapidly growing subject of plasma physics.
vi). Relativistic Plasma

In some astrophysical plasma, it has been found that plasma particles are ejected with high
velocities. For the dynamics of such plasma particles, the mass variation due to the relativistic
effect should be considered.

The mass variation of the plasma species (electrons and ions) due to the motion of plasma

particles is

m=m,/(@1-v*/c*)"?
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Ch-1. General Introduction

Where m, is the rest mass; v is the velocity of the particles and c is the velocity of light.

1.3. DIFFERENT TYPES OF ELECTRONS IN PLASMA

To study the propagation of waves in plasma the electrons are considered to have different

types of distribution.

i). Isothermal Electrons

The distribution of electrons is assumed Maxwell- Boltzmann distribution,
N, = Nyo €XP(P) = N, €XP(90)

where, n,, is the equilibrium density of electrons.

if). Non-Isothermal Electrons

When the electrons are trapped, electron distribution is called non-isothermal and is assumed
as

n, = neo[1+¢—%b1¢3’2 +%¢2 _%bz(pm +%¢3+ """ ]

where, b, =

1-5 1-p82 = T, . :
'Bl,b _12A B ==",T,is temperature of free electrons and T,is the
2 1 ef et
Jr N T

et
temperature of trapped electrons.
iii). Two-Temperature Isothermal Electron

The electrons in plasma may exist at different states with two different temperatures obeying
the Maxwell-Boltzmann distribution. The electron densities at low and high temperatures are
described as

N = uexp(o/ u+vp)

Ny =Vexp(Be/ u+vp)

where, u=n,, and v=n,, are the equilibrium density of electrons at low and high

temperature; =T, /T,; T, and T, are the temperature of electrons at low and high

temperatures.
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Ch-1. General Introduction

iv). Two-Temperature Non-Isothermal Electron

Due to the nonisothermality of two groups of electrons, the densities of cold and hot electrons

can be assumed as:

B r A r U2 r A r 12
N, = x| exp Tigp erfc Tiqo + 5 expp Ti(p erfc ETigo ,
L TEl i L Tel a L Tel i L Tel
B - A - V2 r A - 1/2
n, =v|exp Tigo erfc Tigo + .2 expp, Ti(p erfc EhTigo ,
_Teh _ L Teh _ L Tel _ L Teh

where g and S, are the ratios of the temperatures of free and trapped electrons in the low-

and high-temperature groups of electrons.

These parameters are expressed in the following manner:

B =

| —

By =

o

Teht

where T, andT,, are the temperatures of the trapped electrons in the low- and high-

temperature groups of electrons T, T, are the same for free electrons.

Expanding the expressions of n, and n, in ascending powers of ¢ we obtain the

expressions for cold and hot electrons as

) , ) A - 0 3/2 1 p 2
rlel #l:1+|:/u+vﬁ} 37[1/2 (1 ﬂl){[u+vﬁ:| +2|:IU+VB:|
_8(1—,@2) 0 5/2+1 o 5+
157" Lpu+vB]  6lurvB| |
nehv[ { v }_ 41/2(1 ﬁ){ ” } { > }
,u+v/5’ 3z ﬂ"‘VIB 2 H+Vﬂ
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B-AY de T 1 Fo |
157272 | u+vp 6| u+vp | |
where, =T, /T,,.

Therefore, we find

nel+n6h:1+¢_ﬂ(ﬂb.+vbhﬁ)3/2 312 }M ) E(ub.(l)+vb§l),55'2)¢5,2+.”

—az ¢t —2? - —\5/2
3 (,u+vﬂ) 2(,u+vﬂ) 15 (,u+v,3)

where

bl _1_BI bh :1_5h bl(l) _1_BIZ b(l) _1_Bh2

- 12 12 ! - Y2 *“h T 12
/4 /A T /A

v). Nonthermal Electron

In the presence of a population of fast energetic electrons together with a population of
Maxwellian distributed electrons, the model of the velocity distribution function is called
non-thermal electrons which are Non-Maxwellian. This type of velocity distribution has been
considered by many authors in the studies of different collective processes in plasmas and

dusty plasmas.
The nonthermal electron distribution function can be taken as
V2 1(v?
fel) = —— |1+ a7 = 200)?| exp| - (77— 20|
(1+3a) [2mv? e e

KpTe

where V, = , m, is the mass of electron, Ky is the Boltzmann constant and Te is the

e

temperature of electron.

The electron density is given by
N, =Ny (1~ Bo+ fp*) exp(p)

da

where, £ is the nonthermal parameter, = :
1+ 3«
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where « is a parameter determining the number of nonthermal electrons present in the
plasma model. f measures the deviation from the thermalized state. The parameter  cannot
exceed a certain range (0< f < 1.3), beyond which « is negative which is not acceptable.

When g —0, ne reduces to the Boltzmann distribution of electrons.

vi). Superthermal or Kappa Distributed Electron

Various experimental data indicate that the Non-Maxwellian particles play the main role in
astrophysical situations. Space and laboratory plasmas often possess an excess population of
superthermal (Kappa distributed) electrons, a fact which is reflected in a power-law
distribution at high velocity (above the electron thermal speed). The superthermal electron

distribution is given by

fe (V)

N T+ (v
(0 T(c-112)\ " «?
(

where kappa-factor x measures the deviation from the thermal equilibrium, xis called as spectral

index and

(K—g)
0 =—2-(2KT, /m,)

Kg is Boltzmann constant, T, is the temperature of electrons and m, is the mass of an

electron.

The electron density of superthermal electrons in normalized form is given by:

1
o 03

n=n_,1-
e eO( (K—3/2

where, ¢ is normalized as ¢ = Ke(D :

B'e
vii). Q-Nonextensive Electron

In a complex regime of cosmological or astrophysical plasmas, Tsallis g-nonextensive

particle distribution is considered as a most general distribution which can describe this
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complexity more appropriately. In one-dimensional equilibrium g- distributed function is

1
: mVv: egp||?
ivenby f (v.)=C <1-(g-1)| =+
g y fo(v) q{ (g ){21 = }}

e
The constant of normalization is

1

=)
n q-1  |m.(d-q) for—1<q<1
1 1 24T,

= -7) ¢

g-1 2

d 1 1
149 G2 ma
Neg ;q q_l \/me( _q),for1<q<0
=) "
g-1

e

Here, the parameter g stands for the strength of nonextensive electrons and the quantity

I' stands for the standard gamma function; T, is the temperature of electron, m, is the mass of an
electron and vy is the velocity of nonextensive electrons. In the extensive limit caseq —1, the

distribution reduces to Maxwellian case.

2 p—
f(v) v, —2ep/m, j

— neO
(24T, I m,)"2 p( 2K, T,/ m,

Integrating f,(v,) over the velocity space and noting thatq >1, the distribution function

exhibits a thermal cut off on the maximum value allowed for the velocity of the particles,

given by
2T 2e
Vmax = { . - (/)}
me (q _1) me
Then we get,

1

1
e E+q—l
n,(¢) =N, [1+ (g —1)T—¢}

e
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The nonextensive electron density in normalized form is written as

(9+1)

N = p1+(q-1)@)*“® = p(l+gp)*

where,
6 =9-10,=(q+1)/2(q-1), u=Lp=ep/ KT,
1.4. NONLINEAR EFFECTS IN PLASMA

The plasma is a highly nonlinear medium and various types of nonlinear phenomena occur
due to interactions of waves in it. In the earlier stage of plasma research, the plasma
physicists were interested in the linear theory of plasma but later on, they realized the
necessity of nonlinear theory to explain many nonlinear phenomena in plasma. Nonlinearities
may be strong or weak, depending on the slowness of the variation of amplitude concerning
to some characteristic time scale in plasma. It is difficult to deal with the problems of wave
propagation in plasma retaining the full nonlinearity in most cases. Thus weakly nonlinear
systems are considered to overcome the limitations of linear theory as a first step but strong
nonlinearities are indispensable for a thorough understanding of the nonlinear plasma
dynamics. Generally, particles and waves coexist in plasma and these particles interact with
each other and with the waves also. The waves are generated self-consistently by the particle
motions and may also be excited by the externally imposed fields. The predominating
interactions in plasma are wave-particle interactions and wave-wave interactions of which the
first may be due to both linear and nonlinear interaction but the second is inherently

nonlinear.

The nonlinear theory of waves may be broadly classified into two kinds as coherent and
incoherent or turbulent interactions. The coherent nonlinear phenomena retain its initial phase
information while in an incoherent (or turbulent) case, the presence of many waves of
different frequencies and phases randomizes the phase information and allows one to treat the
system as a statistical ensemble. The important focal point in nonlinear plasma phenomena is
solitons or solitary waves, cavitons, spikons etc. Also, there are many important nonlinear
optical phenomena in plasma physics such as 1) Self-action effects, 2) Inverse Faraday
effects, 3) Stimulated light scattering, 4) Multiphonon transitions etc. Various interesting
non-linear effects are observed due to the interactions of intense electromagnetic waves with

plasmas. Modulation instabilities in plasma are important for the study of nonlinear
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Ch-1. General Introduction

dispersion relation together with the non-linear shift of wave parameters. Nonlinear effects
are found in experiments involving plasma instabilities, heating and confinement of plasmas,
laser-induced fusion, conversion of energy and some other consequences. In order to
investigate the non-linear phenomena, one has to understand clearly the basic characteristics

of the nonlinearities prevailing in plasma.
1.5. MOTIVATION OF THE Ph.D THESIS

In the thesis, | have theoretically investigated “Solitons and Double Layers in Different
Types of Plasma” using standard mathematical methods such as Reductive perturbation
method, Pseudo-potential / Sagdeev potential (SP) method and Krylov-Bogoliubov-
Mitropolsky (KBM) method. For numerical analysis, we have used software like MathCAD,
Origin etc. We have considered both non-relativistic and relativistic plasma consisting of
positive and negative ions, isothermal electrons, non-isothermal two-temperature electrons,
nonthermal electrons, positrons, superthermal (kappa distributed) electrons, Q-nonextensive
electrons, charged dust particles, beam ions, degenerate electrons, degenerate positrons,
ultra-relativistic degenerate electrons and positrons, relativistically degenerate electrons and

positrons etc.

The thesis has two parts: In Part One, different kinds of solitons, e.g. small amplitude KdV
solitons, arbitrary amplitude higher-order solitons, dressed solitons, envelope solitons etc.
have been studied in different types of plasma. In Part Two, double layers in unbounded and

bounded plasmas have been theoretically investigated in different types of plasma.
Part- One (Solitons in Different Types of Plasma)

In Chapter-2, the exact analytical solutions of the nonlinear equations governing the
propagation of ion-acoustics solitons in a plasma consisting of warm streaming positive ions
and nonthermal electrons has been obtained with necessary and sufficient conditions for the
existence of ion-acoustic solitons. The structure of the solitary waves as a function of the
non-thermal electron parameter has been analyzed which gives the deviation from the
thermalized state. In Chapter-3, the generation of W-type ion-acoustic solitons has been
theoretically studied in plasma consisting of cold ions and nonthermal electrons. The plasma
consisting of cold positive ions can support the formation of compressive as well as W-type
solitary waves in second-and-third- order for a certain value of the nonthermal parameter of

electrons. In Chapter-4, using the pseudo-potential method, arbitrary amplitude ion-acoustic
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Ch-1. General Introduction

solitons in an electron-ion-positron plasma has been theoretically investigated. It is found that
the presence of positrons has a significant impact on the excitation of slow and fast small
amplitude and large amplitude solitary waves in the plasma. The profiles of small amplitude
and large amplitude solitons for fast-mode and slow-mode of the wave are drawn and
discussed. In Chapter-5, using the reductive perturbation method, the existence and
characteristics of ion-acoustic solitons have been studied in self-gravitating dusty plasma
consisting of warm positive ions, weak non-isothermal two-temperature electrons and
negatively charged dust particles with charge variation. From the uncoupled nonlinear
equation, the solution of the ion-acoustic wave has been obtained and the effects of two-
temperature electrons, gravity and dust charge fluctuations on the ion-acoustic solitary waves
have been discussed. In Chapter-6, using the Krylov-Bogoliubov-Mitropolsky (KBM)
method, the dressed solitons has been theoretically investigated in dense dusty plasma having
ultra-relativistic degenerate plasma consisting of cold inertial ions, degenerate two-
temperature electrons and negatively charged dust particles. The profiles of dressed solitons
are drawn and discussed for different values of density and temperature of ultra-relativistic
degenerate two-temperature electrons. In Chapter-7, the effect of the ion beam on the ion-
acoustic solitons in unmagnetized quantum plasma has been studied using the reductive
perturbation technique. The Korteweg-deVries (KdV) equation has been derived and the
solution of ion-acoustic solitary waves is obtained in quantum plasma in presence of an ion
beam. It is seen that the formation and structure of solitary waves are significantly affected by
the ion beam in quantum plasma. In Chapter-8, modulation instability and envelope soliton
of high-frequency surface waves on warm plasma half-space has been studied using multiple
scale perturbation method. From the evolution equation, we have derived the condition of
instability and have shown that high-frequency surface waves on a temperate plasma half-
space are modulationally unstable. The dependence of the growth rate of instability on

temperature and wave number is computed and presented graphically.

Part-Two (Double Layers in Different Types of Plasma)

In Chapter-9, using the Sagdeev potential (SP) method, ion-acoustic double layers in a
multi-component plasma consisting of positive ions, negative ions and nonthermal electrons
filled in a cylindrical waveguide has been theoretically investigated. It is seen that finite
geometry of bounded plasma, nonthermal electrons, the density of negative ions, stream
velocity of positive and negative ions have significant contributions to the structure of double

layers. The double layers may be compressive or rarefactive in plasma depending upon the
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values of the plasma parameters. In Chapter-10, the influence of nonthermal electrons and
ion beams on the ion-acoustic double layers has been studied using the SP method. It is found
that both compressive and rarefactive double layers are excited in the plasma depending on
the values of nonthermal electrons and ion beam parameters. The width of double layers is
also graphically discussed. In Chapter-11, the effects of positrons and nonthermal electrons
on the ion-acoustic double layers in multi-component plasma with drifting positive and
negative ions have been theoretically studied using the SP method. It has been observed that
both compressive and rarefactive double layers are excited in presence of positrons,

nonthermal electrons and negative ions in the plasma.

In Chapter-12, the effect of relativistically degenerate electrons and positrons on the ion-
acoustic double layers in warm ion plasma has been theoretically studied using the SP
method. It is seen that double layers are compressive and the relativistically degenerate
electrons and positrons have significant contributions to the excitation of double layers in

relativistically degenerate plasma.
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SOLITONS IN PLASMA

A). Historical Background:

In physical science, a soliton is a self-reinforcing solitary wave packet that maintains its
shape while it propagates at a constant velocity. Solitons are caused by a balance between
nonlinear and dispersive effects in the medium. Solitons are the solutions of a widespread
class of weakly nonlinear dispersive partial differential equations describing physical

systems. Solitons have the following properties:

(i). Solitons are of permanent form.
(if). Solitons are localized within a region.
(iii). Solitons can interact with other solitons and emerge from the collision unchanged,

except for a phase shift.

The soliton phenomenon was first described in 1834 by John Scott Russell (1808-1882) who
observed a solitary wave in the Union Canal in Scotland. He reproduced the phenomenon in a
wave tank and named it the "Wave of Translation“.John Scott Russell describes his wave of

translation. The discovery is described here in Scott Russell's own words:

“I was observing the motion of a boat which was rapidly drawn along a narrow channel by a
pair of horses, when the boat suddenly stopped — not so the mass of water in the channel
which it had put in motion; it accumulated round the prow of the vessel in a state of violent
agitation, then suddenly leaving it behind, rolled forward with great velocity, assuming the
form of a large solitary elevation, a rounded, smooth and well-defined heap of water, which
continued its course along the channel apparently without change of form or diminution of
speed. | followed it on horseback, and overtook it still rolling on at a rate of some eight or
nine miles an hour, preserving its original figure some thirty feet long and a foot to a foot
and a half in height. Its height gradually diminished, and after a chase of one or two miles |
lost it in the windings of the channel. Such, in the month of August 1834, was my first chance
interview with that singular and beautiful phenomenon which | have called the Wave of

Translation”.

Lord Rayleigh published a paper in Philosophical Magazine in 1876 to support John Scott
Russell's experimental observation with his mathematical theory. In his 1876 paper, Lord

Rayleigh mentioned Scott Russell's name and also admitted that the first theoretical treatment
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was by Joseph Valentin Boussinesq in 1871. Joseph Boussinesq mentioned Russell's name in
his 1871 paper. Thus Scott Russell's observations on solitons were accepted as true by some

prominent scientists within his own lifetime of 1808-1882.

Korteweg-deVries [1895] derived an equation (KdV equation) which describes the theory of
water waves in shallow channels, such as a canal. It is a non-linear equation which exhibits
special solutions, known as solitons, which are stable and do not disperse with time.
Furthermore there are solutions with more than one soliton which can move towards each
other, interact and then emerge at the same speed with no change in shape (with a time "lag"
or" speed up”). However, Korteweg and de Vries did not mention John Scott Russell's name
at all in their 1895 paper but they did quote Boussinesq's paper of 1871 and Lord Rayleigh's
paper of 1876. The paper by Korteweg and deVries in 1895 was not the first theoretical
treatment of this subject but it was a very important milestone in the history of the

development of soliton theory.

In 1965, Norman Zabusky of Bell Labs and Martin Kruskal of Princeton University first
demonstrated soliton behaviour in media subject to the Korteweg—de Vries equation (KdV
equation) in a computational investigation using a finite difference approach. They also
showed how this behaviour explained the puzzling earlier work of Fermi, Pasta, Ulam, and

Tsingou.

In 1967, Gardner, Greene, Kruskal and Miura discovered an inverse scattering transform
enabling analytical solution of the KdV equation. The work of Peter Lax on Lax pairs and the
Lax equation has since extended this to solution of many related soliton-generating systems.
The most general class of non —linear wave structures is “Soliton” having approximately self
consistent wave amplitudes and phases. Solitons are important and extensively studied
because a whole class of non-linear differential equations encountered in plasma physics,
solid state physics, particle physics, hydrodynamics, non-linear optics and Biology are seen
to support solutions in soliton form . Solitons even in plasma physics itself, often appear in
various phenomena like plasma turbulence, anomalous plasma resistance , self compression
of high intensity waves ( like the Langmuir, lower hybrid, drift waves etc.), space plasmas
and so on. In plasma dynamics, there are two types of energies; one is decay of energy and
the other is growth of energy. If only ‘dispersion’ is present in plasma there will be a decay of
energy and if only the ‘nonlinearity’ is present in plasma then there will be a growth of

energy. But if both the dispersion and nonlinearity are present then under certain conditions
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there is a possibility of balancing between the nonlinearity and dispersion giving rise to the
formation of solitary waves in plasmas. Therefore, solitons or solitary waves are formed in
plasma medium when the nonlinearity and dispersion effects are balanced .In plasma if there
is no nonlinearity dispersion will destroy the solitary wave as the various components of the
wave propagate at different velocities. On the other hand if there is no dispersion in the
medium, non-linearity rules out the possibility of formation of soliton because the pulse
energy is continuously injected in the process called harmonic generation into high frequency
modes .But with both non-linearity and dispersion, solitary waves can again be formed.
Solitons are nothing but solitary waves which neither crest nor dissipate. Some of the solitary
waves in plasma are: (i) KdV Solitons, ii) Dressed Solitons, (iii) Alfven solitons, (iv)
Langmuir solitons, (v) Envelope solitons, (vi) Drift solitons and vii) Trivelpiece-Gould

solitons.

B). Works on Solitons in Plasma

(i). Korteweg-deVries (KdV) solitons:

The solitons (solitary waves) in plasma have been studied by various authors over last fifty
years in different types of plasma. We have here mentioned some of the most important
works on the solitons in plasma. Washimi and Taniuti [1] were probably the first to give a
concise approach known as reductive perturbation technique for deriving the Korteweg-
deVries (KdV) equation to study the ion-acoustic solitons (IAS) in plasma .In the derivation
of KdV equation by using perturbation method the approximation of small amplitude wave
concept has been taken in plasma. In order to study the plasma-acoustic waves of arbitrary
amplitude, the nonperturbative approach known as Sagdeev potential [2] analysis is to be
followed. In the study of non-linear phenomena, solitons, in plasma most of the earlier
observations were limited to simple plasma (cold, collisionless and unmagnified) having only
electrons and ions. The solitary wave in plasma were initially observed experimentally by
Ikezi and his collaborators [3] and later by Tran [4], Lonngren [5], and others. It is noted
that the soliton velocity obtained in experiments was greater than the theoretical predicted
velocity from the KdV equation. Subsequently, many authors incorporated different
parameters, e.g. ion temperature [6-8] , negative ions [9-11], two-temperature electrons [12-
14] non-isothermal electrons [15-17] , nonthermal electrons [18-20] , superthermal electrons
[21-23], beam ions [24-26], magnetic field [27-29], Landau damping [30-32], density
gradient [33-35] , temperature gradient [36-37], positron [38-40] , g-nonextensive electrons
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[41-43], gravitation [44-46] , quantum effect [47-49] , relativistic effect [50-56] etc. for
theoretical analysis of IAS in plasma. There are also hundreds and hundreds references on

the solitons in different types of plasma which are not mentioned here.

(ii). Dressed Solitons:

From the experimental observations [57-59] it is found that theoretically predicted values of
the amplitude, width, and velocity of solitary waves do not agree well with the experimental
results. To remove the discrepancy between the theoretical and experimental results, many
authors have studied including higher- order perturbation corrections into the Korteweg-
deVries (KdV) solitons, and the resulting solution has been termed as dressed solitons (DS).
Initially, Ichikawa et al. [60] first examined such higher-order effects by the reductive
perturbation method (RPM) for solitary waves in plasma consisting of cold ions. Later, the
temperature of ions in the plasma was considered by Lai [61] and investigated the higher-
order effect on the 1AS. Subsequently, Kodama and Taniuti [62] reconsidered this problem
and shown by the method of renormalization how to eliminate the secular terms appearing in
higher-order terms of the expansion. Later, several authors considered the effect of higher-
order nonlinearity for investigating the DS of ion-acoustic waves (IAW) in non-degenerate
plasma and obtained interesting results [63-68] considering quantum (degenerate) plasma,
Chatterjee et al. [69] used the RPM for the study of DS of IAW in dense quantum plasma
whose constituents are electrons, positrons, and positive ions. Later, Roy and Chatterjee [70]
investigated the DSs in unmagnetized two-species electron-ion quantum plasma by using the
RPM. They obtained the nonsecular solution by the use of renormalization procedure.
Subsequently, Wang et al. [71] presented a theory for the DS of quantum ion-acoustic waves
(QIAW) in unmagnetized plasmas composed of positive and negative ions and weakly
relativistic beams of electron considering higher-order corrections. They investigated the
properties of the QIAW using a quantum hydrodynamic (QHD) model from which a KdV
equation has been derived using the RPM. Recently, Paul et al [72] studied the DS of IAW
in dusty plasma having ultra-relativistic degenerate (URD) two-temperature electrons and
negatively charged dust particles using the KBM method. They derived the expression of
pseudo-potential and from the nonlinear equation and obtained the solutions of DS of IAW
up to second- order approximation in ultra-relativistic plasma. The profiles of DS are drawn
and discussed for different values of density and temperature of URD electrons. The solution
for the DS at critical state is also obtained and discussed graphically.
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C). Nonlinear Schrodinger Equation

When a plasma wave goes nonlinear, the dominant new effect is that the ponderomotive
force of the plasma waves causes the background plasma to move away, causing a local
depressions in the density called a caviton. The plasma waves are trapped in this cavity then
form an isolated structure called envelope soliton. Such solutions are described by the
nonlinear Schrodinger (NLS) equation. The NLS equation governs various phenomena like

self- focusing, self-modulation, envelope solitons.

The NLS equation is of the form

2
% +Pa¢ =
or on’?

Ql4l* ¢ (1)

where, the coefficients P and Q are functions of angular frequency, @ and the propagation

constant k .This equation represents envelope properties of a nonlinear waves.
(i). Modulation Instability

The solution of the above equation is plane wave type. The product of the coefficients P and
Q will indicate whether the wave will be stable or unstable. When PQ is negative, the wave is
modulationally unstable i.e. a small ripple on the envelope of the wave will tend to grow. On

the other hand, for positive PQ the wave will be stable.
(ii). Envelope Soliton

A "bright soliton™ is characterized as a localized intensity peak above a continuous wave
(CW) background while a dark soliton is featured as a localized intensity dip below a
continuous wave (CW) background. The terms bright and dark soliton are borrowed from
optics, where they manifest as bright spots and dark shadows in optical fibres. In water bright
solitons were first observed in 1830s. The discovery in the 1960s and 1970s of bright solitons
on the surface of deep ocean waters initially stunned oceanographers, but many experiments
have been done to explore and confirm the phenomenon. Solitons of both the bright and dark
persuasions have now been spotted in fibre optics, plasmas, Bose-Einstein condense- states

and elsewhere. But, a dark soliton had never been seen in water until now.

The NLS equation (1) has been widely used to successfully study solitons in dispersive
nonlinear optical fiber and for analyzing the properties of the matter-wave solitons shortly
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after the realization of Bose—Einstein condense state. In general, solitons are formed when the
nonlinear term exactly balances the wave packet dispersion, and two different types of
solitons, i.e. bright and dark solitons when PQ < 0 and PQ > 0, respectively, have been
observed in experiments and widely studied in theories for the NLS equation. Modulation

instability and envelope solitons have been studied by many authors [73-78]
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CHAPTER-2

ANALYTICAL STUDY OF ION-ACOUSTIC SOLITONS IN PLASMA
CONSISTING OF WARM STREAMING IONS AND NONTHERMAL ELECTRONS

[This Chapter is the revised form of the published paper : Indian Journal of Physics,
Vol.86(5), p.395-400 (2012)]

2.1. INTRODUCTION

lon-acoustic solitary waves (solitons) (IAS) have been studied by various authors because it
is important for wide applications in laboratory and space plasma. In cold unmagnetized and
non-dissipative plasma, Washimi and Taniuti [1] have first theoretically studied the IAS
using the reductive perturbation method (RPM). Later, many authors have studied 1AS
considering the effect of ion temperature [2,3], negative ions [4,5], two-temperature electrons
[6,7], magnetic field [8,9] etc. It is seen that these parameters have a considerable impact on
the excitation of IAS in the plasma. But, the presence of non-Maxwellian electrons,
nonisothermal electrons [10,11], superthermal electrons distributions [12,13] etc., in a plasma
gives rise to more interesting results in the nonlinear propagation of waves, particularly the

IAS in plasma.

The nonthermal electrons which are also non-Maxwellian give rise to various interesting
behaviour on the IAS in plasma. Cairns et al [14] have shown that solitary waves are excited
in plasma consisting of nonthermal electrons with an excess of energetic particles and ions.
They were motivated by the recent observation of solitary structures with density depletion
made by the Hall et al. [15] observed in Freja satellite. Such electron distribution with an
enhanced population of energetic electrons has been observed in the magnetosphere.
Nonthermal distribution is a common feature of the auroral zone [16]. This type of
distribution is common to many space and laboratory plasmas in which wave damping
produces an electron tail. Considering the presence of nonthermal electrons in plasma,
Mamun [17, 18], Bandyopadhyay and Das [19-21] and other authors have studied the IASW.
In bounded plasma, Bhattacharya et al. [22] have theoretically investigated the effects of
nonthermal electrons on the IAS using pseudo-potential technique and have shown that both
compressive and rarefactive I1AS would be excited for any value of the nonthermal electron
parameter in plasma. The streaming motion of ions and electrons may become important in
some physical situations such as solar wind plasma, beam plasma interactions and cometary

plasmas. The cometary plasmas are mixtures of usual solar wind plasma and the cometary
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matter, which are escaped as neutral gas from the comet's nucleus and became ionized
afterwards by various physical mechanisms. In these plasmas, constituents have their drifts.
Kourakis and Shukla [23] studied the nonlinear propagation of ion-acoustic wave in
collisionless three-component plasma consisting of inertial positive ions moving in a
background of two thermalized electron populations. The streaming motions of the electrons
or ions are expected to introduce new effects [24, 25]. It has been found that the electron and
ion distributions can play a crucial role in the formation of nonlinear wave structures. Further,
these distributions considerably influence the conditions for the existence of IAS.
Subsequently, Paul et al. [26] have obtained exact analytical solutions of the nonlinear
equations governing the propagation of IAS in plasma consisting of warm streaming positive
ions and nonthermal electrons with the necessary and sufficient conditions for the existence
of IAS. Later, Ghosh et al. [27] have theoretically investigated the effect of nonthermal

electrons and warm negative ions on the IAS in multi-component drifting plasma.

In this Chapter, we intend to obtain the exact analytical solutions of the nonlinear equations
governing the propagation of IAS in plasma consisting of warm streaming positive ions and
nonthermal electrons. We have obtained the necessary and sufficient conditions for the
existence of IAS. From these conditions, the critical values of the nonthermal parameter, ion
temperature and velocity of IAS have been numerically evaluated and their dependence on
various plasma parameters has been discussed. The expression of Sagdeev potential has been
derived and the conditions of solitary wave solution are obtained. The structure of the IAS as
a function of the nonthermal electron parameter are analyzed which gives the deviation from
the thermalized state. Moreover, it is seen that there are two modes namely Slow-mode and
Fast mode of ion-acoustic wave in presence of ion stream in the plasma. So, the profiles of
IAS for Slow-mode and Fast-mode are drawn for different values of ion stream velocity,

nonthermal parameter of electrons and ion temperature in the plasma.
2.2. BASIC EQUATIONS

We consider collisionless unmagnetized plasma consisting of warm positive ions with
streaming motion in presence of nonthermal electrons. Both the ions and electrons are
assumed to be non-relativistic. The system of basic equations governing the one-dimensional

propagation of ion-acoustic wave in such plasmas are given by
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6_f+&(niui)=0 (2.1)

%+ui%+ﬁ%=—% (2.2)
ot ox n; OX OX

%+u|%+3p|%20 (2 3)
ot OX OX

62¢

~—f—n-n 2.4
x> ¢ 2.4

where n,(n,) is the ion (electron ) number density normalized by the equilibrium ion density
n, ; o; =T, /T, with T,(T,) being ion ( electron ) temperature ;  u, is the ion fluid velocity
normalized by the ion-acoustic speed (K T,/m.)"? in which K, is the Boltzmann constant

and m. is ion mass ; p,

is the ion pressure normalized by n,K.T. ; ¢ is the electrostatic

potential normalized by KT, /e,e being the magnitude of electronic charge ; the space

variable x is normalized by the Debye length (KT, /4zn,e°)"? and time t by the ion plasma
period (m, /4zn,e’)"* .

The model of nonthermal distribution function used first to study the ion-acoustic solitary
structures is non-Maxwellian with the presence of fast-moving energetic electrons together
with a population of Maxwellian distributed electrons. Such a distribution arises in space
plasmas from the force field present there. This type of distribution is called nonthermal
distribution. Following Cairn's model, the non-thermal electron distribution function is

assumed as

N, Vo) el 2V
fe(v)=(1+3a) o {HO{V:' 2¢j }exp{ 2[\/62 2¢ﬂ (2.5a)

where «(>0) is a parameter that determines the proportion of the fast energetic electrons, v

is the velocity of electrons in phase space and is normalized by the average thermal speed
V, =/KgT,/m, , me is the mass of electron, neo is the equilibrium electron density, ¢ is
electrostatic potential, K; is the Boltzmann constant, T, is the temperature of electrons and e

is the charge of an electron which is negative .

Solitons and Double Layers in Different Types of Plasma Page 23



Ch-2. Analytical Study of lon-Acoustic Soliton in Plasma Consisting of Warm Streaming lons and
Nonthermal Electrons

From (2.5a) the normalized electron density ne is obtained as
n, =(1-Bp+ B¢’ e’ (2.5h)

where
_ li¥o4
1+ 3«

(2.5¢)

/5 is the nonthermal parameter of electrons and « is a parameter determining the number of
nonthermal electrons present in our plasma model.

To obtain the solution of IAS , we introduce the single independent variable 7 defined by

the relation 7 = x—Vt , where V is the velocity of the solitary wave.

Now, using the boundary conditions
n—>1.u —>u,p >Lp—>0 at |y oo (2. 6)
and the charge neutrality condition ( n,, =1).

Egs. (2.1) — (2.4) in the stationary frame can be integrated to give,

n :\\//__‘30 (2.73)
0 :((\\’/‘__‘:0)): 2.7h)
#0) =V -] —W—% (2.70)
where, a, = -Vu,, +%ui20 +%

Using Egs. ( 2.5) to (2.7¢), we obtain from Eq. (2.4),

j—:ﬁ:(l—ﬂmﬁ#)expw)- \\’,‘_“ij = G(u) (say) (28)

2.3. ANALYTICAL STUDY OF ION-ACOUSTIC SOLITONS

Integrating Eq. (2.8), we get
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d du.
S0y hy —py) -k 29)
du,” "dn
where, K is an arbitrary constant of integration and
H(ui):ZJG(ui)%dui (2.10)
du,
Now, from Eq. ( 2.7¢) we obtain

dg _ i 30V — )
TR VTS T @1y

Using Egs. (2.8) and (2.11), the Eq. (2.10) yields

H () = 201+ 3) ~ 36 + SYexp(@) — (V — ug)u +%l (2.12)

It may be noted that the function H(u,) is highly nonlinear and contains a number of

parameters including soliton velocity, nonthermal parameter of the electrons and ion
temperature. These parameters enter into the function in a complicated way and thus restrict

the range of possible solitary wave solutions.
2.3.1 Necessary and Sufficient Conditions

For ion-acoustic solitary wave in a nonthermal electron plasma with warm positive ion, the

physically admissible solution of Eq. (2.9) is obtained with some special observations:

2 2
Q) [3_u¢j (%) must be positive, (2.13a)
[ n
and
.. du
(i) u, and d—' must be bounded. (2.13Db)
n

From Egs. (2.7c) and (2.8), it is easy to make the following observations:

Observation 1:  G(u,,) =0 (2.14)
Observation 2:  ¢(u,,) =0 (2.15)

Observation 3: If (V —u,,)> <30;, then (i) ¢'(u,) >0for V <u <u,
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and (i) ¢'(u;)0for u, <u, <V (2.16)
Observation 4: If (V —u,,)* > 30,
Then, (i) ¢'(u;) >0 for V <u, <u’ (2.17a)
and (ii) ¢/ (u)0 for u'<u <V (2.17b)
where u’ is given by ¢'(u") =0 ,that is,

u'=V - BNV —u, (2.18)

Therefore, for physical solution of Eq. (2.9) we need following requirements;

Requirement 1: There exists u,,, or u_. such that

H(u,=H(u,)=K for u,<u,, <u’ (2.19)
Or H(u,)=H,,) =K for u' <u, <Ug,
(2.20)
Requirement2:  H(u,))K for either u, <u. <u_, or u.. <u <u, (2.21)

For real and bounded solution of Eq. (2.9) the following conditions must be satisfied:

Necessary condition: H"(u.,) >0 (2.22)
Sufficient condition: H(@u")-H(u,,) <0 (2.23)
By virtue of observations (2.3) and (2.4) it follows from the condition (2.22) that
G'(u,)>0 for V >u, (2.24)
G'(u,) <0 for V <u, (2.25)
Now using Egs. (2.8) and (2.11) we get the following simple conditions for real and bounded

solution of Eq. (2.9):

for V>u, (2.26a)

and u, >V + /ﬁmq for V <u, (2.26b)
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For a non-streaming plasma with Boltzmann distributed electrons the condition (2.26a)
reduces to the well-known result

V)\1+3c (2.27)

Using EQ.(2.12) the condition (2.23) becomes
[{(1+3ﬁ) -3y + ¥ (v —uio)(u'—éJs?i )} <[{@+39) -V ~up)up+o}]  (2.28)

For non-streaming plasma with cold ions and Boltzmann distributed electrons conditions
(2.27) and (2.28) together require that 1<VV<1.6 which agrees with the condition established
by Sagdeev [28].

2.3.2. Critical Values of Plasma Parameters for Solitary Wave Solutions

For the existence of IAS in a plasma the conditions (2.26a) and (2.26b) must be satisfied. So,
in the plasma consisting of warm ions and nonthermal electrons, the critical values of phase

velocity (V), nonthermal parameter ( 4,), ion temperature (o, ) are obtained by

V =V, =u,+ (30, +$)1’2 (2.29)
V =V, =u, - (30, +l_i)1’2 (2.30)
B =1- ! (2.31)
CTT IV —u) -30, |
1 , 1
Oic = 5[(\/ —Uy) —g] (2.32)

It is seen from (2.29) - (2.30) that the streaming motion (u,,) of ions has significant effects

on the critical values of the phase velocity and other plasma parameters. It is interesting to
note that two distinct modes (fast and slow) of the waves exist in presence of streaming

motion of ions.
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2.4. SAGDEEV POTENTIAL AND ION-ACOUSTIC SOLITONS

In previous section, we have discussed the conditions for the existence of IAS in terms of ion

fluid velocity (u,) instead of electrostatic potential ¢ or number density (n.) of ions.

However, expressing the term G in Eq. (2.8) as a sole function of ¢ and integrating the

resulting equation one can find out the Sagdeev potential and then one can use it in usual way

to discuss the properties of IAS structures.

The Eqg. (2.8) can be written in the form

3/2

TP _(1- B+ o?) exp(e) + — D0 [(A — A, —20)" (A + A, ~20)""]

on’ 230, p,, (2.333)
where,
1
2
Ai — (V _ui0)2 i 30_i Pio ’Az _ 2[3O'i pio} (V _uio)
r]iO r]iO
Eqg. (2.33a) can be written in the form
2
0_(2 __dy (2.33b)
on do
where y/(¢) is known as the Sagdeev potential and is given by
v (4)=(1+3B)—e’ + B(¢-1)e’ - B(¢° —2¢+2)e’-
1 2 )
[{v u, + —2¢} {V—uio— 30, —2¢}2
sl ) (V -t B o3

—(V —U,, ++/30; )3+(V —-u, —\/3?)3]

The form of the pseudo-potential /() would determine whether a soliton like solution of

Eq. (2.33a) will exist or not. The conditions for the existence of soliton solution are:

1) w(p)=0 at p=0 and ¢ =g, (2.35)
iy ¥ _0at p=0 (2.36)
do

and

Page 28 Solitons and Double Layers in Different Types of Plasma



Ch-2. Analytical Study of lon-Acoustic Soliton in Plasma Consisting of Warm Streaming lons and
Nonthermal Electrons

(2.37)

An analytical solution for the IAS can be obtained by expanding the right hand side of Eq.(

2.33a) in terms of ¢ keeping the terms up to second order, third order or even next higher

orders. After a straightforward calculation one can get

d 2(0 2 3
d_772 =Pp—Qp’ +R@* +--ve-- (2.38)
where
3/2 l l
P=(1-58)+ 77~ =17)
2\/ G G, (2. 392)
1 1
Q= 2\/— GS/Z Gs/z )] (2'39b)
3/2
_ _[(1+ 3P) 1 (2.39¢)

3 2\/_ G5/2 GSIZ)]
where, G =A+A,.G,=A-A,.

Now, for small amplitude IAS, the terms up top® in (2.38) are taken into consideration,

neglecting next higher order terms of ¢ i.e. ¢°, ¢*, etc. So, we get

d2
d_(/z’ = Pp—Qg? (2.40)
n

Using the standard mathematical technique, the solution of Eq. (2.30) for the small amplitude

IAS is obtained as:

?, _3P o (2.41)
2Q

where @ =[(P/4)"*n].

The amplitude (¢,,) and the width (&, ) of the IAS are given by
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3P

2
01 2Q 1 ’P ( )

From Eq.(2.39a-c) and Eq.(2.40) we see that ion-acoustic wave propagates with two modes in
presence of an ion stream in e-i-p plasma., one is Slow- mode (V) and the other is Fast-

mode (V. ). So, for the solution for IAS of Slow-mode and Fast-mode, the phase velocities
V; and V. should be used instead of V in Egs. (2.38) to (2.39c). So, we obtain

G1s :A15+AZS’G1F :A1F+AZF’

(2.43)
Gys = As — A Cor = A — A

Ac = Vs ) + 2900 AL (v, —y )+ 300,

i0 I’]iO

Azszz(sgnploj (Vs |o)’A2F=2(3Un plo] (VF_U )

i0 i0

(2.44)

So, the solution of Eg. (2.30) of small amplitude IAS for Slow-mode and Fast-mode in the
plasma will be

o =3P sech’e,  and g =%Sech29F (2.45)

2Q, :
where 6 =[(P, / 4)*7] and 6, =[(P. /4)*7]

The amplitude (¢,, ) and the width (5, ) of IAS for Slow-mode and Fast-mode in the plasma

are.
3P 3P
Dors = ﬁy%w :ﬁ (2.46a)
and o, = 2 O = 2 (2.46b)
1S _F’ 1F _F )
s F

2.5. RESULTS AND DISCUSSION
2.5.1. Variation of H with u,

In Eq. (2.12) it is seen that the parameter H is highly nonlinear and it depends on the plasma

parameters. To see the effects of u, on H for different values of the plasma parameters e.g.

nonthermal parameter of electrons (f3),ion temperature (o;) and ion stream velocity (u,,),
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numerical estimation is made considering model plasma and the graphs shown in Figs. 2.1(a),

2.1(b) and 2.1 (c) are drawn.

4.0 4

a:p=01
3.8 — b:p=02
T c:p=03 1
3.6 —d

2.0 . ; .
02 0.4

u.

I
Fig. 2.1(a). Variation of H with U, at different values of /3 with fixed values of the plasma parameters o,

= 0.001, U;,= 0.5, @=0.01, p,=1 and V=1.6. Graphs a, b, c and d represent = 0.1, 0.2, 0.3 and 0.4

respectively.

28 T T T T T T T T

1.8 g T
0.2

Fig. 2.1(b)-Variation of H with U, at different values of o, with fixed values of the plasma parameters S =

0.1, U, =05 =001, p; =1 and V=1.6. Graphs a, b, ¢ and d represent o; = 0.05, 0.15, 0.25 and 0.35

respectively.
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1.0 . . . .
0.2 0.4

Fig. 2.1(c). Variation of H with U; at different values of U,, with fixed values of the plasma parameters

o; =001, § =01, ¢=0.01, p; =1land V=1.6. Graphsa, b,candd represent U, =0.1,0.3,0.6 and 0.9

respectively.

28 T T T T T T T T

0.2 0.4

Fig. 2.1(d). Variationof H with U, at different values of ¢ with fixed values of plasma parameters o, =

0.001, g =01, ¢=0.01, P, =1 and V=1.6. Graphs a, b, ¢ and d represent ¢ = 0.01, 0.03, 0.05 and 0.07

respectively.
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From Fig. 2.1(a) it is seen that H decreases as u, increases and H is large for large values of
. Fig. 2.1(b) shows that H decreases with the increase of u, but H large for large values of
c. The variations of H with u, for different values of u,, are shown in Fig. 2.1(c). It is seen
that H sharply decreases with the increase of u, and H is large for large values ofu,,. The
effects of ¢ on the variation of H with u, are shown in Fig. 2.1(d). It is observed that H is

large for large values of ¢. Moreover, H decreases with the increase of u, .

2.5.2. Critical Values of Plasma Parameters

For the existence of IAS in plasma consisting of warm ions and nonthermal electrons, the

critical values of phase velocity (V), nonthermal parameter (£.) and ion temperature (o)

should be considered.
1). Critical Value of Phase Velocity

Let us first the critical values of phase velocities of fast- and slow- modes of the ion-acoustic
wave for different values of the nonthermal parameter, ion temperature and ion stream
velocity of ions are numerically estimated considering model plasma. The variation of phase

velocities with the plasma parameters are graphically shown in Fig 2.2(a) and Fig. 2.2(b).

4.5 T T T T T T T T N
0] al: v, =0.35 a2: u;; =0.35
b1: u;y =0.70 b2: u,, =0.70
354 i0
c1:u,y =1.05 c2: u;; =1.05 T
3.0+ d1: u,,=1.40 d2: u,,=1.40
2.5 di
cl il
v 2.0 1 b1
F 1.5 al
1.0 H
VS
0.5+ d2
0.0 c2 ]
b2
0.5 4 a2
T T T T T T T
0.001 0.002 0.003 0.004 0.005
(¢

[
Fig 2.2(a). Variation of phase velocity of Fast- mode (Vr) and Slow -mode ( Vs) of the ion-acoustic wave with
ion temperature (o;) for different values of ion stream velocity (U,,) with fixed values of plasma parameters
£ =0.1and p; =1. With four values U;, = 0.35, 0.70, 1.05 and 1.4, graphs al, b1, c1 and d1 represent Fast-

mode whereas graphs a2, b2, c2 and d2 represent Slow-mode of the wave.
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6 T T T T

al:u;p=0.35/ |a2: u;;=0.35
| [b1:u;=0.70]  |b2: u;;=0.70
44 [c1:up=1.05] |c2:u;y=1.05
d1: ui0=1 40 d2: ui0=1.40

0.2 0.3 0.4 0.5 0.6

Fig . 2.2(b). Variation of phase velocity of Fast- mode (V¢ ) and Slow -mode ( Vs) of the ion-acoustic wave
with nonthermal parameter (/3) ion stream velocity (U,,) for different values of ion stream velocity (U.,)

with fixed values of plasma parameters o; = 0.001 and ; =1 . With four values U;, = 0.35, 0.70, 1.05 and

1.4, graphs al, bl, c1 and d1 represent Fast-mode whereas graphs a2, b2, c2 and d2 represent Slow-mode of the
wave.

Fig.2.2(a) shows that V. is always positive and it decreases with the increase of o, and
increases with increases of v, in nonthermal plasma. But Vg is always negative and it
increases slowly with the increase of o, and v,, in the plasma. Similarly, the variations of
V. and V; with the nonthermal parameter () for different values of ion drift velocity (v,,

) are numerically estimated and the variation of the phase velocities are shown graphically in

Fig. 4.2(b). It is found that V. is always positive and it increases with the increase of A and
v,,- But, V is negative it decreases with the increase of g and increases with the increase
of v,, . The positive value of V_ indicates that the Fast-mode of the wave is propagating in
the plasma. But, the negative value of V; for v,, =0.35to 1.05 means the Slow-mode of the
wave is non-propagating in the plasma, whereas positive V; for u,, = 1.4 indicates that the

slow-mode is propagating through the plasma. So, to study the propagation of IAS in

nonthermal plasma for Fast mode (V) and Slow mode (V; ), the value of ion-stream should

be takenas v, ~ 1.4.
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ii) Critical Value of Nonthermal Parameter

The critical values nonthermal parameter (4,) are numerically estimated for different values

of plasma parameters and the variations is shown in Fig. 2.3.

0.70 T T T T T T T T
0.65
0.60
0.55 4—__
0.50

e
- . \\ i
0.40 4 -
B 0351 |a:c =00 . -~ d
¢ 0304
b:c =0.1 ~_ N >
0.25 ' N \
020 |C10,=02 e
0154 |d:6=03 \\ i
1
0.10 4 o4 N
00s] €0 =0
0.00 : : : : : —_—
0.0 0.1 0.2 0.3 0.4
uiO

Fig. 2.3. Variation of critical value of nonthermal parameter (/f,) with ion stream velocity (U,) at
different values of ion temperature (O'i) with fixed values of plasma parameters P; =1 and V=1.6. Graphs a,

b, ¢, d and e represent five values of o; =0.0,0.1,0.2,0.3 and 0.4.

Fig. 2.3 shows the critical values of the nonthermal parameter of electrons (f.) for different
values of ion temperature (o;)and stream velocity of ions (u,). It is observed that for a
givenu,,, S. decreases with the increase ofo,. So for a given o,, f. decreases with the
increase ofu,,. Hence we require less number of nonthermal electrons for the existence of

solitary waves.

iii) Critical Value of lon Temperature

The critical value ion temperature (o) is numerically estimated for different values of non-

thermal parameters ( 8) and the variation is shown in Fig. 2.4.
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0.6

Fig .2.4. Variation of critical value of ion temperature (o,.) with ion stream velocity (U,,) for different

values of nonthermal parameter (/) with constant values of other parameters of the plasma pP; =1 and V=1.6.

Graphs a, b, ¢, d and e represent £ =0.0, 0.1, 02, 0.3 and 0.4 respectively

The critical values of ion temperature (o,.) for different values of stream velocity of ions
(u,) and nonthermal parameter () of electrons are depicted in Fig. 2.4. It is seen that for a
given B, o, decreases with the increase ofu,. For a givenu,, o, decreases with the

increase of 3.
2.5.3. Profiles of Sagdeev Potential

In order to examine the effects of nonthermal electron (8 ), stream velocity of ions (u,,) and
ion temperature (o; ) on the IAS structure, we have numerically studied the behaviour of the
Sagdeev potential y (¢) using Eq. (2.34) for different values of the plasma parameters. In
Fig. 2.5, the profiles of y (¢) is shown for an arbitrary value of phase velocity V and

different values of nonthermal parameter of electrons.
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—0.02

—0.04
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Fig.2.5(a). Profiles of Sagdeev potential \y (¢) for different values of ion stream velocity (Uio) with fixed

values of plasma parameters o; =0.001, # =0.01, V=1.35and [; = 1. Graphs a, b, ¢ and d represent U, =
0.02, 0.04, 0.06 and 0.08 respectively.

Fig.2.5(b). Profiles of Sagdeev potential y (¢) for different values of nonthermal parameter (/) with fixed

values of plasma parameters o; =0.018, V=14, P, =1andU;, =0.17. Graphs a, b, ¢ and d represent S =0.0,
0.04, 0.08 and 0.12 respectively.
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Fig.2.5(c). Profiles of Sagdeev potential y (¢) for different values of ion temperature (O'i) with fixed values of

plasma parameters £ =0.33, V=1.6, P, =1andU, =0.24. Graphs a, b, ¢ and d represent o; = 0.01, 0.015,
0.02 and 0.025 respectively.

It is observed From Figs. 2.5(a, b, ¢), that the Sagdeev potential depends on the values of the
plasma parameters. The depths of Sagdeev potential in the plasma increase with the decrease

ofu, , B and o; when the values of other plasma parameters are fixed.

2.5.4. Profiles of 1AS for Arbitrary(fixed) Value of Phase Velocity

To see the effects of nonthermal electron ( ), ion temperature (o, ) and ion stream velocity
of ions (u,, ), on small amplitude IAS in plasma, we have numerically studied (2.41) for an
arbitrary value phase velocity V and different values ofu,, , g and o;,.

i). Effect of lon Stream Velocity:

Fig.2.6(a) is drawn for the profiles of IAS for different values ofu,, when other plasma
parameters have fixed values.
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-2.5 T T T T

Fig. 2.6(a). Profile of IASW for different value of ion stream (U,,) in plasma with fixed values of plasma
parameters V=1.6, £ =0.2and P; =1. Graphs a, b, c and d represent U,, =0.1, 0.2, 0.3 and 0.4 respectively.
In Fig. 2.6(a), the profiles of IAS in plasma is shown for different values of ion stream (u,,)

in plasma. It is found that the IAS is rarefactive and the amplitude of IAS increases with the

decrease of u,, when all other parameters are fixed.

ii). Effect of Nonthermal Parameter of Electrons:

Fig.2.6(b) is drawn for the profiles of IAS for different values of 2 when other plasma
parameters have fixed values.

Fig. 2.6(b). Profile of IAS for different value of nonthermal parameter (/) in plasma with fixed values of
plasma parameters V=1.6, U,,=0.1, P; =1 and o; =0.1. Graphs a, b, ¢ and d represent £ = 0.1, 02, 0.3 and
0.4 respectively.
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In Fig. 2.6(b), the profiles of IAS in plasma is shown for different values nonthermal

parameter A of electrons in plasma. It is found that the IAS is rarefactive and the amplitude
of IAS increases with the increase of g when all other parameters are fixed. In a similar

way, the profiles of IAS can be drawn taking different values of ion temperature and ion

stream in the plasma.
iii). Effect of lon Temperature:

Fig.2.6(c) is drawn for the profiles of IAS for different values of o; when other plasma
parameters have fixed values.

-1.6 T T T T

Fig. 2.6(c). Profile of IAS for different values of ion temperature (o;) in plasma with fixed values of plasma
parameters V=1.6, U;;=0.1, § =0.2 and P, =1. Graphs a, b, c and d represent o; = 0.05, 01, 0.15 and 0.2
respectively.

In Fig. 2.6(c), the profiles of 1AS in plasma is shown for different values of ion temperature

(o;) in plasma. It is found that the IAS is rarefactive and the amplitude of IASW increases

with the decrease of o; when all other parameters are fixed.

2.5.5. Profiles of 1AS for Slow-Mode and Fast-Mode

So, to see the real nature of IAS in nonthermal plasma in presence of an ion stream, the
values of the phase velocities V; and V. should be used instead of arbitrary (fixed) value
phase velocity for drawing the profiles of the IAS. Using Vg and V. for our model of

nonthermal plasma, the profiles of small amplitude 1AS for the Slow-mode and Fast -mode
are drawn for different values of the parameters of ion stream velocity, nonthermal
parameter of electrons and ion temperature.
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i). Effect of lon Stream Velocity:
The main factor of the excitation of Slow-mode and Fast- mode of IAS in nonthermal

plasma is the stream velocity of ions. For the Slow-mode and Fast-mode of the IAS , the

profiles of small amplitude IAS are drawn as shown in Fig. 2.7(a) and Fig. 2.7(b).
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Fig. 2.7(a). Profile of Slow- mode of Small amplitude IAS for different values of ion stream velocity (Ui,) in

plasma with fixed values of plasma parameters o, =0.0001, £ = 0.01 and P, =1. Graphs a, b, ¢ and d

represent U, =1.11, 1.295 and 1.48 respectively.

Fig. 2.7(b). Profile of Fast- mode of Small amplitude IAS for different values of ion stream velocity (uio) in
plasma with fixed values of plasma parameters o; =0.0001, B = 0.01 and [; =1. Graphs a, b, ¢ and d

represent U, = 1.11, 1.295 and 1.48 respectively.

Fig. 2.7(a) and 2.7(b) show that Small amplitude IAS for both Slow-mode and Fast-mode are
rarefactive. In both modes, the amplitude of IAS increases with the increase of ion stream
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velocity . The amplitude for Slow-mode is much smaller than that of the Fast-mode of IAS in

nonthermal plasma.

i1). Effect of Nonthermal Parameter of Electrons:
In same plasma , the profiles of Small- amplitude IAS for Slow-mode and Fast- mode for

different values of nonthermal parameter of electrons are shown in Figs.2.8(a) and 2.8(b).
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-0.02 1

-0.04
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Fig. 2.8(a). Profile of Slow- mode of Small amplitude 1AS for different values of nonthermal parameter (/)

of electrons in plasma with fixed values of plasma parameters o©; =0.001, U,, =1.2and P; =1. Graphs a, b and

c represent f =0.1,0.2 and 0.3 respectively

c
-4 -3 2 -1 0 1 2 3 4
0

Fig. 2.8(b). Profile of Fast- mode of Small amplitude IAS for different values of nonthermal parameter () of

electrons in plasma with fixed values of plasma parameters o;, =0.001, U;, =1.2and P; =1. Graphsa, band ¢
represent 4 =0.1,0.2 and 0.3 respectively
Fig. 2.8(a) and 2.8(b) show that Small amplitude IAS for both Slow-mode and Fast-mode are

rarefactive. In both modes, the amplitude of IAS increases with the decrease of nonthermal
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parameter of electrons. The amplitude of 1AS for Slow-mode is much smaller than that of the
Fast-mode of IAS in nonthermal plasma.

iii). Effect of lon Temperature
Similarly, the profiles of small amplitude IAS in same plasma for different values of ion

temperature for Slow-mode and Fast-mode are shown in Figs. 2.9(a) and 2.9(b).
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012 : . . . . . .
4 3 2 1 0 1 2 3 4

Fig. 2.9 (a). Profile of Slow -mode of Small amplitude 1AS for different values of ion temperature (o) in

plasma with fixed values of plasma parameters =0.1, U, =1.4and P, =1. Graphsa, b and c represent o;
=0.001, 0.003 and 0.005 respectively.
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Fig. 2.9 (b). Profiles of Fast- mode of Small amplitude 1AS for different values of ion temperature (O’i) in

plasma with fixed values of plasma parameters £ =0.1, U;, =1.4and P, =1. Graphsa, band c represent o;
=0.001, 0.003 and 0.005 respectively.
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It is observed from Fig.2.9(a) and Fig. 2.9(b) that Small amplitude IAS for different values
of ion temperature for Slow-mode and Fast-mode of the IAS are rarefactive in nonthermal
plasma. For Slow-mode, the amplitude of IAS increases due to decrease of ion temperature.
But, For Fast-mode, the amplitude of IAS increases with the increase of ion temperature in

the plasma.
2.5.5. Amplitude of IAS for Slow-Mode and Fast- Mode

It is observed from the profiles Fig.2.7(a) to Fig.2.9(b) that the IAS are rarefactive in nature.
The amplitudes of Slow-mode and Fast-mode are seen to be almost same, but close
observation shows that these are different in magnitude. For this reason, we have numerically

estimated the amplitude of the IAS for Slow-mode (¢,s)and Fast-mode (@) using
Eq.(2.46a) for different values of the plasma parameters in nonthermal plasma. In Table-1,
Table-2 and Table-3 we have shown the amplitudes of IAS for different values of ion stream
velocity (u;,), nonthermal parameter of electrons () and ion temperature respectively (o;).

Table-1

Effect of lon Stream Velocityu )

Ui Ppss for @o1r for
different u, different uy,
0.185 -0.297 -0.619
0.370 -0.177 -0.828
0.555 -0.088 -1.070
0.740 -0.030 -1.346
0.925 -0.002 -1.663
1.110 -0.005 -2.025
1.295 -0.038 -2.445
1.480 -0.102 -2.937
Table-2

Effect of Nonthermal Parameter” B8 *:

B Qots for Qo4 for different
different B B

0.1 -0.015 -5.971

0.2 -0.001 -6.674

0.3 -0.002 -7.669

0.4 -0.003 -9.213

0.5 -0.040 -12.005

0.6 -0.139 -18.889

0.7 -0.386 -71.738

0.8 -1.062 23.277
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Table-3
Effect of lon Temperature o,

g; Pyys for @y for
different o, | different o,

0.001 -0.015 -5.971
0.002 -0.00931 -6.571
0.003 -0.05305 -7.207
0.004 -0.00248 -7.933
0.005 -0.00075 -8.800
0.006 -0.00003 -9.878
0.007 -0.00023 -11.274
0.008 -0.00115 -13.173

2.6. SUMMARY AND CONCLUSION

We have made an analytical study for the existence of IAS in collisionless, unmagnetized
plasma consisting of warm streaming ions and nonthermal electrons. Some necessary and
sufficient conditions for the solutions of IAS of the nonlinear equations governing the
dynamics of the ion-acoustic waves are also obtained. We have obtained expressions for the
critical values of the nonthermal parameter of electrons, ion temperature and velocity of the
wave for the existence of IAS. The dependence of these quantities on different plasma
parameters has been depicted graphically and discussed. An important observation is that for
the presence of streaming ions two distinct wave modes (slow-mode and fast-mode) are
possible. To examine the effects of stream velocity of ions, nonthermal electrons and ion
temperature on the structure of IAS , we have studied graphically the behaviour of the
Sagdeev potential. It is shown that the stream velocity of ions, nonthermal electrons and ion
temperature have considerable effects on changing the nature of Slow-mode and Fast-mode
of the IAS. Finally, we would like to point out that the analysis presented here for the model
plasma with warm streaming ions and nonthermal electrons and it may be of relevance to

some space plasmas such as solar wind plasma and cometary plasmas.
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CHAPTER-3

GENERATION OF W-TYPE ION-ACOUSTIC SOLITONS IN PLASMA
CONSISTING OF COLD IONS AND NONTHERMAL ELECTRONS

[This Chapter is based on the publication: Indian Journal of Physics, Vol. 90 (10), pp. 1195-
1205 (2016)]

3.1. INTRODUCTION

In the previous Chapter-2, the analytical solution of the nonlinear equations for the
propagation of ion-acoustic solitary waves or solitons (IAS) in plasma consisting of warm
streaming positive ions and nonthermal electrons has been studied. Moreover, the expression
of Sagdeev potential has been derived and the effects of nonthermal electrons have been
discussed graphically. The solution of IAS is also obtained and the structure of solitary wave

in the plasma having nonthermal electrons is graphically discussed.

However, from the experimental observations [1- 4], it is found that theoretically predicted
values of the amplitude, width, and velocity of the first-order solitary waves in plasma do not
obey the experimental results. To remove the discrepancy between theoretical and
experimental results researchers realized the necessity of considering higher-order nonlinear
and dispersive terms in the propagation of solitary waves in a plasma, Ichikawa et al [5] were
the first to examine such higher-order effects by the reductive perturbation method (RPM) for
IAS in plasma consisting of cold ions. Considering the temperature of ions in plasma, Lai
[6] have investigated the higher-order effect on the IAS. Kodama and Taniuti [7] have
reconsidered this problem and have shown by the method of renormalization on how to
eliminate the secular terms appearing in higher-order terms of the expansion. Considering the
effect of higher order nonlinearity the IAS correct up to second order in plasma have been
studied by various authors. [8-13]. Taking the electrons as nonisothermal, Kalita and
Bujarbarua [8] have investigated the propagation of higher-order IAS in plasma. Tagare and
Reddy [9] have considered the effect of higher-order nonlinearity on the IAS in plasma
consisting of negative ions and nonisothermal electrons. Subsequently, Moslem [10] has
studied higher-order contributions to the IAS in warm multicomponent plasma with an
electron beam. Paul et al. [11] have considered the electron-inertia and drift motion for the
propagation of higher order 1AS in negative ion plasma. To get better theoretical results for

matching the experimentally observed value, Das and Majumdar [12] and Majumdar et al. [13]
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have considered the effect of higher-order nonlinear and dispersive terms up to the third

order approximation and have studied the IAS in a plasma.

However, no authors have studied the IAS critically in presence of the nonthermal electrons
in plasma especially considering higher order nonlinearity and dispersive effects. So, in this
Chapter, we have investigated theoretically the IAS correction up to third-order having
nonthermal electrons in cold plasma using the Bogoliubov-Krylov-Mitropolosky (BKM)
method [14]. It is seen that compressive as well as rarefactive W-type IAS would be
generated in third-order IAS in the plasma consisting of cold positive ions and nonthermal

electrons.
3.2. BASIC EQUATIONS

We consider unmagnetized collisionless plasma consisting of  cold ions and nonthermal
electrons. The governing equations for such a plasma system can be written in the following

dimensionless form:

on. 0

14+~ (nul)=0 3.1
() (3.1)
LT S (3.2)
ot oX 0OX

82

a(l):ne—ni (3.3)

where n; and n, are, respectively, the number densities of ions and electrons; u; is the ion-

fluid velocity; ¢ is the electrostatic potential. The quantities n,n,,u, and ¢ are made

dimensionless by ng,ny, (kg T, /m, )]J2 and kg T, /e, respectively, where n, is the unperturbed
electron or ion density, m; is the mass of the ion, and k; is Boltzmann constant.

Following the model of Cairns et al [15] for nonthermal electrons in plasma, the normalized

electron density n, is assumed as

n, =(1-Bo+ B#* )exp(4) (3.4)
] A
with, ﬂ_1+3a (3.5)
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where « is a parameter determining the number of nonthermal electrons present in our

plasma model. S measures the deviation from thermalized state.

3.3. SAGDEEV POTENTIAL AND CONDITIONS FOR SOLITON SOLUTION

For a solitary-wave solution we assume that the dependent variables depend on a single

independent variable &= x-Vt, where V is the velocity of the solitary wave. Using the

boundary conditions n—1, ¢ —0as & — +oo in the Egs. (3.1)- (3.3), we get:

U =V (1—% (3.6)
n,
n-— YV __ (3.7)
2 _ 2¢)

d2 1

2 = Po+ Br*)exp(p) - (38)
dég 120

V2

Eg. (3.8) can be written as
d’¢ __dy (3.9)

dé&? do
¥ is the Sagdeev potential and it is given by

v (4)=(1+38)-¢’+p(p-1)e’ - B(#* —24+2)e’ +v’{1— / —\%] (3.10)

For solitary wave solution of (3.9), the Sagdeev potential 1//(¢) in equation (3.10) must
satisfy the conditions stated in Chapter-2. The critical values of the velocity ( V =V,) and
the non-thermal parameter ( S = ,) for the existence of solitons are obtained as

1
VA 3.11
=i (3. 11a)
and
1
Pe = A=32) (3.11b)
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3.4. SOLUTIONS OF ION-ACOUSTIC SOLITONS

Expanding the right-hand side of (3. 9) in ascending powers of we get

2

dé;f =A@+ A,0° + Ap° + A,0" +. .. : (3.12)
where,
1
Al = (1—ﬂ) +\7, (3 l3a)
1 3
L =>(1- 3.13b
S, (3. 13h)
1 B 5
A + = 3.13
i (6 2 V/°® (3. 13¢)
And
1 B 35
A =(——=—— 3.13d
" (24 3 8V8) ( )

An integral of (3. 12) satisfying the conditions de/dX — 0,9 —>0asé& — +wis

el de 1 1 1 &

—|—| = 24z A +=A0" +=A,0° +. .. 3.14
2( dxj 40 .0 2 N c o (3.14)
where we have stretched the & coordinate according to the relation

X =e'?¢& (3.15)

The parameter ¢ is dimensionless and small € < 1. It measures the dispersion and nonlinear
effects.
We now make the following perturbation expansions for gandV.

0= + 20 1. (3.16)
V=V, +&vV Py e? v<2>+... (3.17)
Now, for linear dispersion relation, (A,), =5” =0.
Therefore,
1 . 1
1-p-—=0,1e.V, = (3.18)
V. R )
With the expansion of V given by (3.17) the expansions for 4,, 4,, 4, and 4, become
A =80 a5+ 8260 + 880 e (3.19)
A, = 5§0) T 559 + 5252(2) Fereenn (3.19b)
A, = 53@ + 55§1) Fereeenns (3.19c¢)
— 50 D 42504 ...
A, =0, +.80,” +&° 6,7 + (3.19d)

Where
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5O =0,6" =2v; v
5% = vV _gy v
5 = v —ev v OV @) 4 gy oy @32

1 .
V=S -3
s =6V, v (3.20)

5% =6V, Vv —15y,0v W’

s = 1+ﬁ—§v-“’)

6 2 2
s =15V, v
1 B 35 _
SO —(—_~F_ 8
e =g )
Substituting the expansions (3.16) in (3.14) we get a sequence of equations for the (p(i)'S and
the equation for (p(‘) at each order becomes a first-order inhomogeneous differential equation

for i>1.
For linear dispersion relation, (A,), =8 =0.

1 . 1
Therefore, 1- 4 -—=0, i.e.V, =
b Vs ’ V(l—ﬁ)

3.4.1. First-Order Equation and its Solution

In the first order i.e. in the lowest order which is at the order of €* we obtain the following
equation for .

; dd(i( 4o~y _25(1) e +;5<O)¢(1> (3.21)

The solution of which is the first- order KdV soliton

oY =1, sech?s (3.22)
where
| ——§£—3\7vﬂ> (3 22a)
0 2 52(0) 0
= (3-V)™ (3.22b)
5O VIO
:_\/21 X :(\%j X (3.22¢)
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¢ vanishes at infinity and it attains a maximum value at 1 = 0 giving the amplitude of

first order solitary wavel, |, = o, (say) .

The width ‘D’ of the soliton is defined as half the value of width of pulse at a height of 0.42
of its amplitude.
The first- order width D of the solitary wave is

1/2
2
where 7, is the positive root of the equation, tanh® 7, = 0.58.

3.4.2. Second-Order Equation and its Solution

At the second- order we get the following equation for ¢? using (3. 16) and (3.22a)
do? 4% o 8P oW 259 ¢W 50 ¢

dn o V@ ¢ RV e e o (3:23)
Removing the secular term the solution of (3.23) is obtained as
¢ =[1, +1, tanh’y Jsech’y | | (3.24)
where
l, = %ﬁ[%@“) +%|05§°>} = —%% A, =—g% (3.24a)
and V@ 3V

2V,
The amplitude of second- order solitary wave is (atn=0) |, =¢«,, (say),

The second- order width D> of the solitary wave is

D, = (4 /ﬁjm (3.24b)

where 7, is the positive root of the equation
(1, /1) tanh* 77, —=[1+2(1, / 1,)]tanh? , +[(l, /1,) + 0.58) = 0 (3.24c)

I, and I, are given above.
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3.4.3. Third-Order Equation and its Solution

We obtain the following equation for ¢7(3) at the third- order, in which we use relation
(3.16) and introduce the new variable 7 given by (3.22c),

do® by 2 [1 W27, L @ 07 | S0,0 27, smy02 ) 1 o), 0
—— 0 = SO0 20707 46, 70T +6,70 ¢ +=6;9
dp ¢ " vVl L2 2 3
2
+5090° @ 1 L sma0* L s040° Ly v d¢” (3.25)
4 5 4 dn
Removing the secular term the solution of (3.25) for (0(3) is obtained as
(3.264)

¢ =(l, +1,tanh’y +1, tanh'n)sech’y

where,

2 (1) ,
3= (I —2:'2) |:2| +§2(0):| | (|2I-Z| )|:§2(1) ;5(2)}+_|:(| +1 )5(0) |453(1)+%520):|
6

4 57| 1 o, b g0 o b so (©)
I(I+I)I |2 +W|°§2 2I§1 +?(I+2I)§ 4§+I5
0 6L (3.26b)
= 1,68 + b S -1 E i
°T6I2 5 131, 6l
|62 :Zé‘l(l)
After simplification we get
YAYAR YAYAR YA
l; = 05 2y ==, Iy =— C,
27x15V,> 27x13V,*? 81x 7V’
a, =— - + -9
32 10 8
2 2 2
b2:_81><7><9V0 _27x13V, +81><19V0 (3.26¢)
32 32 8
27Tx7V,"  9x13V,?
C,=— +
32 10
V(3) ZE (\/(11)3
2V,
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The amplitude of third-order solitary wave isl,, |, = ¢, (say) , &y = gaZVOS\/ ® =3a,V, (V)

So using the values of ¢, ® and o® given by (3.22), (3.24) and (3.26a) respectively, the
solitary wave solutions @,,®,,®, with corrections become

ONES ¢)(1) =1,sec h277

(3.27a)
D, = (p(l) + (p(z) =q [l+ o tanh? n]sec h277 (3.27b)
D, = ¢(1) + (p(z) + (0(3) =, 1+ a,tanh’n +a,tan h“nj sech’y (3.27¢)
where,

P I RO T SV el S S [ (3.27d)
o a a;
L1, .1, 015,1,, 1, are given above.
The amplitude of solitary waves ®o1, Doz, Doz are given by
Oo=lg=agy » P =lo+h =+, Ppg=a =g+l +l,=ay +a,+ay,  (328)

The width Dz of third- order solitary wave is obtained as

D, = U#]m (3.29)

where 77, can be obtained from the positive root of the following equation of n,

a,tanh® n+(a, —a,) tanh* n + (1-a,) tanh? 7 —0.58 =0 (3.30)
a, and a, in (3.30) are given in Eq. (3.27d).
The phase velocity V1, V> and V3 of the solitary waves correct up to third- order becomes,

V, =V, +v (3.31a)

® @\’
V, =V, +V® V@ =y, 1+V—+§(V—j (3.31b)
vV, 2V,
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vo  3(yoy 5yoY
V,=V,+VO 4v@ oy i1 —— 2 2 2 (3.31c)
vV, 2lVv, | 2{V,

Assuming y =V,V® which can be considered as a parameter and in terms of this parameter
the Mach numbers become

V, 3 V. 3y 5/°
M1=\%=[1+7], M, = ¢ {1+7/+ q MS:—3:[1+;/+L+L} (3.32)
0

0

3.5. SPECIAL CASES OF ION-ACOUSTIC SOLITONS

3.5.1. lon-Acoustic Solitons at Critical Case

In critical case, the nonlinear coefficient vanishes, i.e. 5{” = 0. Under this condition, the

solitons will not be excited in plasma. But near the critical value of phase velocity Vo (i.e.
when 5{” ~ 0), solitons will be excited with sechy profile instead of usual sech?; profile. To

study the IAS near-critical state 5{” ~0 the following perturbation expansion for ¢ should

be used,
v2 (1) 3/2 _(3)

o =c"p" +ep® +&¥%p® +...... (3.33)

Substituting (3.16), (3.17) and (3.33) in (3.21) and equating the coefficients of &2 from both
sides we get

1 d(P (1) (l) 0 @7 (2 1 0) (0)*
= +9, +=0. 3.34
5 Cax ——) = 2 PP (3.34)

Near critical situation when 5% ~ 0, Eq.( 3.34) is reduced to

& : .
(dd(i( Y = 50" 4 % 500 (3.35)

Eq.( 3.35) has the solution for IAS in the form

o = Asechn’ (3.36)
where,

5 1
2= =3 WX 337)

In the critical case ( 5{” =0 ), we obtain from (3.20), V, =4/3 . Using (3.18) the critical
value of p is 0.432. At S ~0.432, the solution of first- order solitons in plasma with cold
ions and nonthermal electrons is given by (3.36).
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3.5.2. Arbitrary Amplitude of lon-Acoustic Solitons

To find the arbitrary amplitude solitons up to second- order we take the terms up to ¢°
of Eq.( 3.14a) and obtain

+S,0 (3.38)

where S, =A,,S,=-A,,S;=A,.

The first- and second--order solutions for arbitrary amplitude solitons are

Do :%sec h? {Eﬂ] (3.39)
2

and
6S
Pop = - S (3.40)
2S, + ~/4S§ -18S,S, {2 cosh? (\/Enj—l}
The amplitudes of the second-order solitons are given by
Pora = 25 and 05 (3.41)

¢ =
28, P2, 4 Jas?-18s s,

The corresponding widths of the second-order solitons are

1.381S,

1/2
— =% 416905 (3.42)
J4s2-185 S,

DlA =

2
5

and D,,=D, coshl(

3.6. RESULTS AND DISCUSSION

To observe the existence of ion-acoustic solitons in plasma, we have plotted Sagdeev
potential y (¢) against electrostatic potential ¢ for different values of nonthermal parameter
(p) of electrons. During our numerical calculations, we have chosen the values of nonthermal
parameter in such a way that the conditions (2.35) - (2.37) given in Chapter-2 are satisfied.
Moreover , the values of nonthermal parameter are suitable for laboratory as well as space
plasma. According to Cairns et. al. [ 15 ] the value of nonthermal parameter f is

0<f>13 . But, it is observed from the conditions for the existence of solitons that the
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nonthermal parameter S should be less than unity, otherwise the phase velocity will be
unphysical. So, for all values of g of Cairns model [ 15], the solitons will not be excited in
the plasma. Following the conditions (2.35 )-(2.37) of Chapter-2, we have plotted v (¢)
against ¢ shown Fig.- 3.1 taking the values of g from 0.0 to 0.2.

. . K'II
| a:8=00 I}I_
b:2=005 1
c:8=01 /
i d:8=015 {1l 5
e:8=02 X /
L I
. N /]
s \\ e / I
I N /]
\ [ .-"'I
N . y 4
._\H"'-—\._h/.
N a =1
1 :l! Eh |
@

Fig.3.1. The profile of Sagdeev potential for different values of nonthermal parameter of electrons (/£3) with
fixed values of phase velocity V =1.3. Graphs a, b, d and e represent = 0.0, 0.05, 0.1, 0.15 and 0.2
respectively,

The potential well of Sagdeev potential in Fig.3.1 indicates the existence of ion-acoustic
solitons in plasma consisting of nonthermal electrons. It is observed that the depth of the

potential well for g = 0.2 is lower than that when no nonthermal electron is present in the
plasma. The depth is decreased with the increase of value of the nonthermal parameter (5 )

in plasma i.e. the amplitude of solitary in plasma increases with the decrease of nonthermal
parameter of electrons.

To see the nature of IAS in first- , second- and third- order, the profiles of electrostatic
potential ®,p®,9® in plasma having nonthermal electrons are shown in Figs.3.2(a)-
3.2(d).
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o9 oo
w

Q0O T o

™ P ™ ™

(1)
¢

Fig. 3.2(a). The profiles of (p(l) of first-order (KdV) solitons for different values of /3. Graphs a, b, ¢ and d
represent f#=0.1, 0.3, 0.5 and 0.6 respectively.

Fig. 3.2(b). The profiles of second -order correction go(z) to the first-order solitons for different values of /3.

Graphs a, b, ¢ and d represent £ =0.1,0.3,0.5 and 0.6 respectively.
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Fig.3.2(c ). The profiles of third- order correction (0(3) to the first-order solitons for different values of /3.

Graphs a, b, ¢ and d represent =0.1,0.3,0.5 and 0.6 respectively.

(1)
¢

@
¢

®)
¢

2 0 2
n

Fig.3.2(d). The profiles of KdV soliton (@) , second-order correction (¢®) and third- order correction
(@®) for B =0.1.

It is observed from Fig.3.2(a) that the electrostatic potential (") of KdV soliton may be

compressive and rarefactive depending on the values nonthermal parameter  of electrons.

For f =0.1 and 0.3 the IAS is compressive but for £ =0.5 and 0.6 the IAS is rarefactive.
The second- order correction ¢ in Fig.3.2(b) is W-type and it is compressive for 8 =0.1
and 0.3 and rarefactive for the values of f =0.5 and 0.6. The third- order correction term

o® for different values of S is shown in Fig. 3.2(c). It is not W-type and is compressive for
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B =0.5and 0.6 and rarefactive for # =0.1 and 0.3. The profiles of potential ¢ ,¢® and
o® for B = 0.1 are shown in Fig. 3.2(d) .It is seen that first- order potential ¢ of KdV

soliton is compressive but the second- order correction ¢ is W-type and it is compressive

where as the third-order correction ¢ is rarefactive in nature.

Now, the corrected second- and third-order electrostatic potentials of solitary waves @ (=
oD+ ¢@) and D3 (= ¢ + 6@ + ¢® ) including first order @1 (= ¢®) for fixed value of
B are shown in Figs. 3.3(a) — 3.3(C).

Fig. 3.3(a). The profiles of second-order soliton @, for different values of ; @, = @ + ¢'®.Graphs a, b,
cand d represent =0.1,0.3,0.5 and 0.6 respectively.

0.2+ ~

™ ™ ™ ™| 4
= T I .
1

oo oo

o 0 T o

0.1 1

0.0 1

-0.1 1

-0.2 4
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Fig. 3.3(b). The profiles of third-order soliton @, for different values of 3; ®, = @@ +p® +¢® . Graphs
a, b, cand d represent £=0.1,0.3,0.5 and 0.6 respectively.

Fig. 3.3(c). The profiles of first-order (®,), second-order (®,) and third-order (D) solitons for [ =0.6.
Graphs a, band ¢ represent ®,, @, and @, respectively.

From the Fig. 3.3(a) , Fig. 3.3(b) and Fig. 3.3(c) it is observed that the solitary waves ®,,
®, , &, may be compressive and rarefactive depending on the values of nonthermal
parameter . The solitary wave @, corrected up to second- order correction is compressive
for = 0.1 and 0.3 and rarefactive for £ = 0.5 and 0.6. The solitary wave ®, corrected up
to third- order correction is W-type and it is compressive for £ = 0.1 and 0.3 and rarefactive
for B=0.5and 0.6. From the Fig. 3.3(c) it is seen that for S = 0.6 the potential ®, of KdV
soliton (@, ) and @, of second- order corrected soliton are rarefactive but @, of third-order

corrected soliton is W-type and compressive in nature. It is important to be mentioned that
W-type solitary waves are generally observed for second-order solitary waves in negative ion

plasma [16 ] in absence of nonthermal electrons.

3.6.1. Amplitude of Solitary Waves

The amplitudes of first-order (®,,), second-order (®,,) and third-order (®,,) solitons for

different values of g are shown in Fig. 3.4.
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a: P
b: D2
- c:P3p

Fig.3.4.Variation of amplitude of 1AS with nonthermal parameter of electrons /3 . Graphs a, b and ¢ represent

the amplitude of solitons @, i.e. ®,;, D, and D, respectively.

It is seen from Fig. 3.4 that the amplitudes of ion-acoustic solitons ®19, ®20, P30 INCrease

with the increase of nonthermal parameter 5 . Graphs a, b and ¢ represent the amplitudes ®@,,, ®,,

and @,, respectively. The amplitude ®30> D20 > Pyo .

3.6.2. Critical Cases:

(i). lon-acoustic solitons near-critical value of the phase velocity

In the critical case, 5{” =0, i.e. V, :(‘/5 or S = 0.432. In critical case, no soliton will
be excited in the plasma . But near- critical state i.e. at f~0.432, the solitons with sechn-

profile will be excited the in plasma. The profiles of solitons near critical value of Vo is
shown in Fig.3.5.

Fig 3.5. The profile of the IAS near critical value of nonthermal parameter f ie. [ =0.423.
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(ii). Arbitrary amplitude solitary waves

The profile of arbitrary amplitude first- and second-order solitary waves in plasma for g =

0.1, 0.3 and 0.9 are shown in Fig. 3.6(a) and 3.6(b).

-2 0 2

0

Fig.3.6(a). The profiles of arbitrary amplitude first-order @ia  solitary wave for different values of /[.
Graphs a, b and c represent #=0.1,0.3 and 0.9 respectively.

l,J/ \ a:p=0.1
/‘ \ b:p=03 7
/‘ \ c:p=0.9

Fig.3.6(b). The profiles of arbitrary amplitude higher - order (¢2A) solitary wave for different values of [
Graphs a, b and c represent #=0.1,0.3 and 0.9 respectively. V =1.4.
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It is seen from Fig.3.6(a) and Fig.3.6(b) that arbitrary amplitude first-order and second-order
IAS may be compressive and rarefactive depending on the values of nonthermal parameter of

electrons [ . But there are no W-type IAS when arbitrary amplitude IAW is considered in

presence of nonthermal electrons in the plasma.

3.7.SUMMARY AND CONCLUSION

An integrated form of governing equations in plasma consisting of cold positive ions and
nonthermal electrons has been derived and expressed in terms of pseudo-potential for the
study of higher order ion-acoustic solitary waves. Nonlinear equation derived from the
Sagdeev potential are solved with the help of BKM method [14] for first-, second- and third-
order ion acoustic solitary waves and their profiles are depicted for different values of
nonthermal parameter of electrons. It is seen that nonthermal electrons has important role on
the shape of solitary waves in each order, particularly in third- order where W-shaped

solitary wave is excited.

Our present method for the study of higher order ion acoustic solitary wave is advantageous
than other mathematical method, because the equation at each order becomes a first-order
inhomogeneous differential equation which is easier to solve. But, for the study of solitary
waves in plasma using the standard reductive perturbation method [16] we have to solve

inhomogeneous second-order differential equation at each order.

Most important and significant achievement in this work is the W-type ion-acoustic solitons
in cold plasma in presence of nonthermal electrons when third-order nonlinear and dispersive
effects are considered. But, if we consider the effect ion temperature in plasma including
nonthermal electrons , we will get more significant results on the third- order ion acoustic

solitons.
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CHAPTER-4

ARBITRARY AMPLITUDE ION-ACOUSTIC SOLITONS IN AN ELECTRON-ION-
POSITRON PLASMA

This Chapter is the revised form of the publication: Indian Journal of Physics, Vol. 86 (6),
pp. 545-553 (2012)].

4.1. INTRODUCTION

In Chapters-2 and 3, we have discussed about the ion-acoustic solitons (IAS) in plasma
having nonthermal electrons. Like nonthermal electrons, the presence of positrons in a
plasma gives rise to interesting results in 1AS in plasma. In recent years, wave propagation in
astrophysical plasma are being investigated in presence of positrons together with electrons
and ions [1-4]. It is believed that electron-positron plasma has its origin in the early stage of
universe [5-7] and this has important contribution on the physical processes in galactic nuclei
[8], pulsar magnetosphere [9], polar caps of neutron star [10]. It has been observed that
nonlinear waves in electron-ion-positron (e-i-p) plasma behave differently from the plasma
consisting of electrons and ions [11]. To understand the nature of some characteristics of the
waves in e-i-p plasma, some works of IAS in a plasma consisting of cold and hot electrons
and positrons have been carried out by Pillay and Bharuthram [12]. They have found that
both compressive and rarefactive IAS is being excited in the plasma. Later, Popel et al [13]
have shown that the presence of positron in multispecies plasma can result in the reduction of
the IAS amplitudes. Subsequently, Shukla et al. [14], Alinejad [15], Ghosh and Bharuthram
[16], Massod et al. [17] have studied nonlinear propagation of IAS in e-i-p plasma with
trapped electrons and have obtained some interesting results. Ghosh and Bharuthram [18]
have considered the Landau damping for theoretically investigation of the IAS in e-i-p
plasma neglecting the effect of particle trapping using the reductive perturbation method.
They have found that Landau damping causes the soliton amplitude to decay with time.
They have also discussed the linear wave phase velocity and the soliton amplitude for the
increase of positron density in absence of Landau damping whereas these increase with
positron temperature in such plasma. Later, Pakzad [19, 20] and some other authors have

used pseudo potential method [21] for the study of IAS in e-i-p plasma.

However, the influence of drift motion of ions on the IAS in e-i-p plasma has not been
explored by the above authors. So, in this Chapter, we have theoretically studied the arbitrary

amplitude IAS in a non-collisional plasma consisting of warm positive ions, isothermal
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electrons and positrons using Sagdeev potential method. It has been observed that both
compressive and rarefactive IAS are excited in presence of positrons in the plasma having
the stream of ions. Moreover, using the values of phase velocities of Slow- and Fast-modes of
ion-acoustic wave, we have discussed graphically the small amplitude and large amplitude

IAS for the Slow-mode and Fast-mode of wave in the e-i-p plasma.
4.2. BASIC EQUATIONS

Unmagnetized and collisionless three-component plasma consisting of isothermal electrons

and positrons, singly charged warm positive ions has been considered. Their respective

number densities aren,, n, andn;. At equilibrium, n,+n_,=n.,, where neo , Npo and Nio are

the equilibrium densities. Normalizing the densities by neo , the equilibrium condition

becomes y =n,, /n,, =1-n,, .The temperature of ion (T;) is assumed to be much smaller than

the temperature of electrons (Te) and positrons (Tp) i.e. Ti << Te, Tp and so the effect of

Landau damping can be neglected [22].

The normalized densities of electrons and positrons are given as Boltzmann distribution used
by Popel et al. [13]:

n, = exp(¢) (41)
n, = xexp(-o,o) (4.2)
where, ¢ is the electrostatic potential, o, =Te/Tp.

For the ions, the dynamics of the plasma are governed by the following equations of

continuity and momentum transfer,

on. o

—+—(nv.)=0 4,3
() (4.3)
and

o 09 (4.4)
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The pressure equation for the ions is taken as

%+vi%+3pi%:0 (4.5)
ot OX OX

For the stated background, Poisson's equation yields
—=n,—-Nn_—n (4.6)

In Egs. (4.3) - (4.6), v, is the ion-fluid velocity, pi is the ion-fluid pressure and o; =Ti /Te .
The velocity vi is normalized by the characteristic velocity ( K, Te /m)¥2, the length by the
Debye-length (K, Te /47 €2 neg)? and the time by the inverse of plasma frequency (4 7 neo
e’ /m) Y2, The potential is normalized to K, Te /e, Te and K, being the electron

temperature and Boltzmann's constant, respectively. Other parameters have their usual
meanings. It is to be stated that the variables in the plasma are normalized in such a way so

that the above equations will appear in totally dimensionless form.

To obtain a solitary wave solution in e-i-p plasma, we introduce the single independent

variable 7 defined by the relation 7=x-Vt |, where V is the velocity of the solitary

wave.

Now, using the boundary conditions

N =1V =5V, b = P § >0 at |5 >oc (4.7)

Egs. (4.1) — (4.5) in the stationary frame can be integrated to give,

= W (4.7a)
T (4.70)

4.3. SAGDEEV POTENTIAL
For the derivation of Sagdeev potential in e-i-p plasma, it is assumed that the basic

equations are supplemented by the boundary conditions mentioned in (4.7).
Using Eq.( 4.7) in Egs.( 4.3) - (4.5), the density of positive ion in the plasma is obtained

from the following equation,

20iPio e v —v,)? +@—2¢]n5 02V —v, )2 =0 (4.8)

i0 i0
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Eq.( 4.8) yields

1/2

312
n

=8| (V2 43, ~20)% H(V7+a,~20) ~ 20RO (v )} (4.82)
VAL i0

where,

a, =U, —2Vu,0+3a Pio

i0

To satisfy the boundary conditions (4.7), the positive value of negative branch of ion density

is taken into account i.e. ion density is

1/2

n - J;GT{(V +a,-2)- \/{<v +3,-29) 1220""‘)(\/ 0o} (4.9)
Or

ni=%{(A—Az—2¢)”z—(A+A2—2<o>”2] (4.9)
where

A= —y,) + 2P

(4.10) IO

R (4.11)

i0

Now, using Eqgs.(4.1), (4.2) and (4.9) in Eq.(4.6), we obtain

20 —explp) + £ XD, ) + e [(A - A, ~20)" ~ (A + A, ~20)"]
n 2\/30; Py
(4.12)

Eq.(4.12) is now written as
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2
dp __dy (4.12a)

where w(¢) is the Sagdeev potential [21]

Now, using the boundary conditions (4.7) we get from Egs.(4.12) and (4.12a) after

integration

1.d

~ (D)2 +y(p) =0 (4.12b)
2 dn

where

(@) =y () +y () +y(p)

(4.13)
v, (p) =1-exp(p) (4.14)
v, () =Gi[1—exp(—apgo)] (4.15)

p

3/2

v (9) =62+p_[(/ﬂ —A,—20)"2 (A +A 20 —~(A-AY+(A+A)]  (4.16)

It is seen that w(p) of Eq.( 4.13) reduces to the Sagdeev potential given by Eq. (4.10) of
Popel et al.[13] when o, =0 and Vv,,= 0, if the notations for the plasma parameters of [15]
are used. It should be remembered that putting o, =0 and Vv,,= 0 directly in Egs. (4.13) or

(4.15) the Eq.(4.10) of Popel et al.[13] would not be recovered. In an e-i-p plasma consisting

of cold and non-drifting ions, n; should be calculated from our Eq.( 4.8) putting o, =0 and

V;, = 0 and this value of nj should be used for calculating w(¢).

4.4. CONDITION FOR THE EXISTENCE OF SOLITON SOLUTION

The form of the pseudo-potentialy(¢) would determine whether a soliton-like solution of

Eq. (4.12b) will exist or not. Following the conditions for the existence of soliton solution

mentioned in Chapter-2, it is found that the IAS will exist in an e-i-p plasma only when the
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inequality is satisfied. The critical values of the phase velocity (V,) of IAS are obtained

from

TR I
CrJA-A JA+A

1-Q+ xo,)y120,p,, =0 (4.17)

From (4.17) we get after using n, =1-y,

V =v, £ -2 +30-i pi0]1/2 (4.18)
A+ xo,) AL-2)

When the positrons are not present in the plasma (= 0) and only electrons and non-
drifting ions are present ( nio = neo ), EQ.(4.18) gives the phase velocity of IAW, V = ﬂ/1+ 3o,

, which is the well known value of the phase velocity of IAS in plasma having warm ions.

Eq. (4.18) shows that the phase velocity of the IAS has two values, one is fast mode (V) and

other is slow mode (V ),

V. =V, +[ L=2) , 30Po (4.193)
U+ xo,) @Q-2x)

VS =V, _[ (1_ Z) + 30_i Pio ]1/2 (419b)
A+ xo,) Q-2x)

From Eq. (4.18), the critical values of the positron density (. ), positron temperature (o ,.),

ion temperature (o,.) and ion density (n,.) may be obtained for which IAS will exist in

plasma in presence of positrons. The critical values of these parameters are:

1

= 2(1TpMi2)[7/ +{y* —4(1+0,M?)(1+30,p, - M)} (4.20a)

Xc
_ l (1_)()2 - Miz(l_l)"'so'i Pio
e y4 Miz(l_Z)_B‘Gi Pio
(4.20b)

]
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-2 -x)
Oic = 3p, M (1+ZG )] (4.20c)
Nioc = %[l\/li2 1+ xo,) +{M;' U+ y0,)* =120, p,, 1+ xo,)F"] (4.20d)
where,

y=2-(1-0,)M?-30,0,p,, and M, =V —v,,.
4.5. SOLITARY WAVE SOLUTION

An analytical solution of Eq. (4.12) for the IAS can be obtained by expanding the right hand
side in terms of ¢ keeping the terms up to second- order, third- order or even next higher

orders of ¢ . After a straight forward calculation one can get

dg ? 1 Rg’ 4.21
i =Pp—Q@’ +R@°+------ (4.21)
where,
n3/2
+
2\/?7 Guz Guz) A
3/2
Q=—tps_To L (4.22)

\/7 G3/2 G3/2) zo- ]

11 ny? 1

+
2 3 2 ’30_ G5/2 G5/2) ZG]

30, Pio

R=

’ Aj’ :120'i Pio v _Vi0)2 .

i0 i0

Ci=A+A,G=A-A, A=(V-v,)+

4.5.1. Small Amplitude lon-Acoustic Solitons

Now, for small amplitude IAS, the terms up to@” in Eq. (4.21) are taken into consideration,

neglecting next higher -order terms of ¢ i.e.@®, @' etc. So, we get
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d2
? —Pp-Qp’ (4.23)
dn

Using the standard mathematical technique, the solution of Eq. (4.23) for the small amplitude

IAS is obtained as:

3P
="sech?d 4.24
2] 20 ( )

where, 8 =[(P/4)"*7].

The amplitude and width of the IAS are:

3P 2
Oy, = 0, =—F= (4.25)

20 7

For Slow-mode and Fast-mode of the IAS, the velocity V in Eq. (4.18) is replaced byV, and

V. of Eq. (4.19a) and Eq. (4.19D).

So, we obtain from Eq. (4.10) and Eq. (4.11)

3o p. 120, p.
Als’lF B (VS'F _Vio)z - nlpIO And AZZF,zs = Pig (VF,S _Vi0)2 (4.26a)
i0 i0
Gisir = Asar + Ass ¢ and Gysor = Asar —Aosor (4.26b)

Therefore, for Slow-mode and Fast-mode mode of small amplitude IAS the Eq. (4.24)

becomes

d’p
dnszyF =Py csr — Qs r 0% (4.27)
The solution of Eq. (4.27) for the small amplitude IAS for Slow-mode and Fast- mode are

0 =255 sech?6,, g = oo sech?, (4.28)
2. 2Q;

where, 6, - =[(R, - / 4)"*7].
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The amplitudes and widths for the Small amplitude 1AS are given by

3P, 3P
Do1s :ﬁ ) Do1r :ﬁ (4.29)

And

513 =

2 2
S =—— (4.30)
N RN =Y

4.5.2. Large Amplitude lon-Acoustic Solitons

For large values of ¢, the terms up to ¢° are taken in to account and Eq.( 4.21) is written in

the following form
d
(£)2 = al(pz - a2§03 + 0!3(04 (4.31)

where o, =P, a0, =(2Q/3) and a; =—(R/2)

Integrating Eq. (4.31), we get the solution for large amplitude IAS in the e-i-p plasma,

20
= 4.32
& (o — 4oy, ) ?[2cosh? 0 —1]+ a, (4.32)
The amplitude and width of the large amplitude IAS in e-i-p plasma are:
Dor = — 20, — and o, :icosh’l[{% +1.6905}]
(a; —4ano)™ +a, \/a_l (a; —dayay) (4.33)

For Slow-mode and Fast-mode of large amplitude I1AS, the velocity V is replaced byV, and

V¢ . So, we obtain

_ 20
(o —Baysag ) ?[2c0sh? O, —1]+ e

Dsg
(4.34a)

and
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_ 20,
(a2 -4 Y2[2cosh? 6. -1
(e —daypay ) [2c0sh® O 1]+,

Dre
(4.34Db)

The amplitudes of small and large amplitude IAS for Slow-mode and Fast-mode in e-i-p

plasma are:

20,

Pozs = (4.353)
. (azzs — 4oy 0 )%+ Oys
and
204¢
Qoo = (4.35b)
o (azzF —day oy )’ T Ay
The widths of 1AS for Slow-mode and Fast-mode in e-i-p plasma are given by
5, = —2_cosh'[{ 20'6905“25 —+1.6905}]
Qg (a5 —days036) (4.363)
And
Oy = cosh™[{ ZO'GQOS%F —+1.6905}]
O (a2F - 4C':lF O3 ) (436b)

In Eq. (4.30a) to Eq. (4.32b) the parameter o;q, 0y, O, , Oy , 05, Oy Are given by

o =Py, o =P, a5 =(2Q5 13), a5 =(2Q 13), and ayg =—(Ry /2), a3 =—(R: 12)

4.6. RESULTS AND DISCUSSION

The character of the Sagdeev potential (Effective potential) given by the Eq. (4.13) will

determine the possibility of the existence of IAS in an e-i-p plasma. In fact, the soliton will

d’y
2

®»

exist in the plasma if the condition <0 is satisfied. It is to be remembered that the

»=0

IAS  will be excited in e-i-p plasma only for the critical values of positron density (y),
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positron temperature (o), ion temperature (o;) and ion-density (n,) given by the Eq.

(4.20a) to Eq. (4.20d).

4.6.1. Profiles of Sagdeev Potential for Arbitrary (fixed) Phase Velocity

In model e-i-p plasma, the Sagdeev potential ¥ has been numerically estimated and plotted
as shown in Fig. 4.1(a) to Fig. 4.1(d) taking different values of plasma parameters.

ELEA

001

=002

Fig. 4.1(a). Profiles of Sagdeev potential (i) for different values of ion stream (Vio) in e-i-p plasma having

x =03, 0, =0.001, o, =0.01, V =16and p=1. Graphs a, b, c and d represent V;, = 0.49, 0.48, 0.47
and 0.46 respectively.

s = a: y=0.17 =
b- 7=022
cr =027

oon L d: y=0232 |
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Fig. 4.1(b). Profiles of Sagdeev potential (y) for different values of positron density (y) in e-i-p plasma
having o, =0.001, 0; =0.001, p =1, V =1.6and U;, =0.5. Graphs a, b, c and d represent y = 0.17,0.22
, 0.27 and 0.32 respectively.

ool

-0l

Fig. 4.1(c). Profiles of Sagdeev potential (!//) for different values of positron temperature (Gp) in e-i-p

plasma having y =0.1, 0; =0.005, p =1, V =1.6 andV,, =0.44. Graphs a, b, ¢ and d represent o, =03,
0.53, 0.76 and 0.99 respectively.

Qas T T T T T

001

0003

= QU003

-0l

—QolE

Fig. 4.1(d). Profiles of Sagdeev potential (l//) for different values of ion temperature (O‘i) in e-i-p plasma
having y =01, o, =0.8, p=1, V =16 and V;, =0.44. Graphs a, b, c and d represent 0; = 0.003, 0.005,
0.007 and 0.009 respectively.
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It is seen from Fig. 4.1(a) to Fig.1 (d) that the Sagdeev potential () is negative in e-i-p
plasma for ion stream velocity (V) , positron density (), positron temperature (o,) and ion

temperature (o;) . This indicates that the plasma particles are trapped and there is every

possibility of the excitation of 1AS in e-i-p plasma. It is observed from Fig 4.1(a) to Fig 4.1(c)

that the depth of v increases with increase of v,;, y and o,. on the other hand, Fig 4.1(d)

shows that the depth of y increases with decrease of o; .

4.6.2. Profiles of Critical Values of Phase Velocity

The critical value of the phase velocity for the excitation of IAS in e-i-p plasma is obtained
from the expression (4.17) which gives two values of the phase velocity, one is fast- mode (
V) and the other is slow- mode (V) given by (4.18) and (4.19). The variations of V. and
V; with the positron density ( x) and ion drift velocity (u,,) are shown in Fig. 4.2(a) and
Fig.4.2 (b).

0.0 0.2 0.4 0.6

Fig. 4.2(a) Variation of phase velocity of wave with positron density ( y ) for different values of ion stream
velocity (Ujq ) in e-i-p plasma having 0; = 0.02, o, =0.5and p =1. With V;; = 0.3, 0.6 and 0.9, graphs al,

bl and c1 represent Fast-mode (\/F) of phase velocity whereas a2, b2 and c2 represents Slow mode (Vs)of
phase velocity.

Solitons and Double Layers in Different Types of Plasma Page 78



Ch-4. Arbitrary Amplitude lon-Acoustic Solitons in an Electron-lon-Positron Plasma

2.5 T T T r
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Fig. 4.2(b) Variation of phase velocity of wave with positron temperature (o) for different values of ion
stream velocity (V;,) in e-i-p plasma having 0; =0.02, ¥ =0.3and p =1. With V;; =0.3, 0.6 and 0.9, graphs

al, bl and c1 represent Fast-mode (V) of phase velocity whereas a2, b2 and c2 represent Slow mode (V) of
phase velocity.

Fig.4.2 (a) shows that V. is always positive and it decreases with the increase of » and
increases with increases of Vv,, in an e-i-p plasma. But V; is always negative and it increases
with the increase of » and V,, in an e-i-p plasma. Similarly, the variations of V. and V;
with the positron temperature (o ,) and ion drift velocity (V,,) are numerically estimated and
are shown graphically in Fig. 4.2(b). It is found that V. is always positive and it decreases
with the increase of o,. But, V; is negative it increases with the increase of o, and v, .
The positive value of V. indicates that the Fast-mode of the wave is propagating in e-i-p
plasma. But, the negative value of V for v,, = 0.3 to 0.6 means the Slow-mode of the wave

is non-propagating in the e-i-p plasma, whereas positive Vs for v, = 0.9 indicates that the
slow-mode is propagating through the plasma. So, to study the propagation of IAS in e-i-p

plasma for Fast mode (V:) and Slow mode (V;), the value of ion-stream must be taken as

Vi, >0.9.
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4.6.3. Profiles of Critical Values of Plasma Parameters

It is to be noted that IAS will be excited in e-i-p plasma only for certain restricted regions of
plasma parameters. The critical values of various plasma parameters for the excitation of
IAS in e-i-p plasma may be obtained by using the expressions (4.20a) , (4.20b), (4.20c),
(4.20d) and following which the condition for the existence of the solution of IAS are

obtained. Fig.4.3 (a) shows the variation of critical positron temperature (o,) with positron
density for different ion temperature (o;) in plasma when other parameters have fixed
values. On the other hand, Fig. 4.4(b) shows the variation of critical density of positrons ( z,)

with ion stream velocity (v,,) for different value of ion temperature (o;) in plasma when

other parameters have fixed values.

4.0 T T T T

Fig.4.3(a).Variation of critical positron temperature (apc) with positron density () for different ion

temperature (O'i) in e-i-p plasma having V=1.2, V;, =0.1 and p=1. Graphs a, b and c represent 0; =0.12,
0.135 and 0.15 respectively.
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a:c,=0.02 \\g\

b:c;=0.04
c:ci=0.06 -

0.1 0.2 0.3 0.4 0.5

Fig 4.3(b). Variation of critical density of positrons ( ) with ion stream velocity (V;,) for different value of

ion temperature (Gi) in plasma having o, =01, V =15 and p=1. Graphs a, b and ¢ represent 0; =0.02, 0.04
and 0.06 respectively.

Fig. 4.3(a) shows that critical positron temperature (o . ) decreases with positron density ()
and reaches to a minimum value at certain value of y, then it starts to increase. Moreover,
o, increases with the increase of ion temperature (o;) . On the other hand, it is seen from

Fig. 4.3(b) that the critical positron density ( y,) decreases with the increase of ion stream

velocity (V,,) and ion temperature (o; ) in the e-i-p plasma.

4.6.4. Profiles of lon-Acoustic Solitons for an Arbitrary(Fixed) Phase Velocity

The effects of the plasma parameters, e.g. positron density, positron temperature and ion
stream velocity on the IAS can be understood from the following profiles. The profiles of

IAS are drawn taking an arbitrary value of phase velocity ( V=1.6) of ion-acoustic wave.
i). Effect of Positron Density

The profiles of small- amplitude 1AS for different values positron density () in an e-i-p

plasma are shown in Fig. 4.4(a). The profiles of large- amplitude 1AS for different value of

positron density in e-i-p plasma having are shown Fig. 4.4(b).
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a:.y-= 0.0 /e
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Fig. 4.4(a) Profiles of Small amplitude IAS for different value of positron density () in e-i-p plasma having
o, =04, 0,=0.05 V=16, V;(=0.1and P;,=1. Graphs a, b, ¢ ,d, e and f represent » =0.0, 0.2, 0.4, 0.6 and
0.8 respectively.

Fig.4.4 (b). Profiles of Large amplitude 1AS for different value of positron density (i) in electron ion positron
plasma having plasma parameters 0,=0.6, 0; =0.03, V=16, V;;=0.1, P;o=1. Graphs &, b and ¢ represent

¥ =0.6,0.7 and 0.8 respectively.

It is observed from Fig. 4.4(a) that small amplitude 1AS may be compressive and rarefactive
depending on the values of positron density y . For y = 0.0 to 0.4 the IAS is rareefactive, but
for y = 0.6 and 0.8 the I1AS is compressive. The amplitudes of rarefactive IAS increases with the
decrease of y , but for the compressive IASW the amplitude increases with the increase of y in e-i-

p plasma. On the other hand, Fig. 4.4(b) shows that large amplitude 1AS is compressive for
the = 0.6 to 0.8. The amplitude of IAS increases with the increase of y in the e- i-p

plasma.
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ii). Effect of Positron Temperature.
In an e-i-p plasma, the profiles of small- amplitude 1AS for different values of positron

temperature (o,) are shown in Fig. 4.5(a). The profiles of large- amplitude IAS for different

value of positron temperature in e-i-p plasma are shown Fig. 4.5(b).

0.15 1

0.10 -

0.05

-0.05

-0.10 4

-0.15 4

-0.20 4

-0.25 4

-0.30 T T T T T

Fig.4.5 (a). Profiles of Small amplitude IAS for different value of positron temperature (Gp) in e-i-p plasma

having plasma parameters y = 0.5, 0; =0.05, V=1.6, V;,=0.2 and P;,=1. Graphs a, b, ¢ and d represent o,
= 0.1, 0.32, 0.54 and 0.76 respectively.

Fig. 4.5(b). Profiles of Large amplitude IAS for different value of positron temperature (Gp) in e-i-p plasma

having y = 0.5, 0; =0.06, V=16, V;;=0.2 and P;,=1. Graphs a, b, c and d represent o, = 0.5, 0.6, 0.7 and
0.8 respectively.
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It is seen from Fig.4.5 (a) that small amplitude IAS may be compressive and rarefactive
depending on the values of positron temperaturec, in e-i-p plasma having fixed values of
plasma parameters. For o, = 0.10 to 0.32 the IAS is rarefactive whereas for o = 0.54 and

0.76 the IASW is compressive. The amplitudes of rarefactive IAS increases with the decrease
of positron temperature, but for compressive IAS the amplitude increases with the increase of

positron temperature in e-i-p plasma. .

Fig.4.5 (b) shows that large amplitude IAS may also be compressive and rarefactive
depending on the values of o, in e-i-p plasma having fixed values of plasma parameters. For

the positron temperature o, = 0.5, the IAS is rarefactive; but for the positron temperature o

= 0.6, 0.7 and 0.8, the IAS is compressive. The amplitudes of compressive IASW increase

with the increase of o, in the e-i-p plasma.

p

iii). Effect of lon Stream Velocity

Similarly, the profiles of small amplitude and large amplitude IAS for different values of ion

stream velocity (v,,) in e-i-p plasma are drawn as shown in Fig. 4.6(a) and Fig. 4.6(b).

Fig. 4.6(a). Profiles of Small amplitude 1AS for different value of ion stream velocity (Vio) in e-i-p plasma

having y =05, 0; =0.001, o,=0.5, V=1.6 and P;,=1. Graphs a, b and c represent V;;= 0.1, 0.2 and 0.3
respectively.
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Fig.4.6 (b). Profiles of Large amplitude IAS for different value of ion stream velocity (V;;) in e-i-p plasma

having y =0.6, 0; =0.1, o, =038, V=16 and P;,=1. Graphs a, b and c represent V;;= 0.1, 0.2 and 0.3
respectively.

Fig. 4.6(a) shows that for v,;= 0.1 to 0.3 in e-i-p plasma the small amplitude of IAS are

rarefactive, when other plasma parameters have fixed values. But, from Fig. 4.6(b) it is seen

that large amplitude IAS are compressive for ion stream velocity Vv;,= 0.1 to 0.3 when other

parameters have fixed values in the e-i-p plasma.

4.6.5. Profiles of lon-Acoustic Solitons for Phase Velocity of Fast-Mode and Slow-Mode

The profiles of small amplitude and large amplitude 1AS in e-i-p plasma are shown in Fig.
4.4(a, b) to Fig. 4.6 (a, b) taking an arbitrary value of the V =1.6 of ion-acoustic wave. But,

from Eq.(4.17a) and Eq.(4.17b) we see that ion-acoustic wave propagates with two modes in

presence of an ion stream in e-i-p plasma, one is fast- mode (V. ) and the other is slow mode
(Vs ). The variations of V. and Vs with positron density () and positron temperature (o)

for different values of ion-stream velocity (v,,) on the Fast-mode and Slow-mode of the wave
are shown above in Fig. 4.2(a) and Fig. 4.2(b). So, to see the real nature of IAS in e-i-p
plasma in presence of an ion stream, the values of the phase velocities of Fast-mode (V) and
Slow-mode (V) should be used for drawing the profiles of the IAS. Using V. and Vg in

e-i-p plasma, the profiles of small amplitude and large amplitude IAS for the fast-mode and

slow-mode are drawn using different values of the e-i-p plasma parameters, e.g. ion-stream

velocity (V,,), positron density ()and positron temperature (0,).
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i). Effect of ion stream velocity

The main factor of the excitation of Slow-mode and Fast-mode of IAS in e-i-p plasma is the
stream velocity of ions. To see the effects of ion stream velocity on the slow-mode and fast-
mode of the IAS in e-i-p plasma, the profiles of IAS are drawn as shown in Fig. 4.7(a), Fig.
4.7(b), Fig. 4.7(c) and 4.7(d).

0.00

-0.05

-0.10

-0.15

-0.20

Fig.4.7 (a). Profiles of Small amplitude IAS of Slow-mode for different value of ion stream (Vio) in e-i-p

plasma having ©; =0.001, o, =0.8, y =0.8.and p =1. Graphsa, b and c represent V;, =0.60,0.72 and 0.84
respectively.
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Fig. 4.7(b). Profiles of Small amplitude IAS of Fast-mode for different value of ion stream (ViO) in e-i-p

plasma having ©; =0.001, o, =0.8, y =0.8and p =1. Graphs a, b and c represent V;, =0.60, 0.72 and
0.84 respectively.
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Fig. 4.7(c). Profiles of Large amplitude IAS of Slow-mode for different value of ion stream (Vio) in e-i-p

plasma having o; = 0.001, o, =08 x=08 and p =1. Graphs a, b and c represent V;, = 0.60, 0.72 and
0.84 respectively.
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Fig. 4.7(d). Profiles of Large amplitude IAS of Fast-mode for different value of ion stream (Vio) in e-i-p

plasma having o; =0.001, o, =08, ¥=08 and p=1. Graphsa, b and c represent V;, =0.60, 0.72 and
0.84 respectively.

It is observed from Fig.4.7(a) and Fig.4.7(b) that small amplitude IAS for Fast-mode and

Slow-mode are rarefactive. For both Slow-mode and Fast-mode, the amplitudes of IAS

increase with the decrease of v,,. Again, Fig.4.7(c) and Fig4.7 (d) show that profiles for the

large-amplitude IAS of Slow-mode and Fast-mode are also rarefactive. But, amplitude is
different.
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ii). Effect of positron density

Taking the values of the plasma parameters of model e-i-p plasma, the profiles of small
amplitude and large amplitude 1AS for different values of positron density for Slow-mode
and Fast-mode are shown in Figs. 4.8(a), 4.8(b), 4.8(c) and 4.8(d).
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Fig.4.8 (a). Profiles of Small amplitude 1AS of Slow-mode for different value of positron density () in e-i-p

plasma having V;, = 1.4, 0; =0.001, o, =05 and p =1. Graphs a, b and c represent y =0.15, 0.30 and 0.45
respectively.

Fig.4.8 (b). Profiles of Small amplitude IAS of Fast-mode for different value of positron density () in e-i-p

plasma having V, = 1.4, 0; =0.001, o, =0.5and p =1. Graphs a, b and c represent y = 0.15,0.30 and
0.45 respectively.
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Fig.4.8(c). Profiles of Large amplitude IAS of Slow-mode for different value of positron density (;() in e-i-p
plasma having Vj, = 1.4, 0; =0.001, o, =0.5 and p =1. Graphs a, b and c represent y = 0.15,0.30 and
0.45 respectively.

Fig.4.8(d). Profiles of Large amplitude IAS of Fast-mode for different value of positron density (;() in e-i-p

plasma having V,, = 1.4, 0; =0.001, o, =05 and p =1. Graphsa, b and c represent y = 0.15,0.30 and
0.45 respectively.

It is seen from Fig.4.8(a) and Fig.4.8(b) that small amplitude IAS for Slow-mode and Fast-
mode are rarefactive. For Slow-mode, the decrease of positron density (y) increases the

amplitude of IAS. For Fast-mode, the amplitude of IAS decreases with the increase of » .

Again, Fig.4.8(c) and Fig 4.8(d) show that large amplitude IAS for Slow mode and Fast-

mode are both rarefactive. For Slow-mode, the amplitude increases with the increase of y .

But, for Fast-mode the amplitude increases with the decrease of y .
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iii). Effect of positron temperature

Similarly, the profiles of small amplitude and large amplitude IAS in an e-i-p plasma for

different values of positron temperature (o) for Slow-mode and Fast-mode of the waves are

shown in Figs. 4.9 (a), 4.9 (b), 4.9 (c) and 4.9 (d).

0.00

-0.05

-0.10

(|)1S -0.15 4

-0.20

-0.25

Fig. 4.9(a). Profiles of Small amplitude IAS profile of Slow mode for different value of positron temperature
(Gp) in e-i-p plasma for fixed values of V;; =12, 0, =0.001, y =0.4 and p=1. Graphs a, b and ¢

represent o ,=0.2, 0.4 and 0.6 respectively.

Fig. 4.9 (b). Profiles of Small amplitude IAS of Fast- mode for different value of positron temperature (0'p) in

e-i-p plasma for fixed values of V;, =12, 0; =0.01, ¥ =0.5and p=1. Graphsa, b and c representto o

=0.1, 0.2 and 0.3 respectively.
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Fig.4.9(c). Profiles of Large amplitude IAS of Slow-mode for different value of positron temperature (O'p) ine-

i-p plasma for fixed values of Vi =12, 6; =0.01,  =0.5and p =1. Graphsa, b and c represento, = 0.1,
0.2 and 0.3 respectively.

-3.0 T T T T T T T T T T

Fig.4.9(d). Profiles of Large amplitude IAS of Fast- mode for different value of positron temperature (0'p) in

e-i-p plasma for fixed values of V,; =1.2, 6; =0.01, ¥y =0.5and p =1. Graphs a, b and ¢ represent o,=
0.1, 0.2 and 0.3 respectively.

It is observed from Figs.4.9 (a) and 4.9(b) that small amplitude IAS for different values of
positron temperature for Slow-mode and Fast-mode are rarefactive in the e-i-p plasma. For

Slow-mode, the amplitude of IAS increases with increase of positron temperature (o) . But

for Fast-mode, the amplitude of I1AS decreases with the increase of o ;. On the other hand,
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Fig.4.9(c) and Fig.4.9 (d) show that large-amplitude IAS for Slow-mode and Fast-mode are
also rarefactive in similar plasma. For Slow-mode the amplitude of large amplitude 1AS

increases with the increase ofap . But for fast-mode, it decreases with the increase ofap .

Similarly, the effects of ion temperature on the 1AS for the Slow-mode and Fast-mode can be
studied in e-i-p plasma having the different values of ion-stream. In this case, some
interesting results would be obtained which may be important in the context of nonlinear

wave processes in streaming plasma.

4.6.6. Amplitude of lon-Acoustic Solitons for Slow-Mode and Fast- Mode

It is observed from the profiles Fig.4.7 (a) to Fig.4.9 (d) that the IAS for Slow-Mode and
Fast- Mode are rarefactive in nature. The amplitudes of Slow-mode and Fast-mode are seen
to be almost same, but close observation shows that these are different in magnitude. For

this reason, we have numerically estimated i) small amplitude IAS for Slow-mode (¢,)
and Fast-mode (¢,,-) using Eq.(4.29) and ii) Large amplitude 1AS for Slow-mode (¢,,) and

Fast-mode (¢, ) using Egs.(4.35a) and (4.35b) for different values of the plasma parameters

in e-i-p plasma. In Table-1, Table-2 and Table-3 we have shown the amplitudes of IAS for

different values of ion stream velocity (v,,), positron density (y) and positron temperature

(o).

Table-1
Effect of lon Stream v ) on Amplitude of I1AS
g, =0.001, g, =0.8, ¥ =0.8 andp=1

Vio Po1s Poir Poss Poor

0.12 -0.050 -0.215 -0.055 -0.154
0.24 -0.00922 -0.337 -0.00945 -0.243
0.36 -0.00133 -0.483 -0.00093 -0.351
0.48 -0.013 -0.651 -0.00911 -0.476
0.60 -0.058 -0.840 -0.041 -0.618
0.72 -0.131 -1.048 -0.094 -0.775
0.84 -0.231 -1.272 -0.166 -0.948
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Table-2
Effect of Positron Density (x) on Amplitude of 1AS

Vo =14, 0,=0.001, o, =0.5andp=1

x (p01S (p01F CPOZS (pOZF

0.150 -0.248 -6.165 -0.177 -4.232

0.300 -0.364 -5.228 -0.261 -3.651

0.450 -0.498 -4.357 -0.359 -3.111

0.600 -0.644 -3.457 -0.469 -2.559

0.750 -0.774 -2.268 -0.577 -1.841
Table-3

Effect of Positron Temperature @, “on Amplitude of 1AS
vV, =12, 0,=0.01, y =05andp=1

g, Pos1s Porr Poas Poor

0.2 -0.190 -3.949 -0.135 -2.702
04 -0.214 -3.675 -0.152 -2.579
0.6 -0.236 -3.414 -0.168 -2.474
0.8 -0.256 -3.166 -0.183 -2.385

4.7. SUMMARY AND CONCLUSION

In this present, the IAS has been theoretically studied in multicomponent plasma consisting
of warm ions, isothermal electrons and positrons using the SP method neglecting Landau
damping. The expressions of i) Sagdeev potential, ii) Phase velocity of fast- and slow- ion-
acoustic mode, iii) Critical values of positron density, positron temperature, ion temperature
and ion density for the excitation of IAS in e-i-p plasma are obtained. The solutions for the
small amplitude and large amplitude IAS are obtained from the nonlinear equation derived
from the Sagdeev potential. It is observed that both compressive and rarefactive IAS may be
excited in the presence of positrons in e-i-p plasma having warm and drifting ions. It is seen
that positron density, positron temperature, ion drift velocity and ion temperature have a

considerable impact on the excitation of IAS in e-i-p plasma.

Interesting results which are found are: i) Small-amplitude IAS in the plasma may be

compressive and rarefactive depending upon the values of the plasma parameters, but the
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large amplitude IAS are mainly compressive in the e-i-p plasma. The amplitude of small

amplitude IAS is small for large value positron density.

The most important results are: Excitation of Slow- and Fast- IAS in e-i-p plasma in presence
of ion stream. The Small amplitude and large amplitude of IAS of Slow-mode and Fast-
modes are rarefactive different values of ion stream velocity, positron density, positron
temperature and ion temperature, but the amplitudes of 1AS are different depending on the

values of plasma parameters of e-i-p plasma.

However, in the present investigation, the effect of Landau damping is neglected for the study
of IAS in e-i-p plasma. It is expected that some more interesting results will be obtained for
the IAS considering the effect of Landau damping in e-i-p plasma. It is to be noted that
previous workers mainly have used the reductive perturbation method and the multiple scale
method instead of using the Sagdeev potential method for the studies of IAS in Landau
damped plasma. Because, it may be difficult to study nonlinear propagation of IAS

considering the effect of Landau damping in a plasma using the Sagdeev potential method.

Solitons and Double Layers in Different Types of Plasma Page 94



Ch-4. Arbitrary Amplitude lon-Acoustic Solitons in an Electron-lon-Positron Plasma

REFERENCES

[1]. N. L. Satalishvili, J. L. Javakeshvili and H. Kaya, Astrophys. Sp. Science., 250, p.109 (1997)

[2].P.K.Shukla and L.Stenflo, Astrophys. Sp. Science , 209, p. 323 (1993).

[3].S.Mahmood,A.Mustag and H.Saleem, New J. Phys., 5, p.28 (2003)

[4].H.Saleem, Phys. Plasmas, 13(3), p.034503 (2006)

[5].W.Misner, K.S.Thorne and J.A.Wheeler , Gravitation,Freeman, San Francisco (1980).

[6].M.J.Rees, G.W.Gibbons,S.W. Hawkins and S. Siklas, (editors)The very earlier universe,
Cambridge Universal Press (1983).

[7].Y.B.Zeldovich and I.Novikov, Relativistic Astrophysics, University of Chicago, Chicago, 1983.

[8].H.R.Millar and P.J. Wilte, Active Galactic Nuclei, Springer-Verlag, Berlin, p.202 (1987).

[9].P.A.Sturrock and K B Baker, Astrophys. J., 234, p.612 (1979).

[10].F.C.Michel, Theory of Neutron Star Magneto-sphere, Chicago Univ. Press, Chicago, (1991).

[11].F.B.Rozzato, J.Plasma Phys,. 40, p.289(1988)

[12].R. Pillay and R. Bharuthram, Astrophys. Sp. Science, 188, p.592 (1992).

[13].S.1.Popel, S.V.Vladimirov and P.K.Shukla, Phys.Plasmas, 2, p.716 (1995).

[14].P.K.Shukla, J.T.Mendonca and R.Bingham,Phys.Scripta.,T113, p. 133(2004).

[15]. H.Alinejad, S.Sovanian and J.Mahmoodi, Phys.Plasmas, 13, p. 012304 (2006).

[16].S.Ghosh and R.Bharuthram, Astrophys.Sp. Science, 189, p.121 (2008).

[17].W.Massod,N.Jehnab,A.M.Mirza and P.H.Sakanaka, Phys.Letts.,A372, p.4279 (2008).

[18].S.Ghosh and R.Bharuthram, Astrophys.Sp. Science, DOI 10,1007/s 10519-0-10-04336 (2010).

[19].H. R .Pakzad, Phys.Letts., A373, p.847 (2009)

[20].H. R. Pakzad, Astrophys. Sp. Science., 331, p.175 (2010)

[21].R.Z.Sagdeev, Rev. Plasma Phys edited by M A Leontovich, New York ( Consultant Bureau),

4, p. 23 (1966).
[22].H. K. Anderson, N. D’ Angelo, P. Michelson and P. Nelson, Phys. Rev. Letts., 19, p.149 (1967)

Page 95 Solitons and Double Layers in Different Types of Plasma



Ch-5. lon-Acoustic Solitons in a Self- Gravitating Dusty Plasma Consisting of Weak Nonisothermal
Two-Temperature Electrons

CHAPTER-5

ION-ACOUSTIC SOLITONS IN A SELF-GRAVITATING DUSTY PLASMA
CONSISTING OF WEAK NONISOTHERMAL TWO-TEMPERATURE
ELECTRONS

[This Chapter is based on the publications: Indian Journal of Physics, Vol. 91, pp.101-107(2017)
and Journal of Applied Physical Science International ( JAPSI), Vol. 8(2), pp. 77-90 ( 2017)]

5.1. INTRODUCTION

In recent years, there is considerable interest on the nonlinear propagation of waves in dusty
plasma consisting of electron, ion and negatively charged dust particle. The dust particles in
plasma has been found to be important because it helps to understand various linear and
nonlinear phenomena in cometary tails , planetary rings , asteroids , magnetosphere , lower
ionosphere , interstellar and circumstellar clouds , laboratory devices etc.[ 1-5]. Propagation
of dust-acoustic wave (DAW) has been studied theoretically by Rao et al. [6], with the dust
grains providing the inertia and the pressure of inertialess electrons and ions providing the
restoring force. It is important to be noted that the dust particles in dusty plasma get
negatively charged due to attachment of the background electrons and ions on the surface via
collisions [7]. The charge on a dust particle does not remain fixed but depends on plasma
properties, electron and ion currents flowing into or out of dust grains, photoemission etc. In
fact the charge on the dust grain can be considered as an extra dynamical variable which
controls the motion of dust grains in fluctuating electrostatic fields. But, for the study of wave
propagation in dusty plasma, most of the authors have considered the effect of charge
fluctuations on dust in the dusty plasma in an ad hoc fashion. The dust charge is treated as a
dynamical variable which is related to the plasma density, potential, etc. Earlier authors have
considered the continuity equations of electrons and ions without the sink term. As a
consequence the charge conservation equation is not consistent with the charge variation
equation. Considering the sink terms in continuity equation for the loss of electrons and ions
due to attachment to the dust particles, the dynamical equation for charge fluctuation become

consistent with the charge continuity equation.

In dusty plasma most interesting features are the solitary waves and the shock waves and a
lot of works have been reported in last few years by various authors considering the ions

with different parameters e.g. two-temperature electrons, nonisothermal electrons,
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nonthermal electrons and ions, super thermal electrons, magnetic field, inhomogeneity,
finite geometry etc. for the applications in various fields. But, the self-gravitation of species
of dusty plasma has not been taken into account in all those studies. In fact, the plasmas both
in laboratory and in space have the gravitation field. In most of the studies of linear waves in
collisional dusty plasma, gravitational field have been considered but the effects of
gravitation for electrons, ions and neutral gas molecules are neglected. Misra et al. [8-10]
and other authors [11,12] have theoretically investigated the solitary waves in gravitating
dusty plasma from which it is seen that gravitational effect is important on the excitation of
solitary waves in dusty plasmas. For the study of ion acoustic solitons (IAS) in a self-
gravitating dusty plasma, Paul et al [13] have considered the sink terms in the continuity
equations for both electrons and ions for the fluctuation of dust charges due to attachments of
electrons and ions to the dust particles. They have shown that nonlinear excitation of
waves follows a pair of coupled third order partial differential equations which is slightly
different from wusual case of coupled KdV system and the solitary wave structure is not
possible in such self-gravitating dusty plasma. Since two-temperature electrons [14,15] have
important roles on the excitation of solitary waves in plasma, Paul et al. [16] have studied
the IAS in a self-gravitating dusty plasma with warm positive ions, isothermal two-
temperature electrons and negatively charged dust particles using reductive perturbation
method (RPM). They have assumed the sink term in the continuity equation of ions only for
the dust charge fluctuation by the attachment of ions only to the dust particles. By deriving an
uncoupled third order partial differential equation instead of coupled nonlinear equations they
obtained a modified KdV (mKdV) equation in self-gravitating dusty plasma. They have
discussed the effects of two-temperature electrons, gravity and dust charge fluctuations on the
IAS waves in gravitating dusty plasma. Subsequently, using the RPM, Paul et al. [17] have
studied the 1AS in self-gravitating dusty plasma considering the nonisothermal electrons [18,
19] in the dusty plasma with fluctuating dust charges and drifting motion of the particles.
They have obtained an uncoupled third order partial differential equation which yield mKdV
equation from which the quasi-soliton solution of IAS has been obtained. Later, Paul et al.
[20] have considered self-gravitating dusty plasma consisting of warm positive ions,
nonisothermal two-temperature electrons and negatively charged dust particles. Finally, they
have discussed the effects of nonisothermal two-temperature electrons, gravity and dust

charge fluctuations on the IAS in self-gravitating dusty plasma.
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However, the effects weak non-isothermalilty of two-temperature electrons on the IAS in
self-gravitating dusty plasma have not yet been studied by any author. So, in this Chapter,
we have studied the existence and characteristics of 1AS in self-gravitating dusty plasma
consisting of warm positive ions, weak non-isothermal two-temperature electrons and
negatively charged dust particles with variable charge. Using the RPM, we have derived
uncoupled third- order partial differential equations instead of coupled nonlinear equation for
the usual nonisothermal and weak nonisothermal electrons in gravitating plasma. From this
uncoupled nonlinear equation, the solution of IAS has been obtained and the effects of two-

temperature electrons, gravity and dust charge fluctuations have been discussed.

5.2. BASIC EQUATIONS

An unmagnetized three-component plasma consisting of warm ions, warm micron-sized
massive negatively charged dust grains and non-isothermal two-temperature electrons are
considered. It is assumed that the dust particles are mainly charged by the attachment of ions
to dust grains. Initially, electrons are attached to dust particles at a faster rate than the ions
because the electrons have lighter mass and faster motion than the ions. As a result the dust
particles get negatively charged. Once the dust particles have enough negative charge the
chance of an electron being attached to a negatively charged dust grain becomes lesser than
the chance of an ion being attached to the dust grain. Ultimately, the charge fluctuation of
dust grains is due to the attachment of positive ions only. Further, we consider that the self
gravitating effect in dusty plasma influences both the linear and nonlinear modes of
propagating ion acoustic waves. Under these assumptions, the normalized basic equations

governing the plasma dynamics are [20]:
For ions:

on, 0 _
E—'— o (nv,)=-4n, (5.1)

OV, oV, o op op Oy
gy AN 2P 2P RB(v -V 5.2
i '8x+ni OX oX  oX A =Vo) (52)

%+Vi%+3pi%
ot OX OX

0 (5.3)
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For dust particles:

on,

0
T4 4% (nyv,)=0 5.4
T = () (54)

%_de%_}_i%:—z_d%_a_w_ﬁi(vd_vi) (55)
ot OX  uyn, OX My OX  OX

Py Py oV,
+V +3 =0 5.6

12 T3P, (5.6)
Poisson’s equations:
o’
o "M a0 +Z,n, (5.7)
Fv_ %% > mn =X, > mn (5.8)
ox? mia).z s=e.id *e is:i,d > .

At equilibrium the charge neutrality condition is

0 _ O © _ 10 4 1O )
N =Ny +Z,ng’ =N +Ng’ +2Z,Ng (5.9)

the subscript s = i represents for ions, s =d for dust particles; ms, ns, vs, gs and ps denote
respectively the mass, number density , velocity, charge and scalar pressure of the s-th
species of the plasma : nec ,nen are number density of electrons at low and high

temperatures, Zq is the number of electronic charge attached on the grains; ua = ma/mi , oi =

TilTet , oq4 = TalTes Tef =TecTeh /(neCOTeh + nehOTec) ) Xi = a)gi /mia)lz ,CUSi = 47Z'Gm| n;

Mo+ Neco (Neno) and Mo are respectively the equilibrium number densities of ions, electrons and
dust particles; G is the universal gravitational constant : ¢ and y are respectively the
electrostatic and gravitational potentials; Tec and Ten are the low- and high- temperatures of
electrons; Ter is the temperature of free electrons; other symbols have their usual
meanings. The parameter gi is the attachment co-efficient (frequency) of ions to the dust
particles. The right hand side of Eq. (5.1) is the sink term which describes the loss in the ion
density due to attachment of ions to the dust particles. The attachment coefficient of ions may

vary due to the change in ion current falling on the dust grains, and also due to the change in
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the densities of ions and dust grains. Since, i has the collision like behavior, the last terms in

the right hand side of Egs.(5.2) and (5.4) are also be like collisional effect between ions and
dust particles.

In the above -equations we have normalized distance x by Debye length

_ 2 1/2
Ao = (KgT, [ 4en) , time t by the inverse of ion plasma frequency

1 2 1/2
o =(m; [ 47ene )" o) pressures by ion  plasma  pressure ni @ KsTi, ¢ by KgTe /e,

w by KeTe/mi, and all number densities by nio. ai = Ti/Tes .

For the nonisothermal electrons at two different temperatures the number density is given by
[21]

n =,U[1+ 4 4(1 IBI)( 4 )3/2+ ( % )2_8(1_:B| )( % )5/2+ ( 4 _) _ ]

« ,u+vﬂ 372 Cu+vp u+vp 157" " pu+vp U+vp
(5.10)
neh:V[1+ ﬂ¢_ 4(1 1/€h)( ﬂ(ﬂ )3/2 ( ﬂ(ﬁ )2_8(1_52)( ﬂ(ﬂ )5/2 ( ﬂ¢ )5___']
u+vp 3z u+vp 2 u+vp 157 u+vp 6 u+vp
(5.11)
where,
1 1
ﬂ T / eh’ﬂl T /Telt’ﬁh T /TehthuznecO’V:nehO’b _(72_1@) b (ﬂ_lgh)’
b(1) (1 ﬁ|) b(l) (1_ﬂhz) U= n(O) :n(O)_
| 7[1/2 ’ ec v eh
and Tet is the temperature for the trapped electrons.
Therefore, from (5.10) and (5.11) we obtain
n, =n, +n,,
b, +vh, 1 (u+v 8 (1o +vb® B2
—1 (ﬂ ﬁ)s/z 32 | (u+vp? )(p _(/U| _h£ )§0 Foeeens (5.12)
u+vp 2(ﬂ+ vB)? T 15 (u+vp)
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5.3. DERIVATION OF KdV EQUATION AND ITS SOLUTION

In order to get an ion-acoustic wave equation in the form of a KdV equation, we introduce the

following stretched variables, £ and 7 given by

E=g"(x=Vt), =& (5.13)

where, V is the linear phase velocity, ¢ is a dimensionless expansion parameter which is
very small ¢ << 1 measuring the dispersion and nonlinear effects. Further, we assume the

following perturbation expansion for the field variables:

P =Xy +&Py + 6Py +&°Py 4o
'8 83/4
Now, we use EQs.(5.13) and 5.14) in Egs. (5.1)-(5.8) and then equating the coefficients of

(5.14)

¢2  we obtain the equations consisting of MarVies PiurMasVor, Pas, and Vi, Vyz, Piz: Pz -

Following standard mathematical procedure , the mKdV equation is derived for the

electrostatic field in self-gravitating dusty plasma consisting non-isothermal two-temperature

electrons:
Of 104 1,09
P +Cq 8§+288§ +Dg =0 (5.15)
Where,
{2(#b. +vﬂbh>3’2}
c- (u+vp)™*
Mig vy Vi 38N Ngo vay Vs L 3Ny,
{AH )(ﬂi+ i +1)+ VM? (Z4+7, )(ﬂ?+ ) +1)}
B 1/2
i0 1/2 12 3a1n|0 +1) 4 Zddo 1/2 \LZZ 3b1nd0 1:|
{Ml( )(ﬂl+/11 +1)+ V/lz(d )(/12+72 +1)
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|:ﬂ|n|o v, + i) n Zjndozvlﬂi _ Z, ndovg’lllzﬁi }
o B N 4
i0 1/2 12 3a1r\|0 +1) + do Z 1/2 V2 3b1nd0 1}
[AH DO zﬂz( G Y

It is seen that the dispersive term B of the mKdV Eq.(5.15) depends on the parameters of

ions and dust particles in the gravitating plasma (i.e. 0, Ny, 444,2Z4,0;,04, 0y, @y ) Whereas

gi’
the nonlinear term C  depends on these parameters and also on the parameters of non-

isothermal electrons (i.e. x,v, B,b,,b,). Since the coefficients B and C play crucial roles

on the excitation of IAS, itis important to find the dependence of these coefficients on the
amplitude, width and velocity of the IAS in the gravitating plasma. If C=0 i.e. when the
nonlinear term in Eq.(5.15) vanishes at some critical values of i) dust density, or ii)
gravitational effects for ions and dust particles, or iii) density (or temperature ) of two-
temperature electrons etc., the 1IAS will not exist in the self-gravitating dusty plasma.
Similarly, for B, the dispersive term in Eq.(5.15) , there will no excitation of the IAS in

dusty plasma. Eq.(5.15) shows that there is one more term D¢, in the mKdV equation

which consists of the attachment coefficient fi and also the parameters of ions and dust

particles in the gravitating plasma.

It is to be mentioned that an uncoupled KdV equation for the gravitational potential y can

also be derived for the waves in self-gravitating dusty plasma using the standard
mathematical method for electrostatic potential. Then one can examine the possibility of

having soliton-like variation of the gravitational potential in dusty plasma.

Solving Eq. (5.15) the solution for IAS in a self-gravitating dusty plasma consisting of ions,
charged dust particles and non-isothermal two-temperature electrons can be obtained for
variable dust charges and also for constant dust charges. We first obtain the solution of IAS
in gravitating dusty plasma neglecting the effect of charge fluctuation on the dust grain ( i.e.
S =0and so D=0 ). The mKdV Eq.(5.15) is then reduced to
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8¢1 C¢11/2 8¢1 1 1L 0 ¢1 =0
or oc 2° 08 (5.16)

For having the stationary solutions of equations (5.16) we introduce a new variable

n=¢&—Ar and integrate the resulting equation using the boundary condition,

d? (P1

i)(ﬂl—)O,ii)%%Qiii) —0 asn—o.
n

Thus we get the intermediate integral

12 1/2

dp, 24, |, 8Q
—n_J=z 5.17
an { = (o) { 15/1(401) (5.17)
and then from Eq.(5.17) we obtain the solution for IAS in self-gravitating dusty plasma
given by :
¢, = p,Sech®(115) (5.18)

2
where , ¢, = 2245 (/; ( is the amplitude), &= [%]”2 (is the width) and A is the phase

velocity of IAS. it is seen that both A2 and C2? are positive for any value of the plasma

parameters. So the amplitude ¢, is positive which indicates that only compressive IAS will

be excited in the self-gravitating dusty plasma

When the variation of dust charges in dusty plasma is taken into account ( i.e. 3 =0, and

so D=0 ), the quasi-soliton solution for IAS is obtained from Eq.(5.15). The mKdV Eqg.
(5.15) has a quasi-soliton solution given by [22]

! a ' ! !
0, = )sech* (UL Y& - a0 ) (519)
The amplitude of IAS can be expressed as

a(n')=a(mn, )exp[-S(7'—m)] (5.20)

where 7, corresponds to some initial value of the variable 7’.
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Obviously, if D <0 the amplitude of the quasi-soliton increases exponentially indicating
instability. On the other hand if D > 0 the amplitude of IAS decays exponentially with the

increase in the independent variable 7.

5.4. EFFECT OF WEAK NONISOTHERMALITY OF TWO-TEMPERATURE
ELECTRONS ON THE SOLITON SOLUTION

Now, we consider the case of dusty plasma having different effect of nonisothermality of
two-temperature electrons. We assume that a small percentage of nonisothermality is present
in the plasma i.e. the plasma has also a reasonable percentage of isothermal two temperature
electrons. In this case, the above analysis for deriving the KdV equation will not hold good
and recourse must be taken to the original governing Egs. (5.1) to (5.8). This can be done by
introducing the nonisothermal parameters by and bn as small quantities in slight different
forms; bin are assumed to be bin = &2 b 1n where b’in > 0. In this case, the scheme of
perturbation expansion of the field variables and stretching of the space co-ordinates and
time will be different from that considered earlier in Eq.(5.13). We have to use the scheme of

Washimi and Taniuti [23] given by

E=g"*(x-Vt) and 7 =" (5.21)
where, V is the linear phase velocity and ¢ is a smallness parameter measuring the
dispersion and nonlinear effects. Further, the perturbation expansions for the field variables
are

Ps:Xso"'gPsl"‘gzpsz"'gsPsz (5.22)

5/2 —
o, =&""q,

Now, to derive the mKdV equation we use Egs.(5.21) and (5.22) in Egs. (5.1) to (5.8) and
then equating the coefficients of & we obtain the equations consisting of
Nis Vies Pigs Mgy Voo Pars @Nd Viy, Vg0, Pins Py, . FOllowing the standard mathematical procedure
,we have derived the following modified KdV equation for the electrostatic field in self-
gravitating dusty plasma consisting non-isothermal two-temperature electrons:

oh cl’z% B% Dg =0
or TARTCAT) 5, +B 5+ DA (5.23)
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Where,
12)? (,LH‘VE ) v2)?
N { {14 (ﬂwﬁ)z‘zd%{zd*“ﬂ }]
i0 vy Vi | 3an, 1)+ Zolo (7 0 A 3b1nd0 1}
[A“ G vzzz(" G (5.24)

The coefficients B, C and D are given above.

Neglecting the dust charge fluctuation (i.e. D =0) we get the stationary solution of (5.23)

with the boundary condition at y—0. We assume y=¢&-Uz,U is the velocity of

transformed co-ordinates. Using the technique of Davidson [ 24 ] and Das et al. [25] , we

obtain the following intermediate equation

op\2 U 2. 8C 1/2 A
(a) —§(§01) @ 15 (@) 3U¢l) (5-25)

Now, we introduce ¢= M~2 and the Eq. (5.25) is written as

Y m2 8 Av1/24m = 2
[EM—TEM =) “dM ==dy (5.26)

Again integrating the equation and then putting back to into the equation of ¢ , we get the

solution
=[£+(ﬁ A2 osh(y15,)]2 (5.27)
TR AT 21 -

where, 5, = 2(8/U) 2 s the width of the solitary wave.

16C* A

It is to be noted that the expression (-——+-——
225U%  3U

) is positive if A is positive . But, this

2
expression may not be positive if A is negative. The negative values of (16C

Ay will
3y

give complex values of the amplitude which indicates the non-propagation of wave in the

2
plasma. For a real solitary wave the expression (2126C - +£) should be positive. It is possible
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16C?

f (225U 2

)y > (SUA) for A < 0. Moreover, the values of A and C give some idea about the

solitary wave solutions. If C is very smaller than A ,the solution of IAS takes the form

U 8c2 16C2

_ 2
(pl——[l 5EAU —asech(y/6,) - 75AU{1 3sech®(x /0, )}]sech (x13,) (5.28)

If Cisvery small and if it is negligibly small then the solution becomes,
KU
¢1=Tsech2(;(/§2) (5.29)

which is the value of the electrostatic potential of IAS in plasma having isothermal

electrons?

Considering the charge fluctuation of dust particles in plasma i.e. D#0 having isothermal
two-temperature electrons, the solutions for the IAS is obtained by Paul et al. [20] given

by

@5 = @, Sech’, + Dr (5.30)
Where, ¢, =% , 0.=1(J), ¢ isa transformation parameter.

Moreover, in the case when A is very small as compared to C the solution of IAS in plasma
having no charge fluctuation becomes

2
o = 225U2 [1—75AL2J cosh(z 1 5,)xsech? (125,)]xsech® (71 25,) (5.31)
32C

64C

where the terms of }/CG are neglected.

As a special case , when A is negligibly small the above solution becomes

22502

=== sech® (1125,) (5.32)
64C
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This is solution of the IAS in a plasma having non-isothermal electrons described by the
mKdV Eq.(5.23) , neglecting the charge fluctuation parameter D for the attachment
coefficients. Considering the fluctuation charge of dust particles through attachment
coefficients, i.e. when D=0 , quasi-soliton solution of ion acoustic wave in gravitating

plasma having nonisothermal electrons is given by Eq.(5.30).

5.5. RESULTS AND DISCUSSION

From the mKdV Eg.(5.23) and its solution Eq.(5.29) and Eq.(5.30) it is seen that the IAS
will be excited in unmagnetized self-gravitating dusty plasma having nonisothermal two-

temperature electrons for constant dust charges and also for variable dust charges. In a dusty

plasma with constant dust charge, the amplitude of IAS is given by ¢, = (225/64)(1*/C?)

which shows the dependence of amplitude on i) the densities and temperatures of two-

temperature electrons , ions and dust particles, ii) the masses of ions and dust particle and
iii) the charge of dust particles. But, the width of IAS given by =(8B/A)"? depends only

on the parameters of ions and dust particles. The width of IAS does not depend on the
density, temperature and nonisothermal parameter of electrons. On the other hand, it is seen
that the attachment coefficients and the gravitational effects are involved in D in fourth term
of mKdV Eq.(5.23) and these parameters will significantly influence the properties of IAS
including its amplitude, speed, width as well as its stability. For the dust charge variation due
to attachment coefficient of ions, the amplitude of IAS wave will grow or decay

exponentially.

In dusty plasma, weak nonisothermal electrons have a different role on the excitation of IAS,

In this case, the IAS has sech®— type profile instead of sech’—type. The amplitude is

AC,16C2
— + (
15U “po5y2

given by 90 =1L +%)1/2]—2 and widthis 5=2(B/U)1/2

It is seen that amplitude of IAS depends on all the parameters in dusty plasma related to
electrons, ions and dust particles including the gravitational effect. But, the electrons have no
contribution on the width of IAS.

However, the plasma parameters of electrons, ions and dust particles are seen to be present in

the expressions of amplitude and width of the IAS in a very complicated way in gravitating
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dusty plasma with  ordinary-nonisothermal and weak-nonisothermal two-temperature
electrons. It is very difficult to see the effect of this plasma parameter separately on the
amplitude and width of the IAS. A close observation shows that for the increase of
temperature and nonisothermal parameter of two-temperature electrons the amplitude of the
IAS will be decreased and the width will be increased. On the other hand, the effects of
gravitational forces of ions and dust particles on the amplitude and width of IAS are seen to
be more significant than other parameters in the dusty plasma. The amplitude will be
drastically reduced due to the gravitational effect, but the width will be increased for the
gravitational forces of mainly due to dust particles. In fact, numerical analysis will give clear
physical implications of the gravitational potential, dust density, ion temperature, and non-
isothermal two-temperature electrons on the IAS in dusty plasma. Inclusion of drift motion
of plasma leads to two distinct modes of wave propagation- one having comparatively high
phase speed called as ‘fast mode’ and the other with lower phase speed called as ‘slow
mode’. For numerical analysis of amplitude and width of IAS in dusty plasma with drifting
of ions and dust particles, one should carefully choice “fast-mode” or slow-mode” of the

phase velocity for their investigation.

The attachment coefficients and the gravitational effects are involved in the mKdV equation;
these parameters will influence the IAS properties including its amplitude, speed, width as
well as its stability. The stability of solitary wave in gravitating dusty plasma is important
for understanding various nonlinear wave processes in the plasma. It is found that stability
of 1AS depends on the sign of the coefficient D of the fourth term D ¢ in the mKdV equation.

It is seen that the attachment coefficient, non-isothermal parameter of two-temperature
electrons and gravitational effects are present into the factor D in a complicated way. The
stability of the solitary structure will therefore be determined by the relative magnitudes of

these effects.
5.6. SUMMARY AND CONCLUSION

In this Chapter, we have theoretically studied the IAS in self-gravitating dusty plasma
consisting of positive ions, weak- nonisothermal two-temperature electrons and negatively
charged dust particles with fluctuating charges and drifting ions by using the reductive
perturbation method. Most important achievement in the paper is that instead of coupled

nonlinear equations as obtained by earlier authors we have obtained an uncoupled nonlinear
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equation for the study of IAS in self-gravitating dusty plasma. However, we have not
analyzed our theoretical results numerically for real dusty plasma of the astrophysical objects.
Our analysis is advantageous for solving the nonlinear equation for getting the solution of
solitary waves. The results obtained by previous authors for 1AS in gravitating plasma with

one component electrons can be easily recovered from our investigation.

In our study, it is seen that because of the extra electron the solitary wave in plasma shows a
different role played as a result of the nonlinearity and the dispersive effect of the plasma.
The multiple electrons in plasma exhibit a steepening tendency in solitary waves and
therefore the IAS may not exist ultimately. Moreover, because of the appearance of large
amplitude ion acoustic waves move with faster velocity, causing the IAS to break into
many more IAS. These phenomena are exhibited in the isothermal plasma, whereas the
nonisothermal plasma does not have any such singularity. However, the plasma with a small
percentage of nonisothermality may introduce such singularity. A close observation
indicates that for the increase of temperature and nonisothermal parameter of two-
temperature electrons the amplitude of 1AS will be decreased and the width of it will be
increased. On the other hand, the effects of gravitational forces of ions and dust particles on
the amplitude and width of IAS are seen to be more significant than other parameters in the
dusty plasma. The amplitude of 1AS will be drastically reduced due to the gravitational effect,
but its width will be increased for the gravitational forces of mainly due to dust particles.
Instead of dusty plasma one may consider gravitational effect in heavy-ion plasma [26-29]
and study the heavy-ion IAS and shock structures for constant charge of heavy-ions. It is to
be remembered that the dynamics of dusty plasma and heavy ion plasma are completely
different. The charge and the mass of dusts in dusty plasma are very large than the heavy ions
in dust-less electron-ion plasma. So, the gravitational effects of heavy ions on the solitary
waves and double layers (or shock waves) would be insignificant.

Some Special Remarks:

In dusty plasma both dust- acoustic and ion-acoustic solitary waves are excited in presence of
drift motion. It is true that drift motion of dust particles are slower than the positive ions in
dusty plasma. But, the motion of dust particles has important roles on linear and nonlinear
propagation of waves in dusty plasma because both fast-mode and slow- mode are generated
due to drift motion.

In this Chapter, we have considered unmagnetized three-component plasma consisting of

warm ions, warm micron-sized massive negatively charged dust grains and non-isothermal
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two-temperature electrons. We have assumed that the dust particles are mainly charged by
the attachment of ions to dust grains. Initially, electrons are attached to dust particles at a
faster rate than the ions because the electrons have lighter mass and faster motion than the
ions. As a result the dust particles get negatively charged. Once the dust particles have
enough negative charge the chance of an electron being attached to the negatively charged
dust grain becomes very much smaller than the chance of an ion being attached to the dust
grain. Ultimately, the charge fluctuation of dust grains is due to the attachment of positive
ions only. But, the dust particles remain negatively charged which is varying due to
attachment  of ions to the dust particles. After a long period of time, the dust particles
become neutral in charge and finally become positively charged due to continuous attachment
of positive ions. In present paper, we have considered the case when the charge of the dust
particles are negative before going to be neutral due to attachment of positive ions. However,
when the dust particles become positively charged the mathematical analysis for the study of
ion acoustic solitary waves would be same.

In dusty plasma, it is assumed that the electron- current and ion- current are the causes of

charge fluctuation of dust particles [30]. The variation of dust charge is given by

%‘H?le :||eo|{%_h}

dt i0 r-]eO

where, r7= (€|l |/ C)[L/T, +1/ @], C is the capacitance of dust grain,
w, =T, —egd,,, T. is the ion temperature and eg,, is the equilibrium floating potential.

Since, in this Chapter, we have assumed that all electrons are already attached to dust
particles i.e.there isno free electron for attachment and only ions are being attached to

dust particles causing dust charge variation.

So, 1,,=0, =0 and %:O.

Therefore, attachment of ions is the only source for dust charge fluctuation. So, inclusion
of attachment coefficient of ions in the continuity equations and the momentum equations is
justified. Since the electrons are inertia- less, the question of inclusion of sink- term in the

continuity equation of electron does not arise.
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Ch-6. Dressed Soliton in a Dense Dusty Plasma having Ultra-Relativistic Degenerate
Two-Temperature Electrons

CHAPTER-6
DRESSED SOLITON IN A DENSE DUSTY PLASMA HAVING ULTRA-
RELATIVISTIC DEGENERATE TWO-TEMPERATURE ELECTRONS

[This Chapter is based on the published paper: Indian Journal of Physics (19 October,2021),
DOI :10.1007/s12648-021-02059-4]

6.1. INTRODUCTION

lon-acoustic solitons (IAS) have been studied by various authors considering different
types of plasma (negative ion plasma, positron plasma, quantum plasma, dusty plasma etc.)
with different parameters (ion temperature, nonisothermal electrons, two-temperature
electrons, nonthermal electrons, super thermal electrons, Tsallis distributed electrons etc.)
to fit their results in various physical situations in laboratory and astrophysical plasma.
However, two-temperature electrons have special kind of effects in the excitation of
solitons in the plasma. A small percentage of the cooler component of electrons leads to
effects qualitatively different from those obtained for a plasma having only one-temperature
electron species. Goswami and Buti [1] and some other authors [2-8] have investigated the
IAS and other aspects of the wave in two-temperature electron plasma and obtained

important results which are applicable to various physical situations.

However, it is found from the experimental observations of IAS that theoretically
predicted values of the amplitude, width, and velocity of the solitary waves do not obey
the experimental results [9-11]. To remove the discrepancy between the theoretical and
experimental results, a number of authors studied and analyzed the inclusion of higher
order perturbation corrections into the KdV soliton, and the resulting solution has been
termed °‘dressed soliton’. Ichikawa Matsuhasi, and Konno [12] were the first to examine
such higher-order effects by the reductive perturbation method for IAS in a plasma
consisting of cold ions. Considering the temperature of ions in a plasma, Lai [13]
investigated the higher-order effect on the IAS. Kodama and Taniuti [14] have
reconsidered this problem and have shown by the method of renormalization how to
eliminate the secular terms appearing in higher-order terms of the expansion. Later,
Tewari and Misra [15], El-Labani et al. [16] and other authors [17-19] have investigated

the propagation of higher-order IAS i.e. dressed solitons in different types of plasma.
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But, in relativistically degenerate and ultra-relativistic dense plasma, propagation of waves

must be studied following the works of Chandrashekhar [ 20,21]. The degenerate electron

equation of state suggested by Chandrasekhar is P, oc n>® for the nonrelativistic limit, and
P, oc n?”*for the ultrarelativistic limit, where P, is the degenerate electron pressure and n, is

the degenerate electron number density. Shah et al. [22] have undertaken investigation on the
effect of trapping on the formation of solitary structures in relativistic degenerate (RD)
plasmas. They have used the relativistic Fermi-Dirac distribution to describe the dynamics of
the degenerate trapped electrons by solving the kinetic equation. Masood and Eliasson [23]
have studied electrostatic solitary waves in quantum plasma with relativistically degenerate
electrons and cold ions. The inertia is given by the ion mass while the restoring force is
provided by the relativistic electron degeneracy pressure, and the dispersion is due to the
deviation from charge neutrality. Later, Chandra et al.[ 24] have studied electron-acoustic

solitary waves in a relativistically degenerate quantum plasma with two-temperature electrons

4/3
e

using the QHD model and degenerate electron equation of state (P, «c n;"*). They have shown

that degeneracy parameter significantly influences the conditions of formation and properties
of solitary structures. Mamun and Shukla [25] have investigated arbitrary amplitude solitary
waves and double layers assuming ultra-cold electron fluid, inertial ultra-cold ion fluid, and
negatively charged static dust by the pseudo-potential approach. Later, Esfandyari-Kalejahi et
al. [26] have studied arbitrary amplitude IAS using Sagdeev-Potential approach in electron-
positron-ion plasma with ultra-relativistic or non-relativistic degenerate electrons and
positrons and numerically investigated the matching criteria of existence of such solitary
waves. Later, Roy et al. [27] investigated the nonlinear propagation of waves (specially
solitary waves) in an ultra-relativistic degenerate (URD) dense plasma containing ultra-
relativistic degenerate electrons and positrons, cold, mobile, inertial ions, and negatively
charged static dust by the reductive perturbation method. They have derived the linear
dispersion relation and the KdV equation whose numerical solutions are analyzed to identify
the basic features of electrostatic solitary structures that may form in such degenerate dense
plasma. The existence of solitary structures has been also verified by employing the pseudo-
potential method.

From above discussions, it is seen that two-temperature electrons have important role to the
solitary waves and dressed solitons in plasma. Moreover, ultra-relativistic electrons have

significant effect on nonlinear wave processes in plasma. But, no investigation has yet been

Page 113 Solitons and Double Layers in Different Types of Plasma


http://scitation.aip.org/content/contributor/AU0209892;jsessionid=8JKfmhAyG7xKpwfgoHwkZibi.x-aip-live-02

Ch-6. Dressed Soliton in a Dense Dusty Plasma having Ultra-Relativistic Degenerate
Two-Temperature Electrons

reported on the dressed solitons in ultra-relativistic ~ dense plasma with degenerate

4
electrons having equation of state ( pressure) P, oc n? . So, in this Chapter, we have studied

the dressed solitons of ion acoustic waves in a dense plasma with  cold ions and URD two-
temperature electrons with static negatively charged dust particles. The profiles of dressed
solitons are drawn and discussed for different values of density and temperature of URD
electrons. Moreover, solution for the dressed solitons at critical state is also obtained and
discussed graphically. It is seen that degenerate two-temperature electrons has considerable

impact on the structure of dressed solitons in URD two-temperature electron plasma.

6.2. BASIC EQUATIONS
We consider four component plasma consisting of inertia less URD two-temperature
electrons, cold inertial ion fluid, and negatively charged static dust. The degenerate pressure
of electrons has been expressed in terms of density by using the ultra-relativistic limit of
Chandrasekhar [20, 21]. The nonlinear dynamics of the electrostatic wave in such URD dense

plasma is described by the following equations:

on, 0O
8ts +&(nsus) =0 (6.1)
Ny M09 (6.2)
ot OX OX
o9 3, ang _
“ox 47% ox (6.3)
op 3 on?
eh _w__ﬂeh — = 0
ox 4 OX (6.4)
‘o
——5 = A Ny, + O, N — N+ (6.5)

OX

where, s = e, i denote for electron and ion; velocity us is normalized by ion-acoustic speed
C, = (m.c?/e)"?, density ns is normalized by the equilibrium ion density, n,=n_+n,, n,
and n,, are the densities of electrons at low and high temperature, the electrostatic potential ¢
is normalized by mec?e, space variable x and time variable t are normalized by

(mec?/4mnioe?)2 and ion plasma period (@,,)?; @, = (47ne* / m)"?;
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a, = AN o, =S, A =hc/m,

¢ 'ecO? el
ﬁec = Koaec'ﬁeh = Koaeh’ K0 = (h/ mec)’ (66)
Qo = (Nego I Nig), Ay = (N 1 Nig) sty = (Z4Nyo / Myp).

Neo » Neo and n,, are the equilibrium densities of electrons at low and high temperature ,
and positive ions; Z, is number of negative charges of dust particles. Other parameters have

their usual meanings.
The charge neutrality condition is

a,+to,+o, =1 16 o, +o,=1-a,

(6.7)

In absence of dust particles, o, =0, i.e. , +a,, =1

For a solitary wave solution we assume that the dependent variables depend on a single independent

variable &=x-Vt, where V is the velocity of ion-acoustic wave. Then from the equations (6.1) -

(6.3) we obtain after using the boundary conditions N —1,¢ —>0 as & — o0

3 3
n = ! Ny :(1+iJ Ny, :(1+ d ] (6.8)

I /1_2£ ' 3ﬁ)ec 3ﬂeh
V2

where, f,. and S, are the temperature degenerate electrons ar low and high temperatures.

Now using (6.8) in (6.4) we get

2
a_(f = A+ 00" + A’ :
og (6.9)
Where
A, :[ﬁ+%_\%]
ﬂec ﬁeh (6103.)
a a 3
A :[ ec eh ]
© O3B 3B vt (6.10b)
a a 5
A :[ ec eh ]
AT 6109
An integral of (6. 9) satisfying the conditions dg/dX — 0,9 —0asé& — towois
efdpY 1. , 1 . 1
ZIZL | =ZA QP +SAP +=A 6.11
5 (dx j 5 ® 3 20 4 3P ( )
where we have stretched the & coordinate according to the relation
X =% ¢& (6.12)
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where ¢ is a small parameter , € < 1. It is a measure of the weakness of dispersion.

We now make the following perturbation expansions for g andV.

¢:g(p(l)+82(p(2)+. . (6.13a)
V=V, +eVP 2V 4 (6.13b)
Using with the expansion of V given by (6.13b), A,,A, and A, of Eq.( 6.9) become
A=60+e5" +£26P 456 4

A, = 5§0) n 352(1) n 52552) Feeeenenns (6.14)
Ay =8 + &8 4o

Where

59 =0

s =2y v

81 = 27NN 4y (L= 4y, V)V )P

87 =27V .27 (L= 4y VIV IV @ + 4y (27VF -1V )’

3
R T
s =6y (6.15)

517 =6y NV D + 32 (1-6y V)V ©)?

5
& =r—o

2
&) =157, V(v
aec ae aec ae aec ae
N +— = hz V3= -

=—+—Sy, = -
B Bt g apr T 2a1p g,

Substituting the expansions (6.15) in (6.11) we get a sequence of equations for the ¢"'s and

the equation for go(‘) at each order becomes a first-order inhomogeneous differential equation
for i >1.

For linear dispersion relation, (A,), =0 =0.

Therefore,

o, a5 1

e Teh .~ 6.16a

ﬁec ﬂeh V02 7/1 ( )

La%::J B =V (6.16b)
(aecﬂeh + aehﬂec)
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6.3. SOLITARY WAVE SOLUTION

6.3.1. First-Order Equation and its Solution

In the first-order i.e. in the lowest order which is at the order of €* we obtain the following
equation for ¢®.

1 d(D(l) 2 1 2 1 3

= — 25007 4 T 50,0 6.17
> ax ) S0P 309 (6.17)
The solution can be written as

dgo(l) \/E " 1

—— ==, |=p"[3V, —p"]? 6.18
X 37 [BV, — 9] (6.18)
The solution of which is the first-order KdV soliton

o = f sech?y (6.19)

Where f, is the first-order amplitude,

6V,
f=—— 0 __\yO® (6.20a)
' 2y, - 3\/04)
@ >
B 2
n= [VO 2/ ] X (6.20b)

¢ vanishes at infinity and it attains a maximum value at 1 = 0 giving the amplitude of
first-order solitary wave f,, f =g, (say).

VO = (2y, _3\/04)\/05 f,
6

(6.21)
The first-order width D, of the solitary wave is

2 2
) :[WJ h (6.22)

where 7, is the positive root of the equation , tanh?7, =0.58.

The Mach number correct up to first-order

Ve 1+ (27, =3V "\Vo fy

M, =1+
Vv, 6

(6.23)
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It is important to note that the perturbed part V® of the expansion for V in (6.13b) remain
unspecified and hence the amplitude of the soliton, f,, can be changed by varying V® .

6.3.2. Second-Order Eqation and its Solution

At the second-order we get the following equation for go(z)using (6.16) and (6.22)

do? do® ) 1 2 1 3 1 4

d€§( JDX —[099Y + DY o =2 52 + D +Z§3(0)¢(1) (6.24)
Differentiating (6.24) with respect to ¢ we get

2 (1) )

d¢” _ so o 4 500 (6.25)

de 1

By the use of this relation and by introducing the independent variables given by (6.22) the
Eq.(6.24) can be written as

(1) 2 3 4
07 08 o o0 | 250 g7 a0 g -
d77 goi(ll) VOV @ ¢7§1) 3\/0\/ ® (0751) ZVOV (] (p7§1)

Multiplying both sides of (6.26) by the integrating factor ]/(pf]l) and then integrating we

obtain the following solution (0(2) that vanishes at infinity and that attains a maximum at
n=0.

1 2
(2) 6V0V( : 51( ) 51(2) % +_953(0);/0V (_1) jsec h*n

— 2 &)
Q7 = 4V0V(1) nsechntanhn + 6V,V {4VV(1)+

0

(0) (12
_Msec h477 (627)

Owing to the presence of the first term in the above expression, the (p(z) / (o(l) does not remain
finite at 77 — 400, So for a uniformly valid expansion of ¢ the coefficient of this term must

be equal to zero. Therefore we get 51(2) =0

which gives
3\/\/(1)2
v® = _Zo (6.28)
2
Removing the secular term, the solution of (6.27) is obtained as
0¥ =[ f,+ fytanh’y [sech’y (6.29)
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Where
fl _ § 51(1) _ 6V075 v
2857 (21, -3")
217 {1 1 } 36 3 y
=L =50 += 160 |= 2+ 2y, — 5V, (V2 (V@)
2 5O |3 2 T % VEQy, ) 2(2}/2_3\/04)( V3 o Vo (V™)
(6.30)
(s =2V,
LIS SO P R W /Y €% AV
s = - =
2 60 2 2uvv 8 VO
The amplitude of second-order correction term of (6.29) is
36
f, = 2+ — (2. —5\/6}v2(\/<1>)2 (6.30a)
’ Vo6 (27, _3\/0_4)2 { 2(2y, =3V, 4) ? ’ ’

The second-order width D- of the solitary wave (6.29) is

[2v;
D, { o }72 (6.31)

where 7, is the positive root of the equation

(f,/ f,)tanh* n, —[1+2(f,/ f,)]tanh? 7, +[(f, / f,) +0.58] =0 (6.32)
f, and f, are given above.

6.3.3. Corrected Higher-Order Solution up to Second-Order (Dressed Soliton)

Using (6.19) and (6.29) the solitary waves correct up to second-order become

@, =" +p? = f,(1+ f, tanh? n)sech’y (6.33)
where,
f,=f+f, and f,=f,/ f, (6.34a)

f, = f,+ f, , is the amplitude of corrected second-order solitary waves ,

BV 6V, ” { 3 5
f,= 1+ 02+ (r, ==V, ) Vv @ (6.34b)
) Vo (27, =3V, ") { (27, =3V ") (27, -3V") P2 ’
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The Mach number of second-order correction term is
V(l)2
V7 (6.35)

0

M, =

The Mach number of dressed solitary waves is

@ 7
M = 1+V— +— v
v

0 0

(6.36)
where, V®is given by (6.21)
6.4. DRESSED SOLITONS AT CRITICAL CASE

In critical case, the nonlinear coefficient vanishes, i.e. 5° =0 . Under this condition the

solitary wave will not be excited in plasma. But near critical value of phase velocity Vo (i.e.

when 5% =0) ,solitary wave will be excited with sechn profile instead of usual sech?;

profile. To study the solitary wave near critical state 5. ~0 the following perturbation

expansion for ¢ should be used,

(1)

0= 620 4 50®@ 45920 4 ... (6.37)

Substituting (6.12), (6.13b) and (6.37) in (6.9) and equating the coefficients of &2 from both
sides we get

1 d(”() @ (1) (0) (1)2 ) (0) (1)
> dX)_2§ P +0, P += 5 (6.38)

Near critical situation when 6% ~ 0, Eq.(6.38) is reduced to

(1) 2 4
(_ddgf;( )2 =50 +%5§°>¢<1> (6.39)
Eq.( 6.39) has the solution for solitary waves in the form

= A sechny (6.40)
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where, A is amplitude of first-order solitary wave,
251 a,’° vo

P20 7 (6.41)
53(0) (s —2.5V, 6)
1 _
n=2(Wa)X &) =20
In critical case, 5 =0 ; so, from (6.15) we obtain
3
y2==7i =0
2 (6.42)
where,
Doe | Fon e | Pen

"= = v
' ﬂec ﬁeh 2 3ﬂezc 3ﬂezh

Using the values of y, and y, in (6.42), we obtain the following quadratic equation for the

critical value of density of ultra-relativistic degenerate electrons at 5.° =0,

a2 _[(ﬂeh +9aehﬂec)]a [(2 3Oleh)aeh ec]
- o T 2Pa (6.43)

From (6.43) we obtain two values of the density of degenerate electrons given by
aecl =B+ (82 +4C)1/2 (6 44a)
Qy, =B—(B®+4C)"? (6.44b)
where,

[(ﬂeh +9¢, hﬂec)] (2_3aeh)aeh ezc
3ﬁeh Zﬂez;m

From (6.44a) and (6.44b) the values of critical density «,.,andea,, of ultrarelativistic

ecl ec2

degenerate electron at low temperature may be obtained, if other parameters, «,,, 5., B, are
known.

Similarly, at critical state the values of the temperatures g, of URD electrons for the
excitation of solitary waves may be obtained from the quadratic equation of f,. using (6.42).

Now, to find the higher-order correction in soliton at critical state of second-order Eq.(6.24),
we equate the co-efficient €52 and obtain the equation

2 2 3
d‘P df” 8il’¢)(1) @) 8(2°’¢)‘1)(p(2’ +8(2°)¢(1’ o + } 52(1)(/)(1) n 5 (0(1) o?
dX dX 3 (6.45)
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Assuming &” =0 we solve Eq.(6.45) and obtain the second-order correction term @®
given by

@, =[A,sechn +tanhn]sechn (6.46)

where, A, is amplitude of second-order correction term,

2 69 47NN 4V, v
A =-= ?0) ___°h 03 __ 0 — (6.47)
387  (=5112)  (13—23V")

Using (6.40) and (6.46) the dressed soliton at critical state (5{” =0) is obtained as

D,. = +@,c =[A + A, sechn+tanhn]sechyn (6.48)

6.5. RESULTS AND DISCUSSION

In this Chapter, we have studied the dressed solitons  of ion acoustic waves in dense dusty
plasma having URD two-temperature electrons considering higher-order nonlinear and
dispersive effects by carrying out calculations up to second-order. The secularity conditions
at each order gives corrections to the velocity of the solitary wave at the corresponding
higher-order. It is shown that higher-order nonlinear and dispersion terms have significant
contributions to the formation of dressed solitons in the plasma under consideration. To find
the dressed soliton we have first obtained the first-order KdV soliton, then second-order
correction to the KdV soliton and finally the corrected second-order solitons. From (6.19),
(6.29) and (6.33) it is seen that density and temperature of URD two-temperature electrons

have significant contribution to excite of the dressed solitons.

6.5.1 Profiles of Dressed Solitons

Considering a model URD plasma, we have numerically estimated the respective amplitudes
and have drawn the profiles of KdV soliton, second-order correction and finally the dressed
solitons in the plasma.The effects of plasma parameters on the solitary waves are graphically
shown in Figs.( 6.1)-(6.4).

To understand the nature of dressed solitons in URD two-temperature electron plasma, the
profiles are drawn for different values of density and temperature of degenerate electrons..
In Fig. 6.1 to Fig. 6.4, the structure of KdV solitons are shown with variation of density
and temperature of the URD electrons (dimensionless) for fixed values of other plasma

parameters.
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). Effect of o,
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Fig. 6.1(a). The profiles of KdV soliton (@) for different values of degenerate electron density (c,,) for
fixed values of the plasma parameters f,.=0.1, B, =0.5, &, =0.01; Graphs a, b and ¢ represent «,. =0.1,

0.2 and 0.3 respectively.

e

Fig.6.1(b). The profiles of second-order correction ((0(2)) for different values of degenerate electron density
(ex,.) for fixed values of the plasma parameters f,.=0.1, f,,=0.5, @, =0.01; Graphs a, b and c represent

a,. =0.1,0.2 and 0.3 respectively.
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Fig. 6.1(c). The profiles of go(l) , go(z) and @, for degenerate electron density ¢, =0.1 for fixed values of the
plasma parameters f3,.=0.1, S, =0.5, &, =0.01; Graphs a, b and ¢ represent the KdV soliton ((p(l) ), second-

order correction ((p(z) ) and dressed soliton (P, = (0(1) + go(z)) .
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ec

Fig. 6.1(d) . Variation of amplitude of KdV soliton (¢01) with the density of degenerate electron (¢, ) for

fixed values of f,.=0.1, B,,=0.5, o, =0.01.
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Fig.6.1(e). Variation of amplitude of dressed soliton (®,,) with density of degenerate electron () for

fixed values of f,.=0.1, B, =0.5, o, =0.01.
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Fig. 6.1(f) Variation of Mach numbers of M,, M, and M with density of degenerate electrons (¢, ) for
fixed values of S,.=0.1, S, =0.5, a,=0.01 ; Graphs a, b and c represent the Mach number of the KdV

soliton (M, ), second-order correction of soliton (M, ) and dressed soliton (M =M, + M, ) respectively.

In Fig. 6.1(a), the profile of KdV soliton (¢®) is shown for different values of degenerate

electron density («,, ) for fixed values of the plasma parameters g,.=0.1, S, =0.5, «,=0.01.

It is observed that rarefactive solitary waves would be excited in the plasma and the

amplitude will increase with the increase of «,. . In Fig.6.1(b), the structure of solitary waves
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for second-order correction (¢® ) is shown for the same plasma. It is observed that (¢®) in
soliton is compressive in nature and the amplitude is large for large values of the density of

degenerate electrons. The Fig. 6.1(c) shows the profiles of the dressed solitons (®,) for
degenerate electron density «,, =0.1, for fixed values of the plasma parameters 5,.=0.1, £,
=0.5, a,=0.01. It is seen that the dressed soliton is compressive in nature and the amplitude

of dressed soliton is much larger than that of the KdV soliton.The variation of amplitude of
KdV soliton and dreseed solitons in URD two temperature electrons are shown in Fig. 6.1(d)

and Fig.6.1(e). It is observed that for the increase of,, the amplitude (¢,) of first-order
rarefactive KdV solitons and the amplitude (d,,) of compressive dressed solitons are
increasing. Fig. 6.1(f) shows the variation of Mach number (M, ) of KdV soliton, Mach
number (M,) of second-order correction of soliton and Mach number (M) of dressed
soliton are described for different values ofr,, in URD plasma for fixed values of the
plasma parameters S, =0.1, £,,=0.5and «,=0.01. It is observed that the Mach number (M)
of dressed soliton is greater than that of KdV soliton (M,).

ii). Effect of £,

o)
¢

Fig. 6.2(a). The profiles of KdV soliton ((/)(1)) for different values of temperature (low) of degenerate
electron (.. ) for fixed values of the plasma parameters &, =0.1, S, =0.6, ¢, =0.01; Graphs a, b, ¢ and d

represent S, =0.01,0.02, 0.1 and 0.2 respectively.
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b:Be = 0.10 b

15

Fig. 6.2(b). The profiles of the second-order correction (go(z)) for different values of temperature (low) of
degenerate electrons (f3,.) for fixed values of the plasma parameters &z, =0.1, ,, =0.6, a4 =0.01; Graphs a,
b, cand d represent /3. =0.01,0.10, 0.15 and 0.20 respectively.

Fig. 6.2(c). The profiles of (p(l), (o(z)and @, for the temperature (low ) of degenerate electrons [, =0.01

for fixed values of «, =0.1, S, =0.6 and ¢, =0.01; Graphs a, b and ¢ represent the KdV soliton ((p(l)) ,

second-order correction ((/)(2)) and the dressed soliton (@, = (0(1) + go(z)) .
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Fig. 6.2(d). The profiles of of go(l) , (/)(2) and @, for the degenerate electron temperature f3,.= 0.5 for fixed
values of o, =0.1, f3,,=0.6, o, =0.01 ; Graphs a, b and c represent KdV soliton ((0(1)), second-order

correction (@) and dressed soliton (®, = p® + @®).
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Fig. 6.2(e) . Variation of amplitude (q)oz) of dressed soliton for different values of temperature of degenerate

electron (f3,.) for fixed values of ¢, =0.1, f3,,=0.6 and ¢4 =0.01.
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Fig. 6.2(f). Variation of Mach numbers of M,, M,and M with temperature of degenerate electrons ( 5..)
for fixed values of o, = 0.1, 3,,=0.6, a, =0.01; Graphs a, b and c represent the Mach number of the KdV

soliton (M), second- order correction of soliton (M) and dressed soliton (M =M, + M,) respectively.

The effect of temperature ( 5,.) of URD electrons on the KdV soliton is shown in Fig. 6.2(a)
in the plasma for fixed values of othern parametersa,, =0.1, S, =0.6, a,=0.01. It is observed

that both compressive and rarefactive solitary waves may be excited in the plasma depending

upon the values of g,.. For £,.= 0.01 and 0.02 the solitary wave will be compressive and

the amplitude is large for large value of g

ec!

but £,.=0.1 and 0.2 the rarefactive solitary
wave will be excited and the amplitude is increased with decrease of f,.. The profiles of
second-order correction ¢® are shown in Fig. 6.2(b) for different values temperature of
degenerate electrons g,. for fixed values of the plasma parameters o, =0.1, 5., =0.6 are , a,
=0.01. It is observed that second-order corrections () in soliton are compressive in nature
and the amplitude depends on the values of B,. At low value of £, =0.01 it is compressive

with wave-like behaviour.

The profiles of dressed solitons are shown in Fig. 6.2(c) and 6.2(d) in URD plasma for the

values of g,.= 0.01 and B,.= 0.5 for fixed values of «, =0.1, S, =0.6 and ¢, =0.01. It is
observed that structure of dressed soliton is more interesting for low values of £, =0.01

than large values of g, =0.5.
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The variation of amplitude of dressed solitons in URD plasma having two temperature

electrons are shown in Fig.6.2(e). It is observed that for the increase of S,. the amplitudes of
compressive dressed solitons are increasing for low value .. and decreasing for large values
p... Fig. 6.2(f) shows the variation of the Mach number of KdV soliton (M,), the Mach
number of second-order correction (M,) and the Mach number of dressed soliton
(M =M, +M,) with temperature of degenerate electrons (5..) for fixed values of «, =
0.1, B,,=0.6, a,=0.01. Itis observed that Mach number of dressed soliton (M) is greater
than that KdV soliton (M,).

6.5.2: Profiles of Dressed Soliton at Critical State

). Effect of a, :

Fig.6.3(a). The profiles of first-order soliton (¢,.) at critical state of degenerate electron density (et,.) for

fixed values of S,.=0.1, f,,=0.5 and ¢, =0.01; Graphs a, b and ¢ represent &, = 0.1, 0.2 and 0.5
respectively.
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Fig. 6.3(b) The profiles of second- order correction in soliton (¢, ) at critical state of degenerate electron

density (a,.) for fixed values of £, =0.1, S, =0.5and &, =0.01; Graphs a, band ¢ represent &, =0.1,
0.2 and 0.5 respectively.
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Fig.6.3(c). The profiles of ¢, #,c and ®,. of the dressed soliton at critical state of degenerate electron
density &, = 0.1 for fixed values of S,.=0.1, B, =0.5and &, =0.01; Graphs a b and c represent the KdV

soliton (¢, ), second-order correction( &, ) and dressed soliton (D, = @ + @, ) respectively.
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Fig. 6.3(d). Variation of amplitude of first-order soliton (¢ ,.) and dressed solitons (P, ) at critical state for
different values of degenerate electron density (ct,,) for fixed values of S,.=0.1, S, =0.5 and &, =0.01.

Graphs aand b represent (¢,,.) and (D, ) respectively.

At critical state, the nonlinear coefficient vanishes, i.e. 5.° =0, the profiles of first-order
solitary wave (¢,. ) are ahown in Fig. 6.3(a) for different values of «, in ultra-relativistic
degenerate two-temperature electrons for fixed values of f..=0.1, S, =0.5, «,=0.01. It is
observed that at critical state the first-order solitary waves is compressive and the amplitude
increases with the increase of «, . The second-order correction (¢,.) are shown in Fig.
6.3(b) for different values of «,, for fixed values of the parameters of same plasma. It is
observed that second-order corrections (¢,.) in soliton may be compressive and rarective in
nature and the amplitude is large for large values of ... At critical state , the profiles of

dressed soliton in ultra-relativistic two temperature electrons is shown in Fig. 6.3(c). It is seen
that amplitude of dressed soliton is lower than the first-order soliton.

Amplitude of first-order soliton and dressed soliton in ultra-relativistic two temperature
electrons is shown in Fig. 6.3(d). It is observed that amplitude of dressed soliton is lower than

the first-order soliton.
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ii). Effect of B, :

0.6 T T T T T T T T

Fig.6.4(a). The profiles of first-order soliton (¢,.) at critical state of degenerate electron temperature (/3. )
for fixed values of «,, =0.1, B, =05 and «a,=0.01; Graphs a, b and ¢ reprent S, = 0.1, 0.2 and 0.5

rspectively.

Fig. 6.4(b). The profiles of second-order of soliton (¢zc) at critical state of degenerate electron temperature
(p..) for fixed values of a,, =0.1, f,,=0.5 and &, =0.01; Graphs a, b and ¢ represent .. = 0.1, 0.2 and
0.5 respectively.
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Fig.6.4(c). The profiles of @, ¢, and D, at critical state of degenerate electron temperature S, =0.1 for
fixed values of . = 0.1, B, =06 and ;= 0.01 ; Graphs a, b and c represent the KdV soliton (@),

second-order correction( @, ) and dressed soliton (D, = @ + @, ) respectively.
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0.02 0.04 0.06 0.08

Fig. 6.4(d). Variation of critical value of electron density &, with electron temperature [, in ultra-

relativistic degenerate plasma for fixed values of [, =0.6 and @, =0.01.
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Fig. 6.4(e). Variation of critical value of electron density ., with electron temperature S,. in ultra-

relativistic degenerate plasma for fixed values of [, =0.6 and ¢, =0.01.

The temperature S, of ultrarelativistic degenerate electrons also has important role the
nature of the dressed solitons at critical state. Let us first see the effect of £, on the first-

order solitary waves. In Fig. 6.4(a), the structures of first-order solitary waves are shown for

different values of g, in plasma for fixed values of «, =0.1, g,,=0.5and «,=0.01. It is

seen that solitary waves are compressive in nature and the amplitude decreases with increase

of p,.. At critical state, the higher-order corrections (¢,.) in solitary waves for different
values of f,. are shown in Fig. 6.4(b) in same plasma. It is observed that the correction
term ¢,. may be comressive and rarefactive. More over, the amplitude of ¢,. is small for
large values of g, . The profiles of ¢, ¢,. and ®,. at critical state of degenerate electron
temperature are shown in Fig.6.4(c) for g, = 0.1 with fixed values of «, =0.1, g, =0.6 and
a,=0.01. It is seen that the amplitude of dressed soliton is lower than the first-order soliton.

In this regard, it is necessary to state that solitons will be excited in the ultra-relativistic

plasma at critical state (5" = 0), when the density a,. Will have two critical values o,

and «,, given by Eq.(6.44a) and Eq.(6.44b). The variations of «,, and «

ecl

with S, for

ec2

fixed values of /3, =0.6 and «,=0.01 are shown in Fig. 6.4(d) and Fig. 6.4(e).. It is seen that

both «_, and «

ecl

are increased with the increase of £,..

ec2
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6.6. SUMMARY AND CONCLUSION

In this Chapter, the problem of dressed ion acoustic soliton in a dusty plasma composed of
URD two-temperatyre electrons, cold ions and negatively charged dust particles has been
solved .Starting from an integrated form of the system of governing equations in terms of the
pseudo-potential considering higher-order nonlinear and dispersive effects the dressed ion
acoustic solitary waves and double layers using the approach based on the expansion of the
Sagdeev potential up to the third-order and the standard reductive perturbation method.
Most important and significant results in this Chapter on dressed soliton of ion acoustic
waves in cold ion and dusty plasma having URD two-temperature electrons are obtained as

1). The rarefactive KdV solitary waves would be excited for different values of o, in the
plasma and the amplitude will increase with the increase of e, . The second-order
correction in soliton are compressive in nature for different values of .. and the amplitude is
large for large values of ¢, . The dressed soliton is compressive in nature for different
values of .. . The amplitude of dressed soliton is much larger than that of the KdV soliton;

ii). Both compressive and rarefactive KdV solitary waves would be excited in the plasma

depending upon the values of 5,.. For .= 0.01 and 0.02 the solitary wave will be
compressive and the amplitude is large for large value of g,.; but for £,.=0.1 and 0.2

the rarefactive solitary wave will be excited and the amplitude is increased with increase of

Pec-

The second-order corrections are compressive and the structure is wavy for low value of £,..
The structure of dressed soliton is more interesting for low increase of £,.. It is compressive

and wavy in nature. The amplitude of dressed soliton is higher than that of the KdV soliton.

For large values of pec the dressed soliton is compressive and its amplitude is lower than that
of the KdV soliton;

iii). At critical state the first-order solitary waves is compressive and the amplitude increases

with the increase of «,. . The dressed solitons are also compressive and its amplitude is lower
than that of the first-order solitons. At critical state the temperature S, of URD electrons

also have important role on the nature of the solitons. It is seen that first-order solitary waves
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are compressive and the amplitude decreases with increase of £,.. The dressed soliton is also

compressive and the amplitude of dressed soliton is lower than that of the first-order soliton.

It is important to be mentioned that most of the authors have studied the dressed of ion-
acoustic waves using the renormalization procedure in the reductive perturbation method.
But, in our present analysis we have used the integral form of governing equations in terms
of pseudo potential. The advantage of this method over reductive perturbation method is that
instead of solving a second-order inhomogeneous differential equation at each order one has
to solve a first-order inhomogeneous equation at each order except at the first. The dressed
solitons at critical state has also been investigated. Previous authors have studied the dressed
solitons in plasma but they have not considered the situation at critical state. It is to be
mentioned that the density of charged dust particles has important role on the excitation of
dressed solitons in plasma. In our investigation, we have considered the density of dust
particles is low and much smaller than the density of degenerate two-temperature electrons.
In dense dusty plasma, the dust particles would play different role to the KdV solitons and
dressed solitons in URD plasma having single temperature electrons. The space plasmas are
known to have multispecies composition with two temperatures of electrons. So, our results
on the dressed solitons presented may be useful for the study of nonlinear wave phenomena

in many space plasma environments where the effects of URD electrons are important.
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CHAPTER-7

EFFECT OF ION BEAM ON THE ION-ACOUSTIC SOLITONS IN
UNMAGNETIZED QUANTUM PLASMA

[This Chapter is based on the publication: Laser and Particle Beams (November 2019); DOI:
10.1017/S0263034619000697]

7.1. INTRODUCTION

In recent years, researchers are very much interested to study propagation of waves in
quantum plasma because quantum effects become important in a variety of environments.
Such as in intense laser-solid density plasma interaction experiments, in dense astrophysical
and cosmological environments, in ultra small electronic devices and in metal nanostructures.
The recent developments in nanoscience [1], biophotonics [2], fiber optics [3], quantum
confinement [4], ultra-cold plasmas [5] etc. the study has gained momentum in a totally new
direction. The quantum effects are also important in laboratory produced ultra-dense plasmas
[6] and laser based inertial fusion experiments [7] as well as in the interior of Jovian planets,
neutron stars [8], and white dwarfs [9] etc. where the density is very high. The quantum
plasmas show numerous nonlinearities which are absent in classical plasmas. This has led to
the investigation of waves in quantum plasma more important than ever. There have been
many modes of waves in plasmas like ion-acoustic waves, electron-acoustic waves, dust-
acoustic waves, dust ion acoustic waves, electron plasma waves, shock waves etc. Using the
Quantum Hydrodynamic (QHD) model, Haas et al. [10] have studied the importance of the
role of quantum diffraction in linear and nonlinear regime. They adopted an equation of state
pertaining to a zero-temperature Fermi gas for the electrons by disregarding pressure effects
for the ions. By an appropriate rescaling of the variables, they identified a nondimensional
parameter H, proportional to quantum diffraction effects. The system is shown to support
linear waves, which in the limit of small H resemble the classical ion-acoustic waves. In the
weakly nonlinear limit, the quantum plasma is shown to support waves described by a
deformed Korteweg-deVries (KdV) equation which depends in a nontrivial way on the
quantum parameter H. In the fully nonlinear regime, the system also admits traveling waves
which can exhibit periodic patterns. The works of Haas et al. [10] have encouraged large
number of authors to study nonlinear propagation of acoustic waves (e.g. solitary waves,

modulation instability etc) in quantum plasma. Ali and Shukla [11] have considered one-
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dimensional QHD model for a three species quantum plasma to derive a KdV equation
incorporating quantum corrections and studied the nonlinear properties of dust acoustic
solitary waves. They examined the quantum mechanical effects numerically both on the
profiles of the amplitude and the width of dust acoustic solitary waves. It is found that the
amplitude remains constant but the width shrinks for different values of a dimensionless
electron quantum parameter H . Later, Misra and Bhowmik [12] have considered a nonplanar
spherical geometry to study the nonlinear properties of ion-acoustic waves (IAW) in
electron—ion quantum plasma with the effects of quantum corrections. Using the QHD model
and standard reductive perturbation method they derived Kadomtsev—Petviashvili (KP)
equation having variable coefficient and examined numerically the importance of quantum
mechanical effects on the compressive and rarefactive solitons. It is found that H plays a
significant role in the formation of compressive and rarefactive solitons. A critical value of H
is also found which depends on the phase velocity of the wave and the ion to electron Fermi
temperature ratio, for which the soliton formation ceases to exist. Subsequently, Mushtaq
and Khan [13] have studied ion acoustic solitary wave with weakly transverse perturbations
in quantum electron-positron-ion plasma using QHD model.

Akbari-Moghanjoughi [14] has investigated large-amplitude ion-acoustic solitons (IAS) in a
degenerate dense electron-positron-ion plasma considering the ion-temperature as well as
electron/positron degeneracy effects. He has shown that the ion-temperature effects play an
important role in the existence criteria and allowed Mach-number range in such plasmas.
They have also pointed out the fundamental difference in the existence of supersonic 1AS
propagations between degenerate plasmas with nonrelativistic and ultra- relativistic electrons

and positrons.

Chandra et el. [15] have studied the linear and nonlinear propagation of electron plasma
waves in two component unmagnetized dense quantum plasma with streaming of ions. Later,
Chandra et al. [16] have theoretically studied the linear and nonlinear propagation of electron
plasma wave in a two component unmagnetized dense quantum plasma with streaming of
ions both analytically and numerically using one-dimensional quantum hydrodynamic model.
It has been shown that quantum effect modifies the linear dispersion character of the electron
plasma waves in presence of streaming motion and makes the possibility of two distinct
modes. They also have derived the KdV equation and have shown that both compressive and
rarefactive solitary waves would be excited in the model plasma on some critical values of

the quantum diffraction parameter. Recently, Dip et al. [17] have studied higher -order
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nonlinearity of the electro-acoustic waves (EAW), specifically ion-acoustic waves (IAW) in
an unmagnetized, collision less, quantum electron-positron-ion plasma. They have derived
the modified KdV equation. The plasma system is supposed to be formed of positively
charged inertial heavy ions, inertia less electrons and positrons. To analyze the solitary waves
(SWs) and the standard Gardner (SG) equation to analyze the higher-order SWs as well as
double layers (DLs).

However, propagation of IAW and EAW in quantum (degenerate) plasma having electron-
beam or ion-beam would give fascinating results which are not studied yet critically,
though many authors studied the wave propagation in non-degenerate / classical plasma [
18- 22]. So, in this Chapter, we have studied the IAS in unmagnetized quantum plasma in
presence of an ion beam using the one dimensional quantum hydrodynamic model. Using the
reductive perturbation technique, the KdV equation has been derived and the solution of 1AS
is obtained. The theoretical results have been analyzed numerically and graphically for
different values of ion beam density, ion beam velocity and ion beam temperature. It is seen
that formation and structure of the IAS are significantly affected by the ion beam in quantum
plasma.

7.2. BASIC EQUATIONS

We consider the quantum plasma is unmagnetized and collisionless and it consists of positive
ions, beam- ions and inertialess electrons. All species of the plasma are assumed to follow the
Fermi—Dirac statistics. The positive ions and positive beam ions are considered to be singly
ionized. The IAW is a low frequency wave, in which the restoring force comes from the
pressure of inertialess electrons and the ion masses provide the driving force to maintain the
wave. The electrons are considered inertialess by assuming that the phase velocity of IAW is
much less than the Fermi velocity of electrons and much greater than the Fermi velocities of
positive and beam ions. . We assume that the plasma particles behave as a one-dimensional

Fermi gas at zero temperature and therefore the pressure law is:

m.V.2
i ' (7.1)

2 ]
3N},

pj:
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where j = e for electrons, j =i for ions and j = b for beam ions; m; is the mass;

Vi =2K;T /m, is the Fermi speed, Tr;is the Fermi temperature and K is the Boltzmann

constant; n; is the number density with the equilibrium value njo . @, :,/47zn0e2/me is the

electron plasma oscillation frequency and Vre is the Fermi thermal speed of electrons.

The normalized equations governing the plasma dynamics are:

2 2
0_ 2 oo Hof 1 &n, 72)
X ox 2 ox|Jn, ox
% " a(gi;‘) -0 (7.3)
(gjtui i)ui =—%—aini on (7.4)
ot OX OX OX
a;tb +—8(ng =0 (7.5)
o 0 04 on,
—+U,— (U, =—p—— n, — 7.6
(8’[ baXJb 'UGX /uo-bbax (7.6)
%P
52 A (= zIn, (7.7)

It is to be mentioned that the following normalization has been used in the above equations:

X=Xy, Vg, t >toy, ¢ >epl2k Ty, nj—>n;/n, and u; > u; IV,

and  H=hw, /2K, is a non-dimensional parameter. The quantum parameter is

proportional to the quantum diffraction and is equal to the ratio between the plasma energy

ho,, (energy of an elementary excitation associated with an electron plasma wave) and the
Fermi energy KT, ; x. =N, / N, is the ratio of unperturbed electron density and ion density;
4 =m; /' mg is the ratio of positive ion and beam-ion masses and o;, =T, /T, is the ratio

of ion (beam) Fermi temperature to electron Fermi temperature.
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7.3. THE KdV EQUATION

In order to investigate the behavior of ion-acoustic we make the following perturbation

expansions for the field quantities n_,n.,n,,u.,u;,u, and ¢ about their equilibrium values:

e’ !

n, Ny, N, N,

U, 0 Ugy U,

r]i r]iO n|1 r‘i2

U |=[0 |+e|uy [+ U, [+---- (7.8)
nb nbO nbl nb2

ub UbO ubl LIb2

¢ LO] &l Lé

where, n,, =1-y, and n, =1 which are obtained from the equilibrium condition of densities

after normalization.

To get the desired KdV equation describing the nonlinear behavior of IAW we use the
standard reductive perturbation technique. We introduce the usual stretching of the space and

time variables:
&= g%(x -Vt) and 7= g%t (7.9)

where V, is the phase speed normalized by electron Fermi speed Vi, and ¢ is a smallness

parameter measuring the dispersion and nonlinear effects.

Using (7. 9), the Egs. (7.2) - (7.7) are written in terms of the stretched coordinates & and t and
then the perturbation expansions (7.8) is substituted. Solving the lowest order equations in &
(i.e., €¥?) we obtain the linear long wave phase speed V; in terms of plasma parameters after

using the boundary conditions:

! A=z )u -0 (7.10)

XN o [V~ -0, (- 207

From Eq. (7.10) the phase speed of IAW in quantum plasma in presence of ion-beam can be
studied analytically and numerically and the effects of plasma parameters on the phase speed

would be understood .
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Now, to derive the KdV equation we using the stretching co-ordinates given by Eq. (7.9).
Taking the terms of €52 we obtain from Eq.(7.2) - Eq.(7.7),we obtain the equations

consisting of n,n.,n,,u,,u,, ¢,and n,,n,,n,,u,,U,,U., @ .Now, following standard

mathematical technique we obtain the following KdV equation in quantum plasma having

ion-beams,

5f+A¢a§+BS;¢ ° (7.11)
where

A= Hotto, VIV —0)2 (V2 — o, )

(V2= 0)(V2 — 0,271, (0 —V —;)(v; —6,) = 24N, (V2 — )]

1
oy + NV g=p0y) + yopt* (o, + )0, =V —;)(V » =)’

(V2 =)V = 10, 22,4V, 0~V —;xv; — )= 2, (V2 - )]

(H ? _4)(\/p2 _(7i)2(vb2 — [0y)

B =
1
422V, (o _Vp2 - ?)(sz —0)-2V, (V) — poy,)

where, ¢, is written as ¢, V, =V —U,, and the parameters ,o;,0,, 7, Uy, H and Vp are

defined earlier .

It is known that solitary wave structure is formed due to the balance between the dispersive
effect and nonlinear effect. Relative strength of these two effects determines the
characteristic of such solitary wave structure. The coefficients A of nonlinear term and
coefficient B of dispersive term thus play a crucial role in determining the solitary wave

structure.

To find the steady state solution of the KdV Eq.(7.11), the independent variables £ and T are

transformed into one variable n = & - U t where U is the normalized constant speed of the
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wave frame. Applying the boundary conditions: as 1 — + o; i) ¢, =0, ii) %—)0, iii)
n

d’e, . :

an —> 0 the solution is obtained as

@, = ¢, sech’d (7.12)

where the amplitude ¢, and width o, of the solitary waves are given by:

3U 4B n
_ LS = 0= 7.13
Dy A 1 U Eélj ( )

For positive value of A the solitary wave will be compressive and the negative value of A
will generate the rarefactive solitary wave. Since, A is independent of H the amplitude of the
solitary wave will remain same for any value of H . On the other hand, the width of the

solitary wave depend on H and other plasma parameters o,,o,, Ny, Uyo,s 4 -

7.4. RESULTS AND DISCUSSION
7.4.1. Variation of the Coefficients of Nonlinear Term and Dispersive Term

It is seen from the KdV equation (7.11) that the coefficient A of the nonlinear term depends on

the plasma parameters i.e. u,0,,0,, 7..U,, but the quantum diffraction parameter H has no

effect on A ; whereas the coefficient B of dispersive term depends on the plasma parameters
including quantum diffraction parameter H. Thus the nonlinear and dispersive terms get
modified by the ion beam, quantum diffraction effect and the quantum statistical effect through
electron-ion Fermi temperatures. The nonlinear coefficient A has been numerically estimated for
the quantum plasma for plasma parameters related to ion beam and are graphically shown in Fig.
7.1(a), Fig. 7.1(b) and Fig. 7.1(c).
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0.0 T T T T T T T T

Fig. 7.1(a) -Variation of Nonlinear term (A) with ion beam temperature (o) for different value of ion beam
density (nbo) in quantum plasma having the plasma parameters o; = 0.01, U,, = 0.5, Vp =1.6, # =1 and

H =0.1. Graphs a, bc and d represent Nyo» Ny =0.9,0.7, 0.5 and 0.2 respectively.

Fig.7.1 (b). Variation of nonlinear term with ion beam velocity (U,,) for different ion beam density (n,,) in

quantum plasma having the plasma parameters Vp =1.6, 0;=0.1, 0,=0.1, g =1and H =0.1. Graphsa, b c

and d represents N, =0.1, 0.3, 0.6 and 0.8 respectively.
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Fig.7.1(c). Variation of nonlinear term with ion beam velocity ((U,,) for different ion-beam temperature (o)
in quantum plasma having the plasma parameters o, = 0.01, n,, = 0.5, Vp =16, g=1land H=0.1.

Graphsa, b, c,d ande represent o, =0.1,0.2,0.3, 0.4 and 0.5 respectively.

It is seen from Fig. 7.1(a) that nonlinear term is negative and it decreases with the increase of
ion beam temperature but it is increased with increase of ion beam density. Similarly, the
variation of nonlinear term with ion beam velocity for different values of ion beam density is
shown in Fig. 7.1(b) in a quantum plasma with fixed values of other parameters as H = 0.1.

V, =16, 0,=0.1, 0,=0.1, u =1. Itis interesting to see that that the nonlinear term is negative

and it decreases up to certain value of ion beam velocity (u,, =1.2) and then it is suddenly
increased to a maximum positive value and finally it starts to decrease with increase of ion
beam velocity keeping positive value. Moreover, the nonlinear term is seen to increase with
increase of ion beam density. The variation of nonlinear term with ion beam velocity for
different ion beam temperature can be understood from Fig.7.1(c) for quantum plasma having

fixed values of o, =0.01, n,, =0.5,H =0.1V, =1.6, x=1. Itis observed that nonlinear term

IS positive and it increases with increase of beam velocity when ion beam temperature o, =

0.1 to 0.3. But, the nonlinear term becomes negative and it is decreased with increase of ion

beam velocity for ion beam temperature o, = 0.4 and 0.5.

Similarly, the dispersive coefficient (B) is numerically estimated for a quantum plasma and
its variation with the quantum diffraction parameter H and the parameters related to ion
beam are graphically shown in Figs.7.2(a), 7.2(b) and 7.2(c).
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Fig.7.2 (a). Variation of the dispersive term (B) with ion beam velocity (Uy, ) for different values of quantum
diffraction parameter (H) in quantum plasma having the plasma parameters o; = 0.1, 0;,=0.1,U,, = 0.5,
Ny, =05, V, =1.6 and u =1. Graphs a, b, ¢, d, e, fand g represent H =1.0,15,18,2.0,25,3.0and 35
respectively.
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Fig.7.2 (b). Variation of the dispersive term (B) with ion beam temperature (o) for different values of
quantum diffraction parameter (H) in quantum plasma having the plasma parameters o; = 0.01, U,, = 0.5,
Ny, =05, V, =1.6 and u =1. Graphs a, b, c, d, e, fand g represent H =0.1,1.0,15, 2.0, 2.5, 3.0 and 3.5
respectively.
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Fig.7.2(c). Variation of the dispersive term with ion beam density (nbo) for different values of quantum
diffraction parameter (H) in quantum plasma having the plasma parameters having o, =0.01, o, =0.1, Uy,
=0.5, V,=1.6 and x=1. Graphs a, b, ¢, d, e, fand g represent H = 1.0, 1.5, 1.8, 2.0, 2.2, 2.4 and 2.6
respectively.

It is seen from Fig. 7.2(a) that the dispersive coefficient (B) is significantly affected by the
quantum diffraction parameter (H). The dispersive coefficient is negative and it increases
with ion beam velocity (u,,) for H <2 and B =0 for H=2. But, B is positive and it

decreases with ion beam velocity for H > 2.

In Fig. 7.2(b), the variation of B with ion beam temperature for different values of H is

shown for a quantum plasma having fixed values of o; = 0.01, u, =0.5, n, =05, V,

=1.6 and x =1. In this case also B is negative and it increases with ion beam temperature

for H <2and B =0 for H=2. But, B becomes positive and it decreases with ion beam

temperature for H > 2.
The variation of B with n, and H is shown in Fig.7.2(c) in a quantum plasma having
fixed values of o, =0.01, 0,=0.1, n,,=0.5, V =1.6 and x=1. Itis seen that B is negative

for H < 2 and it increases with the increase of n,. B =0 when H=2. For H > 2 the

diffraction coefficient B is positive and it decreases with the increase of n,,.
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7.4.2 Profiles of lon-Acoustic Solitons

To understand the nature of IAS the profiles are drawn in quantum plasma having an ion

beam for different values of velocity, density and temperature of the ion beam.

i). Effect of ion beam velocity.

In Fig. 7.3(a) the structure of 1AS are shown with variation of u,, in the quantum plasma

having parameters (dimensionless) o; =0,=0.1, n,, =05, V, =1.6, u=1.

Fig.7.3(a) .The profiles of 1AS (¢1) in a quantum plasma with variation of ion-beam velocity (U,,) having
plasma parameters are o; =o,=0.1, N, = 0.5, Vp =16, g=1and U =0.1. Graphs a, b, c, d, eand f
represent U, =0.0,0.2, 0.6, 1.2, 1.3 and 1.4 respectively.

if).Effect of ion beam density

In Fig. 7.3(b) the structure of IAS are shown with variation of n,, in the quantum plasma

having parameters (dimensionless) parameters o; =0.01, 0, =0.1, Uy, =05, V, =1.6, 1 =1.
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Fig.7.3 (b) .The profiles of IAS (¢#) in a quantum plasma with variation of ion-beam density (N,,). The
plasma parameters o; = 0.01, 0,=0.1, U,, =05, V, =16, #=1and U =0.1 Graphs a, b, ¢, d and e
represent Ny, =0.1,0.3,0.4, 0.7 and 0.8 respectively.

iii).Effect of ion beam temperature

In Fig. 7.3(c) the structure of IAS are shown with variation of o, in the quantum plasma
having parameters (dimensionless) parametersa o; =0.01, Uy, =05, Ny, =05, V, =16, u =1.

10 T T T T T T

to, = 0.0
o, = 0.2
10,=0.25

® QO O T QoH

Fig.7.3(c) .The profiles of IAS (¢1) in a quantum plasma with variation of ion-beam temperature (o). The
plasma parameters o; = 0.01, Uy, =05, n,, =05, V, =16, x=1and U =0.1. Graphs a, b, ¢, d and e
represent o, =0.0, 0.2, 0.25, 0.3 and 0.35 respectively.

Solitons and Double Layers in Different Types of Plasma Page 151



Ch-7. Effect of lon Beam on the lon-Acoustic Solitons in an Unmagnetized Quantum Plasma

It is observed form Fig. 7.3(a) that both compressive and rarefactive ion- acoustic solitons

may be excited in the quantum plasma depending upon the values ofu,,. For u,,= 0 to 1.2
the solitary wave will be rarefactive and the amplitude will decrease with the increase ofu,,,
but for u,,= 1.3 and 1.4 the compressive IAS will be excited and the amplitude will increase

with increase ofu,, .

Fig.7.3 (b) shows that the values of n,, decide to excite the compressive or rarefactive IAS.
For low values of n,, (= 01, 0.3 and 0.4) the IAS are compressive and the amplitudes
increase with the increase ofn,,, but for large values of n,, (0.7 and 0.8) the IAS will be
rarefactive in nature and the amplitudes decrease with the increase of n,,.

It is seen from Fig.7.3(c) that both compressive and rarefactive IAS may be excited in the
quantum plasma and these are dependent on the values ofo,,. For o, = 0.0, 0.2 and 0.25 the
IAS are compressive and the amplitudes increase with the increase of o, . But when o, =0.3

and 0.35 the rarefactive IAS are excited and the amplitudes decrease with the increase of o, .
7.4.3 Profiles of Width of lon-Acoustic Solitons

Since the width is very important for the study of IAS in quantum plasma we have drawn the
profiles of width for different values of ion beam parameters. From Eq. (7.12) we see the

width of IAS depends on H and the plasma parameters o,, o, , Ny, Uy, -

254

2.0+

® Q0T
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Fig.7.4 (a). Variation of width of IAS with ion beam temperature (Ub) for different values of quantum
diffraction parameter (H) in quantum plasma having o; =0.01, n,,=0.5, U,,=0.5, V,=12and p=1.
Graphs a, b, ¢, d and e represent H =0.5, 1.0, 1.5, 2.5 and 3.0 respectively.
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Fig.7.4 (b). Variation of width of IAS with ion beam velocity (U, ) for different values of quantum diffraction
parameter (H) are depicted for a quantum plasma having fixed values of o, =0.1, 0,=0.1, Nn,, =0.5, Vp

=1.2and u =1.Graphsa, b, c,dand e represent H =0.5,1.0, 1.5, 2.5 and 3.0 respectively.
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Fig.7.4(c).Variation of width of IAS with ion beam density (n,,)for different value of quantum diffraction
parameter (H) in quantum plasma having the plasma parameters o, = 0.01,0,=0.1,U,, = 0.5, Vp =1.2 and

M =1.Graphsa,b,c,danderepresent H =0.5, 1.0, 1.5, 2.5 and 3.0 respectively.
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The variation of width of IAS with ion beam temperature (o) in Fig.7.4 (a) for different
values of H is very interesting. The width starts to decrease with the increase of o, and it
becomes zero at certain value of o, (o, =0.5). Then it is increased with the increase of g, .

The widths are also decreased with the increase of H when H < 2. But the widths are

increased with the increase of H when H > 2.

On the other hand, it is seen from Fig. 7.4(b) that the widths are decreased with the increase

of u,,and it is also depended on the values of quantum diffraction parameter (H ). Similarly,
from Fig. 7.4(c) it is observed that the widths are decreased with the increase of n,, and it is

depended on the values of quantum diffraction parameter (H ).

It is important to point out that IAS will not exist when the co-efficient of nonlinear term (A)
of the KdV Eg. (7.11) vanishes for some critical values of the plasma parameters

u,0,,0,, 7, U, and H. Assuming A~0 we obtain an equation

Zel(oi V)0, —i\,)* = papo, =3y )0, =V, )= (0 =3V, )op — iVy) — o, —Vy))
(7.14)

From Eq.(7.14) the critical values of the plasma parameters can be obtained for non-existence
of the solitary waves in the quantum plasma. The critical value of ion beam density (N, ) is
[(o; _3\/p2)(0-b2 _ILlVbZ) — p(uo, _Vbz)]

N, =1- IV 5 5 5 (7.15)
[(c; -V, oy, —iV,)" — oy, =3V, )(o; -V, )]

Again, for some critical values H, V, and V, the IAS will be non-dispersive if the coefficient

B~0 inKdV Eq.(7.11). Inthis case, H =2 or V, :\/;i,orvb = uo, .

The variation of critical ion beam density (N,.) with ion beam velocity and ion beam

temperature is shown in Fig.7.5.
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Fig.7.5. Variation of critical value of ion beam density (Nbc) with ion beam velocity (U,,) for different ion
beam temperature (o,) of IAS in quantum plasma having Vp =1.6, 0;=0.1 and u =1. Graphs a, b and ¢

represent o, =0.2,0.3and 0.4 respectively.

It is observed that the critical value of ion beam density N,. does not depend on H and it
increases with the increase of u,,and at certain value ofu,, it obtains the maximum value.

Then N,. decreases with the increase ofu,,, N,.issmall for large values ofu,, .

7.5. SUMMARY AND CONCLUSION

In this chapter, we have used the one-dimensional quantum hydrodynamic (QHD) model to
investigate 1AS in dense quantum plasma in presence of ion beam. For the study of nonlinear
behavior of IAS, KdV equation has been derived by using the reductive perturbation
technique. It is seen that formation and structure of solitary waves are significantly affected
by the presence of ion beam in quantum plasma. Our results may be useful for understanding
the beam-plasma interactions and formation of nonlinear wave structures in dense quantum
plasma. The model includes quantum statistical effect through the equation of state and
quantum diffraction effect through the parameter H. It is known that quantum effects in
plasma become important when thermal de Broglie wavelength becomes much larger than the
average inter-particle distance. In most practical situations, quantum effects for the ions may
be neglected because of their heavier mass than the electrons.

In our analysis, the explicit form of IAS in quantum plasma is obtained from the KdV
equation and the structure of IAS is graphically discussed for different values of density,
velocity and temperature of ion beam.
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In this Chapter, it is seen that:

1). Both the compressive and rarefactive IAS may be excited in the quantum plasma
depending upon the values of ion beam parameters but the quantum diffraction has no role on
it.

if). The compressive IAS will be excited for an ion beam velocity u,,= 1.3 and 1.4 and
amplitude will increase with the increase ofu,,; but IAS will be rarefactive for the ion beam

velocity u,,= 0 to 1.2 and the amplitude will decrease with the increase ofu,, .

iif). For low values of ion beam density (n, = 0.1, 0.3 and 0.4) the IAS will be

compressive and the amplitudes are increased with increase of beam density; but for large

values of n, ( 0.7, 0.8) the IAS will be rarefactive and amplitude decreases with the

increase of beam density.

iv). The compressive IAS will be excited for the ion beam temperature o, = 0.0, 0.2 , 0.25
and the amplitude increases with the increase of o,; but for o,=0.3 and 0.35 the 1AS will

be rarefactive and the amplitude decreases with the increase of o, .

v). The quantum diffraction parameter H plays important roles on the width of IAS in the
quantum plasma. For H < 2 and H > 2 the width may be increased or decreased depending

upon the values of ion beam parameters.

However, with reference to laboratory and space plasma, interesting results would be
obtained on the propagation of electrostatic waves in bounded system like plasma-filled
waveguides. The boundaries in such a system may add additional effects. The wave with no
dispersion in unbounded system may become dispersive in bounded system; and the stable
wave of an unbounded system may become unstable in bounded geometry. In relativistically
degenerate plasma, nonlinear propagation of electro-static solitary solitons are by Mamun
and Shukla [23] and others [24,25] Later, Chandra et al.[26] have considered two-
temperature electrons in a relativistically degenerate plasma and have theoretically
investigated the electro-acoustic solitary waves in the plasma. It has been shown that the
relativistic degeneracy parameter significantly influences the conditions of formation and
properties of solitary waves. Recently, Hossen and Mamun [27] have studied theoretically
and numerically the nonlinear propagation of modified electro-acoustic waves in an
unmagnetized, collision less, relativistic degenerate quantum plasma through the derivation

of nonplanar KdV equation which admits a wave solution for the solitary wave profile.
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Ch-8. Modulational Instability and Envelope Soliton of High Frequency Surface Waves on Warm
Plasma Half-Space

CHAPTER-8

MODULATION INSTABILITY AND ENVELOPE SOLITONS OF HIGH
FREQUENCY SURFACE WAVES ON WARM PLASMA HALF-SPACE

[This Chapter is based on the publication: Canadian Journal of Physics, Vol. 90, pp. 291-297 (2012)]

8.1. INTRODUCTION

In recent year’s considerable interest has been aroused in the study of the non-linear behavior
of surface waves in bounded plasmas [1-16] this is due to the fact that the surface wave
modes promise a wide range of applications in many fields such as the plasma heating by
large amplitude waves, laser-plasma interactions, plasma diagnostics, and microelectronics
and in nanotechnology. Nonlinear behavior of surface waves on a cold plasma half-space has

been studied by a number of authors. Its frequency spectrum extends from @ = 0 to
w:we/ﬁ. These waves have both electrostatic and electromagnetic characters with the

former dominating at the upper limit of the frequency spectrum [17]. Gradov and Stenflo [18]
considered electrostatic non-dispersive surface waves on a cold homogeneous plasma. On the
other hand, Yu and Zhelyakov [19] included electromagnetic effects to provide finite
dispersion at a frequency range where surface waves are usually treated electro-statically.
Recently, Ghosh et al. [20] have made a detailed electromagnetic treatment of the nonlinear
behavior of surface waves on a cold plasma half-space throughout the whole spectrum of its
existence. Inclusion of thermal effect broadens the surface waves frequency spectrum [21]
and makes the electrostatic surface waves dispersive even for homogeneous plasma. It can
provide finite dispersion necessary for the formation of surface wave solitons. So, it remains
interesting to make detailed analysis regarding the nonlinear behavior of surface waves taking
into account of the thermal motion of electrons. In the present paper, we make detailed
analysis of the nonlinear behavior of high frequency surface waves on a plasma half-space
taking into account the thermal motion of electrons. By the method of multiple scales [22] we
derive a nonlinear Schrodinger equation whose nonlinear term is found to be complex. From
this equation instability criteria are found out and it is shown that high frequency surface
waves on a warm plasma half-space are modulationally unstable. The instability growth rate
is found to increase with increase of wave number and temperature. The quadratic non-
linearities in the system equations are found to generate second harmonics a part of which

decays, as well, exponentially away from the surface while the other part carry a fraction of
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the surface wave energy into the bulk of plasma. So, the instability will have to grow in

competition with the continuous energy extraction by the second harmonics.

8.2. BASIC EQUATIONS
We are interested in the nonlinear behavior of surface waves at the upper frequency range of
their existence where they may be treated as electrostatic [17]. So the basis equations
governing the propagation of such high frequency electro static waves in hot electron plasma
are the following:

%+Nﬁ.ﬁ:—§.(n® (8.1)
o0 e= V2 = -—-

———Vp+—2-—-Vn=—(UV)u 8.2
ot m, v N, +n (v 62
V2 = 4rxen (8.3)

where n is the perturbation in the uniform density N, of the electrons, u is the fluid

velocity of electrons, V.?is the mean square thermal velocity, ¢ is the electric potential

and other symbols have their usual meanings. lons are assumed to form a uniform
neutralizing background (which is correct whenw >> @, ). We also assume that « >>kYV, .

The plasma is assumed to occupy the half space x > 0 and bounded by a vacuum. For
vacuum (x < 0) we use the well known Laplace’s equation

Vip,=0 (8.4)
where the subscript v correspond to vacuum.

The boundary conditions to be used are the continuity of electric potential and normal electric
displacement across the plasma-vacuum interface. As we are considering warm plasma, the
normal component of the fluid velocity of electron may be assumed to be zero on the
interface [23].

8.3. NONLINEAR ANALYSIS

Following the usual procedure [24, 25] we make the following Fourier expansion of the field
guantities as

W = W, + 3 W, exp(isy) +W, exp(—isy)] (8.5)
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where w=kz—at( wand Kk are respectively linear frequency and wave number); ¢is a
smallness parameter; W,,W,,W," are functions of x; &=&(z-Ct); r=¢, C,=dw/dk (

the group velocity); and W stands for the field quantitiesn,u,,u,, ¢ and ¢, .

Substituting this expansion of Eq.(8.5) in Egs. (8.1) - (8.4) and equating on both sides the
coefficients of exp(iy),exp(2iy) and terms independent of y we get three sets of equations
which we call I, Il and Il respectively. To solve these equations we make the following

perturbation expansion for the field quantities W,,W,,W, which are denoted by W;(j =1,2,0).

W, =Wj(1) + W J.(Z’ + gz\Nj“) 4oeee (8.6)
Solving the lowest order equations obtained from the set-I after substituting Eg. (8.6) we get

® _ a

=% [~oke” +yote™]
y(@ — ")

®»

n® aeNk(y* —K?) -
' ym, (0} — o)

iaewk _ _
S) = 2 2 [e 7 —€ kx]
m, (o, — ")

Q _ aewk
z1

—yX —kx
= }/(wz_wz)[ke 7 —ye ™

o = et (8.7)
where @ and k satisfy the following linear dispersion relation
7e* - @) = o’k (8.8)

where, y* =k*+(o? —0*)IV}? and @, is the electron plasma frequency.« Appearing in
Eq.(8.7) represents the amplitude of the wave field and is a function of £,z. We seek an
evolution equation for« .

At low temperatures Eq. (8.8) gives approximately,

=

NP

@ (1+k2—V;) (8.9)
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It clearly shows that the effect of thermal motion of the electrons is to broaden the frequency

spectrum of high frequency surface waves in semi-infinite plasma.
Similarly, solving the lowest order equations obtained from the sets Il and Ill we get the

following solutions for the second harmonic and zero- th harmonic quantities respectively,

. 3 _
o =a’[Ce" +> .Cie ]

j=1

2
(94 iv.x -pix
n;’ :E[—(7§+4k2)00e72 + Z C;(p; —4k*)e "]

j=2,3

2 2 3
@ _ a’e 4o V2 iy, X | : —pix
u, =——[——=C.e" +Ii D.e "
X2 za)me[ a)eg 0 ; pj j ]
w__ ae [8“’2k C,e" +2k23: D.e "] (8.10)
22 2(()me a)ez 0 j=1 ! .
And

4
o _ * 2 —PiX
@ =aa’ak El Age
j=

0

4
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m., g

where,
p,=2k,p,=2y,p,=y+k
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Ve2
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D, = (4o ‘?;a)e )C, n k“(y i( )3,

X 20

D, - [0 —(ps —4K*)VIIC, | K'y(k—7)a,
3 2 2

We 2

A2
C,=D,=- (p,C, + psCy) n 14w 722Co
Py P,

C _[2p2D2+2p3(D3_C2)_(p1+ps)Cs]
0 3 _ 2 2
[p,—iy,(1-8w /a)e)]

__
A= (? —4k?V2)
A - [a)ezk2 —y? (a)e2 —20°)]
[0 (@] -4y V)]
A = ﬁ And A, = —; A (8.12)

Solution for the second harmonic field quantities shows that a part of it decays in the usual
way away from the interface while the other part represents wave propagating obliquely away
from the plasma-vacuum interface, carrying a fraction of the surface wave energy into the

bulk of the plasma.

Now, collecting the coefficients £* of from both sides of the set of equations-I substituting
the perturbation expansion (8.6) we get equations for the first harmonic quantities in the third

order which can be put in the following matrix form:
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2 1) (2
— _% _ 2|k agDvl

R E R (815)

The boundary conditions to be used at x=0 are

6(0(3) a¢(3)

(3 _ (3)’ 1 _~Zrn and u® =o 8.16
§01 (ovl 6X 8X x1 ( )
Now we -multiply Eq. (8.13) by the row matrix [f, f,, f,, f,] and integrate the resulting
equation with respect to x between the limits 0 toco. Similarly, we multiply Eq. (8.14) by
the function f, and integrate the resulting equation with respect to x between the limits —o

to0 . On adding the two equations thus obtained we get the following equation,

) 0
24:] f;M o+ [ £,,M,dx=0 (8.17)
0

=

)

where we have chosen the functions f, and f, to satisfy the following equations and
boundary conditions,

: V2 o ikv? ]
—lo N_& - N —4re
a 0 0 fl O
-N,— - 0 0 f 0
® ox ' f2 =l ,(x>0)
|kN0 —iw 0 3
0 ’ Ll L0 8.18
0 2 Lekim, ok (8.18)
i m, OX OX ]
(y—k )f.=0, (x<0) (8.19)
At x=0,f, =, Je_Fu ¢ _g
‘ OX
f,>0 as x—ow and f, >0 as X—>—o0 (8.20)
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The solutions of the Egs. (8.18) and (8.19) satisfying boundary conditions Eqg. (8.20) are the
following

driewA
f=———[ye™ —ke
T s :
AmeNKA L o x
f,=——5 e -e"]
(0 - @®)
f,= —4”'§N°k'26‘ [ye ™ —ke ]
7/(0)9 —@ )
A —kx X
f4=m[]/a)ze k _ka)eze 7 ]
f, = Ae (8.21)

where A is some arbitrary constant independent of X .

It is shown that the Eq. (8.17) leads to the desired nonlinear Schrodinger equation. The linear
partof M; and M, involve first harmonic quantities in the second order which we are yet
to determine. To deal with these quantities we follow the procedure adopted by Blenerhassett

[26]. According to this procedure we take the help of a similar but linear problem with a

slightly different wave-number k'=k+¢ and frequency ' = w(k+¢&). The problem is

defined by the following equations,

- 5 _ _
—io' N, — ik'N 0
w P 0
2
Voo L. oo _eo R [o
N, ox m, oX F | |0
ye " =] x>0 (8.22)
ik'—= 0 o' e °
0 me l:4 O
2
4re 0 0 Ty
L OX _
(—— k?)E, =0, (x<0) (8.23)
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And the boundary conditions,

I:4=F\/1’ 65&:% ,F2=0 at x=0
X X

F, —>0(j=12,34) asx—oo, F, >0 as X—>—o (8.24)
To solve this problem we make the following perturbation expansion,
F=F®+eF®+&FO +......

J J J ]
I:vl = I:v(ll) + ng(12) + gZFv(13) LA

' 2 1ng
o' =w+eC +¢& EW+ ------ (8.25)

Substituting these expansions in EQs.(8.22) - (8.24) and then equating on both sides the

coefficients of like powers of ¢ we get a sequence of equations and boundary conditions for

the elements F and F{’ (1=123). Itis found that the elements F and F.” satisfy

the same set of equations and boundary conditions as those satisfied by the elements

AP =[n® u® uf,¢®] ande?. Sowe can make the following identification

Fj(l) = Afl)l I:v(ll) = (0\%) (826)
If we set
.oa olos
(2 _ (2) (2) _ (2 A2 _ (2) (2 _ (2)
Fi¥=ay” R =ay, A __ngj v Pa __I%le (8.27)

Then we find that the elements z//J(.Z’ and w2 satisfy the same set of equations and boundary
conditions as those satisfied by the elements X}z) and X? . So we can make the following

indentification
pP =X, @ =x® (8.28)

SettingF® =ay!®, FP =apy we find that v and y satisfy the Eqgs. (8.13),

j )
(8.14) and boundary conditions Eq. (8.16) as satisfied by the quantities A® and ¢ with the

exceptions that the quantities M, and M, are replaced by N, and N, which are given

by

il Ai(l)

. 1dC. 1
_ @) )
Nl_u(chl —NeX? 42 dkg . j
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. 1dC, 1
N. =i C x(2) _ 9 @
2 2 dk aAZ J

N, =i| C X {? - \|<;X(2) — XP+ L9C, 1A§”J

0 m, 2 dk a
N, = 2KX 2 + = AD
4 4 4
(44
and
= 2kX® 4+ = 1 goﬁ) (8.29)

Following the same procedure as adopted in deriving Eq.(8.17) we obtain the following

equation from the equations and boundary conditions satisfied by ! and .}

I

24:7 ijjdx+T f N, dx=0 (8.30)
0 0

2

The operation Eq. (8.17) + i(g?ozl)-Eq.(S.SO) and some straight forward integrations and
algebraic manipulations give the following desired nonlinear Schrodinger equation:

ig—i‘+ sz—ﬁ =(Q,-iQ,)a’a” (8.31)

Where, P,Q,, Q, are given by

NV ?+3kV’C —4aC? 2
P= e _ ezg . Qlcg a)kv Q L’Q2=I_2
220" — @} —kV?) e’ — @’ —kV?) L, I
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m¢ (w2 -0’ )C, P, o P, + Py P, + Py
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8.4. MODULATION INSTABILITY

To find the criteria of modulation instability we substitute in Eq. (8.31),
a = a,(1+G@)e "expi[-Awr + 6] (8.34)
Where,,,0 , Aw are real and 4,0 are functions of &, 7.

For simplicity we shall confine our calculations to the initial stage of nonlinear evolution.
With this in mind we substitute Eq. (8.34) in Eq. (8.31) and then  equating real and

imaginary parts we get,

oa 0%

E-’_Pag +2Q26¥00{ (835)

00 p%4_p04t0- (8.36)
ot agz Ho '

where we have chosen Aw ~ Q& andd ~ Q& .

A

Assuming &,z dependence of & and 6 to be of the form expi(I&—Q7) we get from

Eq.(8.35) and Eq.(8.36) two algebraic equations in ¢ and 6, from which we get for nontrivial
solution,

1

=-iQua) +[ ~Qay +1*(P*1* +2PQa;) |2 (8.37)

The first term on the right hand side is small and is due to the oscillatory part of the second
harmonic moving obliquely away from the interface. For a uniform plasma, wave train to be

modulationally unstable we require PQ, > 0. Then we require

[ Qa5 +(Qay +2|PQ | agl” - le“)z} (8.38)

In that a uniform plasma wave train is modulationally unstable for PQ, >O0.

The growth rate of instability, |Q| attains a maximum value corresponding to the wave

number (1) given by

QA
P

2 _
I, =

al (8.39)

Page 169 Solitons and Double Layers in Different Types of Plasma



Ch-8. Modulational Instability and Envelope Soliton of High Frequency Surface Waves on Warm
Plasma Half-Space

Using this value of | the corresponding maximum growth rate of instability during the
initial stage of nonlinear evolution is obtained as

On = Otg [\/ le + sz _Qz] (8.40)

8.5. RESULTS AND DISCUSSION

Numerical calculation shows that PQ,< O for all values of k. So we conclude that high
frequency electrostatic surface waves on a warm plasma half-space are modulationally
unstable. Also it is found that Q, > 0 and|Q1|D Q,. So, the expression (8.40) indicates that
the energy extraction by the second harmonics slightly slows down the growth rate of the

instability. The growth rate of the instability as given by (8.40) has been calculated or

different values of the dimensionless parameterkV, / @,. The result is shown graphically in

Fig. 8.1.
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Fig. 8.1. Dependence of maximum (normalized) initial growth rate ( g, /aé) on electron thermal velocity (

V, ) and the wave-number (k).

Obviously, the modulation instability growth rate increases with increase in thermal velocity
of electrons and also with the increase of the wave number k. In fact, thermal motion of the
electrons introduces a number of effects. As evident from approximate dispersion relation
(8.9) thermal motion broadens the frequency spectrum of surface waves. Surface waves in
cold homogeneous plasma are non-dispersive. The dispersion relation (8.9) shows that
inclusion of temperature makes the wave dispersive even in homogeneous plasma. Thus, it
can also provide finite dispersion necessary for the formation of high frequency surface wave

envelope solitons. Solutions (8.10) for the second harmonics show that the inclusion of
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temperature effect makes a part of the second harmonics generated through nonlinearities to
carry a fraction, though small, of wave energy away from the interface into the bulk of the
plasma.

As pointed out in the previous section, (8.40) gives only the initial growth rate. During the
later stage of evolution the instability growth rate might be somewhat smaller than expected
from (8.40) because the instability will have to grow in competition with the continuous
energy extraction by the second harmonic.

It is well known that a uniform wave train may be modulationally stable or unstable
depending on the sign of the product of the group dispersive and the nonlinearity coefficient,

that is, PQ,.As the coefficients depend on the plasma parameters the product of PQ, can

have both positive and negative values over different parametric regions. The wave is
modulationally unstable if PQ, <0 and the growth rate of instability have a maximum value.
There are accordingly two types of localized solitary wave solutions of the NLS equation. To
obtain the soliton profile we assume

L =aexp(if) (8.41)
where p and € are two real variables.

Solving the resulting equations for pand 6 with PQ,< 0, we get the following bright
envelope soliton solution:

_2||P/Q| E-Ur
Pr —fseCh(Tj (842)

where U the envelope is speed and L is the spatial width of the pulse. It encloses high
frequency carrier oscillations and vanishes at infinity. On the other hand, if PQ > 0, a stable
gray or dark soliton (a potential hole or a localized region of deceased amplitude) is obtained:

_2\/P/Q1 42 2 §-Ur
pD——Ld \/1 d sech( C j (8.43)

where the parameter d determines the depth of the modulation.

For d = 1 we get a dark soliton:
2,/P/ —
Po = le tanh (f—l_urj (8.44)

Thus the sign of the product PQ determines the stability/instability profile of IAWSs as well as

the type of soliton structure. The soliton width is determined by the ratio|P / Q1| .
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8.6. SUMMARY AND CONCLUSION

In this Chapter, the modulation instability of high frequency surface waves on a plasma half-
space is investigated taking into account finite temperature effects. The second harmonic
generated through nonlinear self-interaction of the waves is found to carry a fraction of the
surface wave energy into the bulk of the plasma. This is found to influence the modulation
instability mechanism. To describe the nonlinear evolution of the wave, a nonlinear
Schrodinger equation is derived in which the coefficient of the nonlinear term becomes a
complex quantity. From this evolution equation we have derived the condition of instability
and show that high-frequency surface waves on a warm plasma half-space are Modulational
unstable.

We would like to point out here that our analysis could be extended to the whole
electromagnetic spectrum of the surface waves by including electromagnetic effects.
Physically, however, such extension may not result in any new result as the instability growth
rate is largest at high values of wave number, where surface waves behave electrostatically.
Our treatment for spatially homogeneous plasma may, however, is extended to include the
effects of inhomogeneity. Such an extension may become important in many cases. For
example, when a sufficiently strong laser beam interacts with plasma, the plasma undergoes
strong density profile modification due to light pressure near the surface. Finally we would
like to mention that the results presented in this Chapter may be of special interest in the
surface physics of semiconductors and metals where ions are practically immobile and the

boundary is almost rigid.
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Part-Two: Double Layers in Different Types of Plasma

GENERAL INTRODUCTION

A. INTRODUCTION

Double-layers (DLs) are defined as two space charged layers of opposite electrical polarity
between which an electric field exists. The DLs are essentially parallel but they may be plane
or curved. In plasma, the concept of electrostatic DLs has arisen out of the fact that the
charged particles are seen to undergo acceleration, particularly in the auroral region, leading
to the phenomena of auroral glow. We know from classical electrodynamics that the charged
particle cannot be accelerated in a magnetic field. In this regard, an electric field or a time
varying magnetic field is required and in this context the concept of electrostatic DLs appears
meaningful.  Other names of DLs are electrostatic DLs, electric DLs, plasma DLs,
electrostatic shock etc. The DLs are conceptually related to the concept of a 'sheath’' . The

adopted electrical symbol for a double layer is DL
B. DOUBLE LAYER CLASSIFICATION

Double layers may be classified in the following ways:

a) Weak and strong double layers.
The strength of a double layer is expressed as the ratio of the potential drop in comparison
with the plasma’s equivalent thermal energy, or in comparison with the rest mass energy of
the electrons. A double layer is said to be strong if the potential drop across the layer is
greater than the equivalent thermal energy of the plasma's components. This means that for
strong double layers there are four different components to the plasma:
1. The electrons entering at the low potential side of the double layer which are
accelerated,
2. The ions entering at the high potential side of the double layer which are accelerated;
3. The electrons entering at the high potential side of the double layer which are
decelerated and successively reflected; and
4. The ions which enter the double layer at the low potential side of the double layer
which are decelerated and reflected.
Note that in the case of a weak double layer, the electrons and ions entering from the
"wrong" side are decelerated by the electric field, however most will not be reflected,

as the potential drop is not strong enough.
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b) Relativistic and Non-relativistic Double Layers.
A double layer is said to be relativistic if the potential drop over the layer is so large that the
total gain in energy of the particles is larger than the rest mass energy of the electron. The
charge distribution in a relativistic double layer is such that the charge density is located in
two very thin layers, and inside the double layer the density is constant and very low
compared to the rest of the plasma. In this respect, the double layer is similar to the charge
distribution in a capacitor. As a special case of a relativistic double layer one can consider

the vacuum gap at the magnetic polar cap of a pulsar.

c) Current carrying and current-free double layers.
Current carrying double layers may be generated by current-driven plasma instabilities which
amplify variations of the plasma density. Current-free double layers form on the interface
between two plasma regions with different characteristics, and their associated electric field
maintains a balance between the penetration of electrons in either direction (so that the net

current is low).

C. MATHEMATICAL METHOD AND PROFILES

In order to solve of non-linear equations for ion acoustic double layers, we have used
Sagdeev potential method .In this method, the governing equations are reduced to a set a of
ordinary differential equations by using the transformation n = x - V .t where ‘V’ is the
velocity of the non-linear perturbation so that all the plasma parameters depend functionally
on the variable n. Then Sagdeev potential equation is derived by the elimination of respective
plasma parameter, and from which a wave equation of arbitrary amplitude is analysed.

Then using the transformation an equation of the following form in a model (as special case)
is obtained:

2

d°e =exp(go)—(l—2—¢)% __dy (C.1)
dn? M? do

where, ¢ is the electrostatic potential,  is the Sagdeev potential, M is the Mach number.
Multiplying equation (1) by de/dn and integrating with the appropriate boundary

conditions we get

%(j—f]’)z +y(p)=0 (C2)
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Where,

v (p) =1-exp(p) - M°[{L-(2p/ M*)}? -1] (C.3)

where wis the Sagdeev potential and we have used the boundary conditions

@ —0,dp/dn—0and d°p/dn* —0.

Eq. (C.2) describes the motion of a pseudo particle of unit mass with velocityde/dzn and
position ¢ in a potentialy(¢). The first term on the left-hand side of Eq. (C.2) can be

regarded as the Kkinetic energy of the pseudo particle. Since the Kinetic energy is always

nonnegative, it follows that () <0 for the entire motion, zero being the maximum value of
w(p). Eq. (C.2) shows that dy /de is the force on the particle at the position ¢ . Eq. (C.1)
may also be regarded as an anharmonic oscillator equation, provided that we interpret ¢ and
n as space and time coordinates, respectively. For the double layer solution of Eq. (C.2), the
Sagdeev potential w (@) should be negative between @ =0 andg,,, where ¢, is some
extremum value of the potential ¢, called the amplitude of the double layers. For the double

layer solutions (@) must additionally satisfy the following boundary conditions:

(i) w(p)=0,dy/dp=0and d’w/dp’ <0 at ¢=0, (C.4a)
(i) w(p)=0,dy/dp=0and d’y/dp’<0at ¢@=¢_ (#0), (C.4b)
(iii)  w(p) <0, for 0<|g|<|p,| (C.4c)

When the above conditions are satisfied, ¢ =0 is an unstable equilibrium position. The
pseudo particle is not reflected at ¢ = ¢, because the pseudo force and the pseudo velocity are

vanished. Instead, it goes to another state producing an asymmetrical double layer with a net

potential drop¢,, .

The double-layer solution is of the form

01 =5 PO, (- tanh 0) (5)

For compressive double layers, p(g) =+ 1 for g > 0. When p(g) =-1for g <0, the

rarefactive double-layers are excited.
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1). Profiles of Sagdev Potential
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Fig.C.1.Profles Sagdeev potential in model plasma

if). Profiles Double Layers

Fig.C.2. Profiles Compressive Double Layers in model plasma
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Fig.C.3.Profiles of Rarefactive Double Layers in model plasma

iv). Width of Double Layers:

The width of DLs is important from which the nature of DLs in plasma can be understood.

The width of DLs can be obtained using the following expression:

AS 1/2
W, =2| — C.6
" [8|¢m|] (9

where ¢,, is some extreme value of the potential ¢, called the amplitude of the DLs and A,

is the nonlinear term arises due to nonlinear interaction of the wave and the plasma particle.

For the existence of DLs, A,should have the positive values.

D. SOME WORKS ON THE DOUBLE LAYERS IN PLASMA

It is very important to note that the DL cannot be excited in electron-ion plasma having single
component of electrons. The works of different authors on the DLs in different types of
plasma are mentioned here: (i) Electron inertia [1,2], ( ii )Two-temperature electrons [3,4],
(ii1) Nonthermal electrons [5,6], (iv) Electron and ion beam [7,8], (v) Positrons [9,10 ], (vi)
Negative ions [11,12] , (vii) Kappa distributed electrons [13,14], (viii) Tsallis distributed
electron [15,16], (ix) Dusty plasma [17,18], (x) Quantum Plasma [19,20], (xi) Relativistically
degenerate plasma [21,22] and (xii) Ultra-relativistic degenerate plasma [23,24].
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CHAPTER-9

EFFECT OF BOUNDARY OF CYLINDRICAL WAVEGUIDE AND NONTHERMAL
ELECTRONS ON THE ION-ACOUSTIC DOUBLE LAYERS IN BOUNDED
MULTICOMPONENT PLASMA

[This Chapter is based on the publication: Brazilian Journal of Physics, Vol. 50, pp.272-281(2020)]

9.1. INTRODUCTION

In last few years, ion acoustic solitons (IAS) and double layers (IADLs or DLs) have been
theoretically studied by various authors considering different parameters in plasma e.g., ion
temperature , two-temperature electrons , positrons, magnetic field, beam ions etc. But, the
presence of negative ions [1-3] and nonthermal electrons [4-8] in plasma is found to be
most interesting on the formation of IADLSs. It is to be noted that the most of the works are
done in infinite or unbounded plasma. But, the studies of IAS and IADLs in bounded plasma
are important for the laboratory experiments [9-14]. Considering plasma bounded by
cylindrical and spherical geometry composed of ions and different types of electrons, Das
et al [15], Das and Singh [16], Labany et al. [17] have derived the Korteweg—deVries (KdV)
equation for the study of IAS using perturbation method. It has been shown that interaction of
isothermality on the propagation of radially ingoing IAS in various plasmas exerts a drastic
modifying effect on the existence and behaviour of IAS. Subsequently, the effect of higher
order nonlinearity and finite geometry has been considered by Ghosh and Das [18] and it has
been shown that higher order nonlinearity is to increase the amplitude and to decrease the
width of IAS as compared with that predicted values by first- order theory. Moreover, higher-
order nonlinearity and finite boundary effects give rise to W-shaped IAS. Recently, Kaur [19]
have numerically investigated the cylindrical and spherical 1AS in plasma composed with
ions, Tsallis distributed electrons and positrons. They have also studied numerically the effect
of non-extensivity and no planar geometry on the amplitudes and width of potential structures
of the IAS. Very recently, using the reductive perturbation method (RPM) Sahu and Roy [20]
have studied the nonlinear propagation of electron acoustic waves in unmagnetized
dissipative quantum plasma in unbounded planar geometry and bounded nonplanar geometry.
It is found that non-dimensional parameter, equilibrium density ratio of cold to hot electron

component, have crucial roles on the formation of both compressive and rarefactive solitary

Solitons and Double Layers in Different Types of Plasma Page 180



Ch-9.Effect of Boundary of Cylindrical Waveguide and Nonthermal Electrons on the lon-Acoustic
Double Layers in Bounded Multicomponent Plasma

waves (SWs). It is also found that electron acoustic SWs in nonplanar geometry significantly

differ from the planar geometry.

It is to be mentioned that the works of above authors on the SWs in unbounded plasma have
been done using the RPM. But, Sayal and Sharma [21] have analysed theoretically ion
Langmuir plasma oscillations in plasma filled in a cylindrical waveguide using fluid
equations using Sagdeev’s effective (pseudo) potential method (SPM). It is shown that
propagation of such modes is possible because of the finite radius of the cylindrical
waveguide. Moreover, in the nonlinear regime, small as well as large amplitude compressive
SWs may be formed in the bounded plasma. Later, Sayal and Sharma [22] have theoretically
investigated soliton formation in presence of an electron beam propagating in a plasma-filled
cylindrical waveguide. Using the SPM, Bhattacharya et al. [23] have studied IAS in a multi-
component bounded plasma consisting positive ions, negative ions and nonthermal
electrons. It is seen that when one considers nonthermal electrons and negative ions, both
compressive and rarefactive 1AS will be excited. But, in absence of negative ions, IAS will
not exist in bounded plasma for any value of nonthermal parameter of electrons. Later,
Mondal et al. [24] have theoretically studied linear and nonlinear propagation of ion
acoustic waves in a multi-component plasma consisting of electrons, positive ions and
negative ions bounded in a cylindrical waveguide. The effect of nonlinearity on the ion
acoustic wave is investigated through the derivation of the effective potential. It is shown that
dimensions of the cylindrical system containing plasma have a positive influence on the

stability of ion acoustic waves.

However, the IADLs in bounded plasma system have not been studied by any authors till
now. Since the negative ions and the nonthermal electrons have important contributions to the
excitation of IAS in plasma, we are interested here to study theoretically the 1ADLs in
multi-component plasma consisting of positive ions, negative ions and nonthermal electrons
filled in a cylindrical wave guide using the SPM. The expression of Sagdeev potential in such
plasma has been derived and the conditions for the existence of IADLs are obtained. The
effects of boundary of cylindrical wave guide and nonthermal electrons on the Sagdeev
potential has been graphically discussed. From the nonlinear equation, the solution for small
amplitude IADLs are obtained and its structure is analyzed as function of the plasma
parameters. It is seen that finite geometry of bounded plasma, non-thermality of electrons,

density of negative ions, stream velocity of positive and negative ions have significant
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contribution on the structure of IADLs. The IADLs may be compressive or rarefactive in

plasma depending upon the values of the plasma parameters.

9.2. BASIC EQUATIONS

We consider a perfectly conducting cylinder of radius R filled uniformly with collisionless,
unmagnified, non-relativistic plasma and having an infinite axial uniform magnetic field.
This plasma consists of cold positive ions, negative ions and nonthermal electrons. It is
assumed that the ions have streaming velocities along the axis of the cylinder taken to be x-
axis. The plasma particles are assumed to move only along the axis of the waveguide, which
we choose as x-axis of a (r,8,x) cylindrical coordinate system. So, there will be no
interaction with the corresponding empty waveguide modes that have only transverse electric
field components (H-modes) and we shall consider only the E-modes. The set of equations
governing the dynamics of such bounded plasma can be written in non-dimensional form [21,
24]:

> +—(nyu,)=0 (9.1)

S +u _ s __1rs_”7r (92)

V,p —=n _Z'//s S (9.3)
where

2 2 2 2
V2 - 0 0 o 10 1 0 (9.4)

=2 4 = =2
ooy 0% o ror rof?

V | is the transverse Laplacian, the subscript ‘s’ stands for positive ion and negative ion, s =

i for positive ions, s = j for negative ions; n., u

S s !

m, are respectively the density , velocity
and mass of positive ions and negative ions ; n,is the number density of electrons, v, =1,

=-1,Q =1, Q;=Q=m,/m;, the velocities are normalized by (K,T,/m)"*, the
densities by equilibrium ion density, the electrostatic potential ¢ by (K T /€), all length by

the Debye length (KT, /4zn,e’)"? , K, is Boltzmann constant.
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We assume the boundary conditions

n,—n

Uy Uy, >0 At X o (9.5)

so?

The charge neutrality condition of the plasma is n, =1+n,, wheren,, and n;, are the

jo?

equilibrium densities of positive ions and negative ions.

Now we consider the electron distribution which includes the population of nonthermal
electrons. A nonthermal plasma (, cold plasma or non-equilibrium plasma) is a plasma
which is not in thermodynamic equilibrium, because the electron temperature is much more
than the temperature of heavy species ( ions and neutrals). As only the electrons are
thermalized, their Maxwell-Boltzmann velocity distribution is very different than the ion
velocity distribution. When one of the velocities of a species does not follow a Maxwell-
Boltzmann distribution, the plasma is said to be non-Maxwellian. In many astrophysical and
space plasma scenarios, plasma particles are not in thermodynamic equilibrium but have
long-range interactions. The systems with long-range interactions believed to exhibit non-
Maxwellian distributions. External forces acting on plasma or interaction of wave particle
may lead to the formation of non-Maxwellian distributions. The presence of high energetic
plasma particles may also destroy the equilibrium state of plasma. Nonthermal distribution of
electrons with excess energetic particles can be modelled by the Cairn’s distribution [25, 26].
Cairns et al. [25, 26] have considered plasma with nonthermal electrons and cold ions and
have shown that it is possible to obtain both compressive and rarefactive SWs. This
nonthermal model can explain the ion acoustic structures with density depression in the
magnetosphere observed by Freja [27] and Viking [28] satellites. In fact, the study of non
Maxwellian plasma is crucial to the understanding of space, astrophysical and laboratory
plasma dynamics.

The nonthermal electron distribution function is chosen as [25, 26]

f (V)= n, 1 (1_2 JZ |:_1(i_2 ]:| 9.6
) (1+3a) 22V, % ?) 1P A 69

where V, =/K,T,/m, and me is the mass of electron.
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From (9.6) the normalized electron density ne is obtained as
n, = (1- S+ ¢’ )exp(g) (9.7)

4o

where ﬂzl 3
+ox

S measures the deviation from thermalized state « determines the number of nonthermal

electrons in the plasma. g = 0 corresponds to the Boltzmann distribution of electrons.

9.3. NONLINEAR EQUATIONS AND SOLUTION OF DOUBLE LAYERS

Now we assume that the radial behaviour of the perturbed quantities is described by the

lowest power of Bessel function. Following Mondal et al. [24] we take the perturbed

quantities in the form of J,(k r) f (x,t), where f(x,t)=N,(x,t),U (xt),----and k, =p,, /R

. Integrating the nonlinear equations over r from 0 to R after multiplying with rJ,(k, r) we get

N, +ng, v, +Ug, N, +a1Ns%+alUs%:0 (9.8)
ot ot OX OX OX

Ve i, Ysygqu Yo Ve 00 (9.9)
ot OX OX Q, ox

O’

vl N, =D wn, (9.10)

where

{TJSrer
— 0 (9.11)

To obtain the expression of Sagdeev potential from the EQs.(9.8) - (9.10) we use the
transformation 7=x—Mt where M is the velocity ion acoustic wave. Then from the Eqg.

(9.8) to Eq.(9.10) we obtain

o

N, (M —u,,)
Ny +oy N,

U (9.12)

S
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a v
M—u U, ——2UZ = (=
( 50) S 2 S (Qs)go

From Eq.(9.10) and Eq.(9.12) we get

N — nsO

S 1
2

a,| -1+ 1—2"‘—””2
QS(M _uso)

Therefore, the Poisson EQ.(9.10) becomes

2

NI

a, —1+{1—2afpz}
QS(M usO)

where V is the Sagdeev potential [29].

V =[@+38)+ 3000, (M —u,,)* log (2)] -

%_[(1+ 3p) 3P+ Py’lexp(p)

1{1_2()6—1(/’}_{1_206—&};
2 Qs(M _uso)2 QS(M _uso)2

n
- Wzgzson(M ~Ug)° 1
2
+log 1+{1_—2a1¢) 2}
QS(M _uso)

0 n
a,;f — p+(1— B+ Pp ) exp(p) =Y L -

oV
op

(9.13)

(9.14)

(9.15)

(9.16)

Now, we expand the right hand side of Eq. (9.15) in power series of ¢ . For small amplitude

ion acoustic wave we take the terms up to ¢° and obtain

d2
T;=A¢+%¢2+%¢3+ -----
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where,
(Qn'o _n'o)
A ={(2—ﬂ)+#}
QM -u,) (9.18a)
A = {l+ 30.51§Q2nio - n;o)}
2 Q(M-up) (9.18b)
A, :{1"'3,3 N 5a1§Q Mig _néO)}
6 QM-u) (9.18¢)
Now, integrating Eq.(9.15) we get
1do) 1y
Z(dn] +V(p)=0 (9.19)

In deriving Eq. (9.19), we have used the boundary conditions ¢ —0,de/dn —0and
d’p/dn* —0.

EQ. (9.19) describes the motion of a pseudo-particle of unit mass with velocityde/d#s and
positiong in a potentialV (). The first term on the right hand side of Eq. (9.19) can be

regarded as the kinetic energy of the pseudo particle. Since the kinetic energy is always

nonnegative, it follows that V (@) <0 for the entire motion, zero being the maximum value of
V(p). Eq. (9.19) shows that V'(¢) is the force on the particle at the positiong . Eq. (9.19)
may also be regarded as anharmonic oscillator equation, provided that we interprety andn as
space and time coordinates, respectively. For the IADLs solution of Eq. (9.19), the Sagdeev

potential V (¢) should be negative between o =0 and ¢, , whereg,, is some extreme value of
the potential ¢, called the amplitude of the IADLs. The IADLs solutions must additionally

satisfy the following boundary conditions:

(i) V(¢)=0,V'(p)=0 and V"(p)<0at ¢=0, (9.20)
(i) V(@)=0,V'(p)=0 and V"(p)<0at ¢=¢,, (#0), (9.21)
(i) V(@) <0, for 0<|g|<|g,| (9.22)
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When the above conditions are satisfied, ¢ =0 is an unstable equilibrium position. The
pseudo particle is not reflected atp = ¢, because the pseudo force and the pseudo velocity

vanish. Instead, it goes to another state producing an asymmetrical double layer with a net

potential drop ¢, .

Applying boundary conditions in Eq.(9.21) and Eq.(9.22) in Eq.(9.17), we find that

P =—2A,13A, (9.23)
and

A 2
V(p) = _7(0 (0n — ) (9.24)

The IADLSs solution of Eq.(9.17) satisfying Eq.(9.22) is obtained as
1
0o = 7n (L~ tanhl (A, 780, )17]) (9.25)

where, @, /12=¢,5, ¢, is the amplitude of IADLSs.

The width of the IADLs is

w, =2,/A, 18]p,| . (9.26)

It is seen that the nature, amplitude and width of IADLs depend on the plasma parameters,

i.e., on the nonthermal parameter (/), density of negative ions (n;,), drift velocity (u, ) of
ions and finite geometry (¢, ) of bounded plasma through the coefficients A, and A,.

It is to be noted that Eq. (9.23) relates the amplitude ¢, of IADLs to the ratio between the
coefficients A, and A, of the quadratic and cubic terms on the right hand side of Eq. (9.17).
The IADLs can only exist for positive value of A;, i.e. for plasma parameters satisfying the

following conditions for B,a andn;,:

1 loal(aniO_njO)
ﬂ>{§+ M —u) } (9.27a)

Or,
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" >{Q‘°’(1+33ﬂ)(|\/| —uo)ﬁ} ©.27)
30(Q°ny, —nyp)

Or,

34N 11 \6 @+3p)
n;, >Q° (M —ug) {ni0+ 30e } (9.27¢)

where, M —u,, >0.

From Egs. (9.25) and (9.23), it follows that the since n,, = y the sign of A,becomes positive
which is condition for the existence of IADLS, so the sign of A, will determine the nature of
the IADLs. If A, is positive (negative), a rarefactive (compressive) IADLSs are formed. Since
A, is independent of 2, the nature of IADLs, whether compressive or rarefactive, remains

invariant under changes in 2. However, the negative ion density has effective role on the

nature of IADLs in the bounded plasma. There is a critical value of negative ion for

compressive and rarefactive IADLSs.

For compressive IADLs, A, is negative, i.e?

2 1 )\2 .
njO > M 1_{_% (9283_)
3o, 2 (M-u,)
and for rarefactive IADLs A, is positive, i.e.
2 )2 _
N, < Q(M —u,)” E+L0‘12 (9.28b)
3, 2 (M-u,)

It is evident that there is a critical value of negative ion density (n;,. ) for the occurrence of

compressive and rarefactive IADLs in the bounded plasma,

n.OC:[QZ(M‘“o)Z {L 3o H (9.29)
J 3, |2 (M—-U,)’

when M —u, >0.
The value of n;. can be numerically estimated if the values of other plasma parameters

Q. B,a,,M,u, etc. are known.

Solitons and Double Layers in Different Types of Plasma Page 188



Ch-9.Effect of Boundary of Cylindrical Waveguide and Nonthermal Electrons on the lon-Acoustic
Double Layers in Bounded Multicomponent Plasma

9.4. RESULTS AND DISCUSSION

We now investigate numerically the IADLs in a multi-component cold drifting plasma
composed of positive ions, negative ions and nonthermal electrons filled in a cylindrical wave
guide. Our analysis reveals that both compressive and rarefactive IADLs will exist in the
bounded plasma under consideration for selected ranges of the plasma parameters. To see the
nature of IADLs in the bounded plasma, we have considered different types of negative and
positive ions e.g. (07, Ar®) ions, (CI, He") ions and (O, H™) ions which exist in space and
also can be produced in laboratory. Moreover, we consider plasma having physically

admissible values of 3, i.e. 0<fB<4/3.

9.4.1. Profiles of Sagdeev Potential in Bounded Plasma

The nature of Sagdeev potential V is important for the existence of IADLs in bounded
plasma. So, we have drawn the profiles of V for different values of ¢; and g with fixed
values of other plasma parametersn;,, M, u;;,Q .

1). The effect of ¢ :

To start with we have plotted the Sagdeev potential V  shown in Fig.9.1(a), Fig.9.1(b) and
Fig.9.1(c) for different values of ¢, of the bounded plasma having ( O7, Ar*) ions for fixed

values of other plasma parameters.

0.8 T T T T T T T T

0.6 1

tap=232

Fig.9.1 (a). The profiles of Sagdeev potential for different values of parameter & of the bounded plasma having
(O, Ar?) ions for fixed values of [ =0.14, N;,=0.12, U;y=0.1, M =1.98. Graphs a, b, c and d represent &,
=2.32,2.22,2.12 and 2.02 respectively.

Page 189 Solitons and Double Layers in Different Types of Plasma



Ch-9.Effect of Boundary of Cylindrical Waveguide and Nonthermal Electrons on the lon-Acoustic
Double Layers in Bounded Multicomponent Plasma

0.5 1

0.0

-0.5 4

Fig.9.1 (b). The profiles of Sagdeev potential for different values of parameter <; of bounded the plasma
having ( O-, Ar*) ions for fixed values of 8 =0.1, N;;=0.12, U;;=0.1, M =2. Graphs a, b, ¢ and d represent

a; =2.4,2.3,2.2and 2.1 respectively.

Fig.9.1(c). The Profiles of Sagdeev potential for different values of parameter ¢; of the bounded plasma having

(O, Ar’) ions for fixed values of Nn;,=0.2015, [ =5.065, M =4, U,,=0.1. Graphs a, b, ¢ and d represent &,
=-4.50, -5.88, -7.26 and -8.64 respectively.

It is seen from Fig.9.1(a) that Sagdeev potential (V) for different values of «, of the

bounded plasma for fixed values of g =0.14, n;,;=0.12, u,=0 and M =1.98 are : i) V >0
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for oy =2.02 ,ii) V =0 for 2.12 and iii) V <0 for o, =2.22and 2.32. So, the IADLSs are
formed in bounded plasma having (O, Ar*) ions whene, =2.12 .

Fig.9.1(b) shows that Sagdeev potential V for different values of o, parameter of bounded
plasma for fixed values of g =0.1, n,;=0.12, u,=0.1and M =2are :i) V>0 for o, =2.1
i) V=0 for2.2 and iii) V <0 for o, =2.3 and 2.4. So, the IADLs are formed in bounded
plasma having (O, Ar*) ion whenea, =2.2 .

From Fig.9.1(c) it is seen that Sagdeev potential V for different values of «; parameter of
for fixed values of n,;=0.2015, g =5.065, M =4 and u,=0.1 are: i) V>0 forey =—4.5,
ii) V =0 for o, =-5.88 and iii) V <0 fore, =—7.26 and —8.64 So, the IADLs are formed in

bounded plasma having (O, Ar*) ions when o, =—5.88.

if). The effect of 3 :
The effect of nonthermal parameter g of electrons on the Sagdeev potential V in the

bounded plasma having ( O, Ar*) ions for fixed values of other plasma parameters are
shown in Fig.9.2(a), Fig.9.2(b) and Fig.9.2(c).

Fig.9.2 (a). The Profiles of Sagdeev potential for different values of nonthermal parameter £ of electrons in the
bounded plasma having ( O, Ar*) ions for fixed values of @, =2.2, n;,=0.12, M =1.98 and U, =0.1. Graphs
a, b, cand d represent # =0.1,0.2, 0.3 and 0.4 respectively.
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Fig.9.2 (b). The profiles of Sagdeev potential for different values of nonthermal parameter £ of electrons in the
bounded plasma having ( O", Ar*) ions for fixed values of «@; =2.1, N;=0.12, M=1.98 and U, =0.1. Graphs a,
b, c and d represent £ =0.12, 0.24, 0.36 and 0.48 respectively.

B =2.183
p=26
e S p=3.017 -
0.5+ an

/ N\ S B=3434

s \ :p=3.851 ]
/ / :‘;\ N\

Jo
® Q0 T

0.0 4

-0.5

Fig. 9.2(c). The Profiles of Sagdeev potential for different values of nonthermal parameter of electrons /S of
electrons in the bounded plasma having ( O-, Ar”) ions for fixed values of @; =-2.8, n;;=0.12, M = 4.6 and

U, =0.1. Graphs a, b, c and d represent £ =2.183, 2.6, 3.017, 3.434, 3.851 respectively.

In Fig.9.2(a) it is observed that Sagdeev potential V for different values of g for fixed
values of o= 22, n;;=0.12, M =1.98,u,,=0.1 are : i)V>0 for =04, ii) V=0 for
$=03 and iii) V <0 for #=0.2 and #=0.1. So, the DLs are formed in the bounded
plasma having ( O7, Ar") ions when for #=0.3.
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Fig.9.2(b) shows that Sagdeev potential V for different values of £ in bounded plasma for
fixed values of o =2.1, n;;=0.12, M =1.98,u;,=0.1 are: i) V >0 for £=0.48,ii) V =0 for
$=0.36 andiii) V <0 for #=0.24 and S=0.12. So, the DLs is formed in the bounded
plasma having ( O7, Ar") ions when 3 =0.36.

It is seen from Fig.9.2(c) that Sagdeev potential V for different values of A in bounded
plasma for fixed values of o, = - 2.8, n;,=0.12, M = 4.6, u,= 0.1 are: i) V>0 for

B =3.434 and #=3.851, ii) V =0 for #=3.017 and iii) V <0 for #=3.183 and S =2.6.
So, the DLs is formed in bounded plasma having ( O, Ar*) ions when 8 =3.017.

9.4.2. Profiles of lon-Acoustic Double Layers in Bounded Plasma

i). The effect of ¢ :

The effects of finite geometry of bounded medium (¢, ) on the IADLs in plasma having (O,

Arf)ions and (CI, He™) ions have been numerically estimated and the profiles are drawn

keeping fixed values of other plasma parameters.

0.00
-0.01 4
0.02 4
0.03 ]
-0.04 4
0.05 ]
-0.06 4
0074
¢D -0.08
-0.09 4
0.10 4

0.1 -
] d
0124 -
013 4
T T T T T
3 2 1 0 1 2 3

Fig.9.3 (a).The profile of 1ADLs for different values of ¢, in the bounded plasma having ( O, Ar*) ions for

fixed values of Nn;,=0.03, M =2 and U;,=0.15and /3 =0.5. Graphs a, b, ¢ and d represent &, =-2.10, - 1.99, -
1.88, and - 1.77 respectively.
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Fig.9.3 (b).The profiles of IADLs for different values of ¢ in the bounded plasma having ( CI-, He*) ions for

fixed values of 1N;;=0.03, M =2, U;;=0.15 and 3=0.5. Graphs a, b, ¢ and d represent &, = -2.10, - 1.99, -
1.88, and -1.77 respectively.

It is seen from Fig.9.3 (a) that the IADLs are rarefactive in plasma having (O, Ar*) ions and
the amplitude increases with the decrease ofca,. But, Fig.9.3 (b) shows that IADLs in
plasma having (CI-, He*) ions may be compressive or rarefactive depending on the values of

a, . The IADLs are compressive for ¢, =-2.10,-1.99 and rarefactive for o, =-1.88, -1.77. The
amplitudes of compressive IADLs are decreased with the decrease of ¢, and for rarefactive

DLs the amplitude increases with decrease of ¢; .

if). The effect of 3
The effect of g of nonthermal electrons on the IADLs in plasma having Q = 0.4 (O", ArY),

and Q=16 (O, H") have been numerically estimated and the profiles are drawn keeping
fixed values of other plasma parameters i.e. dimension of finite geometry of bounded

plasma, Mach number , ion stream velocity ,concentration of negative ions .
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Fig. 9.4 (a). The profiles of IADLs for different values of nonthermal parameter /3 in the bounded plasma
having ( O, Ar*) ions for fixed values of ¢, =-4, M =2, U;,=0.2 and N;,=0.1. Graphs a, b, ¢ and d represent
L =0.1,0.3,0.5 and 0.8 respectively.
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Fig.9.4(b). The profile of IADLs for different values of nonthermal parameter /£ in the bounded plasma having
(O, H ions for fixed values of &; =-4, M =2, U;;=0.2 and N;,=0.1. Graphs a, b, c and d represent f = 0.1,
0.3, 0.5 and 0.8 respectively.

It is seen form Fig.9.4(a) that the IADLs are rarefactive in plasma having (O°, Ar*) ions and
the amplitude of IADLs increases with the increase of £ for fixed values of «, =-4, M =2,
U, =0.2, n;,=0. But, Fig.9.4(b) shows that the IADLs in plasma having (O, H") ions are

compressive and the amplitude of IADLs increases with the increase of 5.

Page 195 Solitons and Double Layers in Different Types of Plasma



Ch-9.Effect of Boundary of Cylindrical Waveguide and Nonthermal Electrons on the lon-Acoustic
Double Layers in Bounded Multicomponent Plasma

9.4.3. Profiles of Width for lon-Acoustic Double Layers in Bounded Plasma

It is well known that the width of IADLs in plasma is important for the experimental
studies. So, we have numerically estimated the width of IADLs using Eq. (9.26) and the
variations of width are graphically discussed for different parameters of bounded plasma
system.

i). The effect of ¢, :

The variation of width of IADLs with negative ion density (n;,) for different values of ¢,

are shown in Fig. 9.5(a) and 9.5(b) for the plasma having ( O, Ar*) ions and ( Cl, He")
ions.

0.8 4

0.4 1

0.2+

Fig.9.5(a). Variation of width of IADLs with negative ion density Nn;, for different values of ¢ in the bounded
plasma having ( O, Ar*) ions for fixed values of M =2,  =0.1and U;,=0.2. Graphs a, b, ¢ and d represent
a,=-2.10,-1.98, -1.86, and - 1.74 respectively.
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Fig.9.5(b).Variation of width of IADLs with negative ion density (njo) for different values of «; in the
bounded plasma having ( Cl, He*) ions for fixed values of M =2,  =0.1and U;,=0.2. Graphsa, b,c and d
represent &, =-2.10 ,- 1.98, -1.86, and - 1.74 respectively.

It is seen from Fig. 9.5(a) for the plasma having ( O, Ar") ions that the width of IADLs

decreases with increase of n,, up to a critical negative ion densityn,, then it increases
steadily with the increase of n;, More over, the width of IADLs is larger for large value
;. The variation of width of IADLs in plasma with (CI, He®) ions is shown in Fig.9.5(b).
It is observed that the width decreases with n;, , but for small «;, o, =-1.74, the width
increases with n;, and attain a maximum value at negative ion density n,,, then it decreases

with increase of n;,. Moreover, the width of IADLs is large for small value of «,.

if). The effect of 5
Similarly, the variation of width of IADLs with negative ion density (n;, ) for different values

of nonthermal parameter of electrons ( £) are shown in Fig. 9.6 (a) and Fig.9.6 (b) for the

plasma having, (O, Ar*) ions and (CI-, He") ions.
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nj 0

0.2

Fig.9.6(a). Variation of width of 1ADLs with negative ion density for different values of nonthermal parameter

/3 in the bounded plasma having ( O", Ar*) ions for fixed values of

b, c and d represent 5 = 0.1, 0.5, 0.8 and 1.2 respectively.
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Fig.9.6 (b).Variation of width of IADLs with negative ion density for different values of values of £ in the

bounded plasma having (O, H" ions for fixed values of

represent £ =0.1,0.5, 0.8 and 1.2 respectively.

M =2, @ =-4, U,=0.2. Graphs a, b, ¢ and d

In Fig.9.6 (a) it is seen that the width of IADLs decreases with increase of n;, up to negative

ion densityn;,(=n;,,) . Then it increases steadily with the increase of n;, up to certain
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maximum value of DL width at negative ion densityn;,(=n,,,) . After that the DL width
decreases and attains certain values at negative ion density n;,(=n;y,) then it again increases
with the increase of n;,. Moreover, at n,,, the width of IADLs is larger for large value of 3,
at n;, the width of IADLs is small for large value g. But, it is observed from Fig.9.6(b)

that the width increases with increase of n;, and the width is large for large value .

9.5. SUMMARY AND CONCLUSION

Considering multi-component plasma composed of cold positive ions, negative ions and
warm nonthermal electrons bounded in a finite geometry cylindrical tube we have
theoretically studied the excitation of IADLSs in the plasma. It has been shown that formation
of IADLs in bounded plasma depends on the plasma parameters i.e. finite geometry of the
bounded medium, nonthermal parameters of electrons, density of negative ions, and stream
velocity of ions. Numerical estimation is made taking different types positive and negative
ions in the plasma and the profiles of IADLs are drawn. The IADLSs in the bounded multi-
component plasma may be compressive or rarefactive depending upon the values of the

plasma parameters.

Finally, we would like to point out that the type of plasma considered in the present
work exists in space and also can be produced in the laboratory. By our present analysis,
ion acoustic IADLs can be studied in bounded plasma (e.g. dusty plasma and different type’s
electrons, namely, two-temperature electrons, superthermal electrons, Tsallis distributed
electrons etc.). In the present study we have not considered the temperatures of positive ions
and negative ions and the static magnetic field in the plasma. Considering these parameters
more interesting results may be obtained which would give new information on the IADLS in
bounded plasma. The DLs in plasma have been observed experimentally [11-14]. But, there
is no information about experimental observation on the IADLS in bounded multi-component
plasma having nonthermal electrons. So, our theoretical results may not be verified /
compared with the experimental observations.

To study the IADLs in bounded multi-component plasma we have used the SPM. Using the
cylindrical co-ordinates and perturbation method one can study the IADLs in bounded
plasma following Das et al.[15] , Labany et al. [17] , and also Paul et al. [18 and Mondal et

al [19] of cartesian co-ordinates.
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Ch-10 Influence of Nonthermal Electrons and lon Beams on the lon-Acoustic Double Layers in
Warm lon Plasma

CHAPTER-10

INFLUENCE OF NONTHERMAL ELECTRONS AND ION- BEAMS ON THE ION-
ACOUSTIC DOUBLE LAYERS IN WARM ION PLASMA

[This Chapter is based on the publication: Indian Journal of Physics (2020);
https://doi.org/10.1007/s12648-020-01899-w]

10.1. INTRODUCTION

In recent years, there is a great deal of interest on the study of nonlinear propagation of
waves in plasma consisting of beams of electron / ions because of its importance in
understanding the nonlinear electrostatic disturbances in magnetosphere and solar plasma [1,
2]. The nonlinear structure of plasma is changed considerably in presence of beam of electron
/ ion. Krivoruchku et al. [3] has shown that an electron beam in plasma can change the
propagation of the Trivelpiece-Gould solitons. Later, it is shown by Gell et al. [4] that
compressive solitary waves are excited in an electron beam plasma system. However, the
effects of ion-beam are also important to excite the ion- acoustic soliton (IAS) in plasma.
Abrol and Tagare [5] have obtained a modified Koteweg-deVries (KdV) equation for I1AS in
presence of ion-beam in plasma composed of cold ions, beam ions and nonisothermal
electrons using the reductive perturbation method (RPM). Later, Karmakar et al. [6], EI-
Labany[7], Das [8] and other authors [9-10] have obtained the solution of IAS in an ion-
beam plasma through the derivation of a modified KdV equation. It is seen that the existence
solitons and its behaviour depends effectively on the ion-beam as well as on other plasma
parameters. Recently, Paul et al. [11] have studied nonlinear propagation of ion-acoustic
waves (IAW) in unmagnetized quantum (degenerate) plasma in presence of an ion beam
using the one dimensional quantum hydrodynamic model. They have derived the KdV
equation using the RPM and have obtained the solution of IAS. The critical value of ion-
beam density for the nonexistence of solitary wave is numerically estimated and its variation
with velocity and temperature of ion-beam has been discussed graphically. It is seen that
formation and structure of IAS are significantly affected by the ion-beam in quantum plasma.
The IAS in the quantum plasma may be compressive or rarefactive depending upon the

values of velocity, density and temperature of the ion-beam.

But, few authors have studied the ion-acoustic double layers (IADLs) in ion-beam plasma.
Kaur et al [12] have derived the KdV, modified KdV and Gardner equations using the RPM
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and studied the acoustic Gardner solitons and DLs in a multi-component superthermal plasma
having ion-beam. They have discussed the characteristic features of both compressive and
rarefactive nonlinear excitations from the solution of these equations. On the other hand, the
presence of non-Maxwellian nonthermal electrons [13,14] give rise to interesting

characteristics in IADLSs in the plasma [15-19].

It is seen from the works of above authors that a lot of theoretical works have been done on
the IAS in the plasma having beams of nonthermal electrons and ions. But, IADLS in ion-
beam plasma has not been studied by any authors. So, we are interested here to study the
IADLs in a multi-component plasma composed of warm positive ions and beam ions together
with nonthermal electrons. To solve the problem we have used the Sagdeev potential method
(SPM) for deriving the expression of Sagdeev potential and nonlinear equation for the
propagating IAW. The solution for IADLSs is obtained and graphically discussed for different
values of density, velocity and temperature of the ion-beam, and non-thermality of electrons.
The widths of the IADLs are also discussed graphically.

10.2. BASIC EQUATIONS

We assume, a collisionless unmagnetized plasma consisting of warm positive, beam ions
and nonthermal electrons. Moreover, we consider the constant ion-beam velocity in
unperturbed state and ion-beams are in the direction of propagation of waves. The
normalized basic equations in unidirectional propagation for such plasma in dimensionless

form are:

on, 0
S+ — =0 10.1
S (nu,) (10,1

8u5+u o, o, op_ L 0p

* + = —- 10.2
ot ax Qnox Qo (10.2)
P P gp Mg (10.3)
ot OX OX
o’¢
—5 =N+ W.Zn, (10.4)
OX .
where, the subscript s = i and b denote positive ions and beam ions; n,u,, p,,o, are

respectively the density , velocity, pressure and temperature of positive ion and beam ions;

The concentration of nonthermal electrons is represented by n,, Q,=m,/m,, Q, =1, m, and
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m, are the mass of positive ions and beam ions, v, =y, =-1, Z, and Z, are the charges of
positive ions and ion-beam and negavtive ions. For single charged ions, Z, =1 , multiple
charged ion-beams Z,=Z , Z is the number of positive charges of ion-beams. The
velocities are normalized by the ion-acoustic speed (K,T,/m,)"?, the densities by the
equilibrium ion density n,, all lengths by the Debye length (K,T./4zn,e?)"?, the time
variable by the ion plasma period @, =(m /4zne?)’?and the potential o by (K,T,/e)
where , T, is the temperature of electron, K is the Boltzmann constant and other symbols

have their usual meanings.

The nonthermal electron distribution function is chosen as [15, 16]

n v ? 1( v
f (V)= 0 1 — -2 = —==-2 10.5
V) (1+30£)\/27ZV62 { +0{Ve2 ¢J }Xp{ Z[Vez ¢ﬂ (105

where « is a parameter that determines the proportion of the fast energetic electrons, v is

the velocity of electrons in phase space and is normalized by the average thermal speed

V, =JKgT,/m, and me is the mass of electron.

The normalized density of nonthermal electron n, is

n, =(1- B+ B’ )exp(p) (10.6)
where g = 1;‘2(1 (10.6a)

S measures the deviation from thermalized state.
For obtaining the solution of IADLs from Eq.(10.1) to (10.4) we use the transformation

n=x-Vt ,where V is the velocity of the IAW and we assume the boundary conditions:
N, = Ny, Ny = Ny, Uy = 0,Uy — Uy, Py = Pigs Py = Py @ — 0 at X o (10.7)

The charge neutrality condition in the plasma isn, =1-2Zn,,.

Solitons and Double Layers in Different Types of Plasma Page 203



Ch-10 Influence of Nonthermal Electrons and lon Beams on the lon-Acoustic Double Layers in
Warm lon Plasma

By using Eq. (10.4) and the boundary conditions (10.7) we get from Egs. (10.1) to (10.5)

377(? =(1- Bo+ o’ )exp(p)

where y/(¢) is known as the Sagdeev Potential and it is given by

v (4)=(1+38)-[(1+38)-3Bp+ fr"lexp(e)

3 {(V + 3O-i pio ] _ 2¢} {[V _ 30-i pio ] _ 2(/)}
_ nif) d Mo V M
6430, p, . 3 3
7 plo _[V + 3(Ti pio J + {V _ ’So-i pio J
nio nio

3 3

2 2 7

o v Pk ) 2210 Iy 30_sz¢
anbzo ano Q ano Q

(10.10)
6./3
%o Pes 30, Pyo ’ 30, Py, 3
3V Uy + [ | 13|V —Upy— [ —=
ano ano

§_
2

Integrating (10.9) we obtain

1 d(pszr :
—| | tv(p)=0
2(‘“7 (10.12)
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where  wis the Sagdeev potential and we have used the boundary conditions

@ —0,dp/dyp—0and d’p/dn* — 0.

For the solutions of IADLs, w(p) must additionally satisfy the boundary conditions
mentioned in Chapter-9. When the conditions are satisfied, ¢ =0 at the unstable equilibrium
position. The pseudo particle is not reflected ate = ¢, because the pseudo force and the

pseudo velocity are vanished. Instead, it goes to another state producing an asymmetrical

double layer with a net potential drop¢,, .
10.3. SOLUTION FOR ION-ACOUSTIC DOUBLE LAYERS

Now we expand the right hand side of Eg. (10.8) and Eq. (10.10) in power series of ¢ and
we obtain

dzgo

d—772=A&¢)+A2g02+A3¢3+~--~ (10.12)

3 -1 =)
2
(1—ﬂ)— nio {LV + ‘?’Gi pio J _(V _ 3Ui pio ] }
2 3’O-i pio Iqio nio

A = (10.13)
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bo ano bo

R
L 2Q> \/30-10 Pho i

g 3 -3 3 -3
1— r‘io V + O pio -V = O; pio
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(10.13b)
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3niEo 30, Py, _5_ _ 30, P, K
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A :% . . . (10.13¢)
n §Z4nbzo {[V _ubo + %j _[V _ubo _ Mj }
5 Qn \’ Qn
L 2Q? \/3O'b Poo » " i
And
1 1 1
V(0)=—5 AP~ AP =T Apt e (10.14)

For small amplitude ion acoustic waves (¢ <1), we take the terms up to ¢°® of Eq. (12)to

get the solution of IADLs in plasma. Applying the boundary conditions mentioned in
Chapter-9 [Egs. (9.20) to (9.22)] for the existence of IADLSs we obtain

2A,
Pn="3n, (10.15)
And
y(p)= —%fpz (Pn—9)° (10.16)

The small amplitude IADLSs solution of Eq. (10.12) satisfying Eq. (10.15) is obtained as

1
0o = 7n (L~ tanhl /(A 780, )7]) (10.17)
The width of IADLs is given by
A3 1/2
W, =2| —— (10.18)
’ (8|¢mlj

It is seen that width of IADLs depends on the plasma parameters e.g. ion-beam density, ion-
beam temperature, velocity of ion-beams and nonthermal parameter of electrons. Eq. (10.15)

relates the amplitude ¢, of the IADL to the ratio between the coefficients A, and A, of the

quadratic and cubic terms on the right-hand side of Eq. (10.12). It is important to be noted
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that the IADLs in plasma can only exist for positive value of A, i.e. A, >0 . To satisfy the
condition, the plasma parameters should have some critical values. The nonthermal parameter

S must satisfy the condition S < ., B. being the critical value of g. for the existence of

IADLs, the parameter S. obtained from (10.13c) is

Pe :(%j ?Z’LOI_:{(V -a)° -V +‘71)75}+

3nsb0 {(V —Uy, =0, )75 _(V Uy, +0, )75} -1 (10.19)

2Q%c,

where, o :«/301 Pio /Ny + 0, =430, Py /Ny, andn, =1-27n,,.

The parameter g, for the existence of small amplitude IADLs in plasma can be numerically

estimated from Eq. (10.19), if the values of other parameters of plasma are known. Similarly,

for the existence of IADLs when A, >0, the critical values of ion-beam density (n,,.), ion-

beam velocity (u,,.) and ion-beam temperature (o,.) can be obtained from Eq. (10.13c).

If IADLSs are excited in plasma, it is very important to see the nature of IADLs (compressive

and rarefactive). From Eq. (10.15) and Eq. (10.17), it follows that the sign of A, determines
the nature of IADLs. If A, is positive (negative), a rarefactive (compressive) IADL is
excited. Since A, is independent of g , the nature of IADLS, whether compressive or
rarefactive, remains invariant under changes of #. But, it is seen that A, depends on the
parametersn,,, u,, and o, . For compressive IADLs, A, <0 , and for rarefactive IADLSs,
A, >0. Expressions for the critical values ofn,(N,.), U,Uy,:) and o, (o) for

compressive and rarefactive IADLs in warm plasma can be obtained from Eqg. (10.13b). In

warm plasma, it is difficult to get the expressions ofn,,., u,,. ando,.. For cold plasma,
o, =0 ando, =0, the critical values of n,,. and u,,. for compressive and rarefactive IADLs
are obtained from Eq. (10.13b):

QA=W -y’
TV )]

(10.20)

and
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1
3n 4
Upoe =V |14 00— 10.21
Poc {V4—3+3nb0} (10.21)

When,

[) Ny <Nyoe OF Uy, < Uy , POsitive potential (compressive) IADLs will be formed,
i) N,y >N,e O Uy, > Uy, , NEgative potential (rarefactive) IADLs will be excited.

The critical values of ion-beam density (n,.) and ion-beam velocity (u,,.) for the

excitation of IADLs in cold plasma can be numerically estimated from Eq. (10.20) and Eq.
(10.21), if the values of other plasma parameters are known.

10.4. RESULTS AND DISCUSSION

From Eg. (10.17) we see that the plasma parameter e.g. ion-beam density, ion-beam
temperature, ion-temperature, ion-beam velocity and nonthermality of electrons have
significant influence on the excitation of IADLs in ion-beam plasma. To ascertain the actual
nature of the IADLs we have numerically evaluated for various parameters and discussed
graphically. The Figures in the article illustrate the results of evaluations of the characteristics
of the IADLs that occur in ion-beam plasma, and are obtained by using Eq. (10.17). The
evaluated curves are the dimensionless dependences of the values of the evaluated
characteristics of IADL excitations, along the axes of the ordinates and abscissa as of which
the values of the dimensionless quantities in arbitrary units are used.

10.4.1. Profile of lon-Acoustic Double Layers

To start with we have plotted the IADLSs potential with the plasma parameters:
i). Nonthermal parameter of electron shown in Figs. 10.1(a) and 10.1(b)

ii). lon-beam density shown in Figs. 10.2(a) and 10.2(b)

iii). lon-beam temperature shown in Figs. 10.3 (a) and 10.3(b)

iv). lon-beam velocity shown in Figs. 10.4 (a) and 10.4(b)
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1). Effect of nonthermal parameter of electron:

The effects of nonthermal electrons on the IADLSs in the beam plasma having H* ion- beam
and Ar+ion-beam has been numerically estimated and the normalized potential of IADLSs are
shown Fig.10.1( a) and 10.1(b) for the fixed values of other normalized plasma parameters.
We consider the plasma having the values of nonthermal parameter of electron which is less
than 1.3 (B<1.3).

To see the effects of nonthermal parameter electrons ( 8) on the IADLs in plasma having H*
beams and Ar* beams, we have followed the conditions for the existence of IADLs, i.e. the
coefficient A, must be positive for the values of the plasma parameters. Moreover, to
understand the nature of IADLs, the amplitude of IADLs given by Eq. (10.15) is first
numerically estimated using the values of parameters of our model plasma. Numerical
estimation shows that the amplitude of IADLs having H* beam is positive and Ar* beam is
negative, which gives compressive and rarefactive IADLs in plasma respectively. The
positive and negative values of amplitude of IADLs depend on the critical values of g

which is obtained from the coefficient A, of Eq. (10.13b). Using Eq. (10.17), the profiles of
IADLs for H beams and Ar* beams are drawn as shown in Fig.10.1 (a) and Fig. 10.1(b).

3.0 T T T T T T

2.5 1

o 0 To
nnonon

©9Qoo
o v s w

o @ ™ ™

Fig.10.1(a). Profiles of the IADLs for different values of nonthermal parameter (/) in H* ion-beam plasma
having o, =0.001, 0}, =0.003, V =1.6, n,,=0.1 and U,,=0.2; Graphs a, b, ¢, and d represent 5= 0.3, 0.4, 0.5
and 0.6 respectively.
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Fig.10.1(b). Profiles of the IADLs for different values of nonthermal parameter (/) in Ar* ion-beam plasma
having o, =0.001, o, =0.003, V =1.6, n,,=0.3 and U,,=0.9; Graphs a, b, c, and d represent 5 =0.3, 0.4, 0.5
and 0.6 respectively.

It is seen from Fig.10.1(a) that the coefficient A, is negative so compressive IADLs are
excited in plasma having H* ion-beam for f#=0.3, 0.4, 0.5 and 0.6 with fixed values of
o;= 0.001, o,= 0.003, V=16, n,= 01 and wu,= 0.2. It is also observed that the

amplitudes of compressive IADLs decreases with the increase of £.

In Fig10.1(b), the Ar* ion-beam in plasma shows that A, is positive when p=0.3, 0.4, 0.5
and 0.6 with fixed values of o, =0.001, ¢,=0.003, V =1.6, n,,=0.3 and u,,=0.9. Hence, the

amplitude of IADLs becomes negative giving rise to rarefactive IADLs. The amplitudes of

rarefactive IADLs are decreased with the increase of the nonthermal parameter 5 .

if). Effect of ion-beam density: The effects of ion-beam density (n,,) on the IADLs in

plasma having H* ion-beams and Ar* ion-beams are understood from the numerical
estimation of amplitude and electrostatic potential given by Eq.(10.15) and Eq.(10.17).
From these numerical estimation using the values of parameters of our model plasma, it is
observed that the amplitude and electrostatic potential IADLs are negative for both H* ion-
beams and Ar* ion-beams giving rise to rarefactive IADLs shown in Fig.10.2(a) and
Fig.10.2(b).
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Fig.10.2(a). Profiles of the IADLs for different values of ion- beam density (n,,) of H* beam in plasma

having o, =0.001, 0, =0.003, V =16, #=1.1and U,,=0.4; Graphs a, b, c, and d represent N ,=0.1,0.2,0.3
and 0.4 respectively.

Fig.10.2(b). Profiles of the IADLs for different ion- beam density (N,,) of Ar" beam in plasma having o,
=0.001, 0,=0.003, V =16, f=0.3 and U,,=0.4; Graphs a, b, ¢, and d represent Ny, = 0.1, 0.2, 0.3 and 0.4

respectively.

The Fig.10.2(a) shows that potential of IADLs are negative in the plasma having H* ion-
beams for n,,= 0.1, 0.2, 0.3 and 0.4 with fixed values of o, =0.001, 0,=0.003, V =1.6, g

=1.1 and u,,= 0.4. The amplitudes of rarefactive IADLs of H" ion-beams increase with the

increase of ion-beam density.

The Fig.10.2(b) illustrates the rarefactive IADLs in the plasma having Ar* ion-beams for
N, = 0.1, 0.2, 0.3 and 0.4 with fixed values of o;=0.001, ¢,=0.003, V =1.6, #=0.3, and
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u,, =0.4. The amplitudes of rarefactive IADLs of Ar" beams decrease with the increase of

the ion-beam density.

iii). Effect of ion-beam temperature: The effects of ion-beam temperature on the
normalized potential of IADLs are shown in Fig. 10.3(a) and 10.3(b) with fixed values of
other normalized plasma parameters. The effect of ion-beam temperature on the IADLSs in
plasma is understood from numerical estimation for the amplitude given by Eq. (10.15) and
electrostatic potential from Eq. (10.17).

0.0

-0.2

0.4 4

-0.6

L op = 0.012
‘o =0.013

Q O T o

-0.8 d

Fig.10.3(a). Profiles of the IADLs for different values of ion-beam temperature (o, ) of H* beam in plasma

having o, =0.01, #=1.18, V =16, Nn,,=0.3 and U,,=0.4; Graphs a, b, ¢, and d represent o, = 0.01, 0.011,
0.012 and 0.013 respectively.
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Fig.10.3(b). Profiles of the IADLs for different ion-beam temperature (o, ) of Ar* beam in plasma having o;

=0.001, #=1.29, V =1.6, n,,=0.3 and U,,=0.75; Graphs a, b, ¢, and d represent o, = 0.015, 0.017, 0.019 and
0.021 respectively.
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It is seen from numerical estimation that the amplitude for H* beam is negative (since A, is
positive) in our plasma having o,= 0.01 0.011, 0.012 and 0.013 with fixed values of o;
=0.01, =118V =1.6, n,,=0.3 and u,,=0.4. So, the profile of IADLs for H" beam plasma is

rarefactive. Fig.10.3 (a) shows that the amplitude of rarefactive IADLSs increases with the
increase of ion-beam temperature.

In a similar way, numerical estimation are made for IADLs for Ar* beam in the plasma and
the profile of IADLs for Ar* beam in the plasma is shown in Fig.10.3(b) which is

compressive. The amplitude of IADLs is positive (since A, is negative) in our plasma having
o, = 0.015, 0.017, 0.019 and 0.021 with fixed values of o, =0.001, =129 V =1.6, n,,=0.3
and u,,=0.75. For this reason, the IADLs in Fig.10.3 (b) are compressive. It is seen that the

amplitude of compressive IADLs in Fig.10.3(b) increases with the decrease of ion-beam

temperature.

iv) Effect of ion-beam velocity: The effects of ion-beam velocity on the normalized
potential of IADLs in plasma having H" beam and Ar* beam are shown in Fig.10. 4(a) and

10.4(b) with fixed values of other normalized plasma parameters.

T T T T T
0.35 a
a:iuy, =0.1
b s 02| A
0.30 - b:uy, =02
c Ciuy, =03
0.25 - ) _
d:uy,, =04 |
0.20 A
¢D 0154 d -
—_ -
0.10
0.05 -
\\
0.00 T T T T T T T —
3 2 1 0 1 2 3

Fig.10.4(a). Profiles of the IADLs for different values of ion-beam velocity (U,,) of H* beam in plasma

having o; =0.001, o, =0.003, #=12,V =1.6and N,,=0.3; Graphsa, b, c,and d represent U,,= 0.1, 0.2,
0.3 and 0.4 respectively.
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Fig.10.4(b).Profiles of the IADLs for different ion-beam velocity (Ubo) of Ar* beam in plasma having o;

=0.001, o, =0.003, £=0.1, V =1.6and Nn,,=0.1; Graphs a, b, ¢, and d represent U,,= 0.15, 0.30, 0.45
and 0.60 respectively.

It is seen in Fig.10.4 (a), the amplitudes of IADLs for H" beam in plasma are positive (since
A, is negative) for u,,= 0.1, 0.2, 0.3 and 0.4 having fixed values of ¢, =0.001, o, =0.003,

p=12, V=16 and n,=0.3. Hence, the IADLs for H* beam are compressive. The
amplitude of compressive IADLs increases with the decrease of ion-beam velocity.

Similarly, numerical estimation is made for amplitude of IADLs of Ar* beams in plasma,

from which it is seen that amplitude is positive ( as A, is negative) for u,, = 0.15, 0.30,
0.45 and 0.60 having fixed values of o;=0.001, o, =0.003, #=0.1, V =1.6 and n,,=0.1.

As a result, the IADLs in Fig.10.4 (b) for Ar* beams in plasma become compressive in
nature. The amplitude of compressive IADLs for Ar* beams increases with increase of ion-

beam velocity in plasma.

10.4.2. Profiles of Width for lon-Acoustic Double Layers

It is known that width is important for the study of IADLs in plasma for experimental studies
in laboratory and space. We have numerically estimated the width of IADLs using Eq.
(10.18). The variation for different parameters of ion-beam plasma is graphically discussed in
below figures. It is to be remembered that for the numerical estimation we have followed the

conditions for the existence of IADLs (i.e. A, must be positive).
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Now, we have plotted the width of IADLs with the ion-beam density (n,,) in plasma:
1). For different values of nonthermal parameter (/) of electron are shown in Fig.10.5(a) for

H* beam and Fig.10.5(b) for Ar* beam

ii). For different values of ion-beam temperature (o) are shown in Fig.10.6(a) for H* beam

and Fig.10.6(b) for Ar* beam

iii). for different values of ion-beam velocity (u,,) are shown in Fig.10.7 (a) for H* beam,

and Fig. 10.7(b) for Ar* beam

i). Effect of nonthermal parameter of electrons:

The variation of width of IADLs with ion-beam density (n,,) for different values of
nonthermal parameter () of electrons in plasma having H* beam and Ar" beam in plasma

are shown in Fig.10.5(a) and Fig. 10.5(b).

1.0 | | I I
: p =0.05 /
N :p =010 i
LB =045
. B =0.20
0.6 4 |
Wd
0.4 |
0.2 |
0.0 — | | I
0.2 L " 058
nbo

Fig. 10.5(a). Variation of width of IADLs with ion-beam density for different values of nonthermal parameter
(/) in H*beam in plasma having o; =0.001, &, =0.003, V =1.6and U,, =0.3; Graphs a, b, ¢, and d represent

=0.05,0.1, 0.15 and 0.2 respectively.
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Fig. 10.5(b). Variation of width of IADLs with ion-beam density for different values of nonthermal parameter
() in Art beam in plasma having o, =0.001, ¢,=0.003, V =1.6 and U,,=0.2; Graphs a, b, c, and d

represent /3 =0.3, 0.45, 0.6 and 0.75 respectively.

From Fig.10.5 (a) for H" beam, it is seen that the widths of IADLSs increase with the increase

of n, when g =0.05, 0.1, 0.15 and 0.2 in a plasma having fixed values of o; =0.001, o,
=0.003, V =1.6, and u,,=0.3. The widths of IADLSs are large for small values of .

In Fig. 10.5(b), Ar* beam shows that widths of IADLSs increase up to certain maximum value

when g = 0.3, 0.45, 0.6 and 0.75 having fixed values of o; =0.001, ¢,=0.003, V =1.6 and
Uy, =0.2; Then the widths decrease to a minimum value , after that they again increase

steadily with increase of ion-beam density. The widths of IADLs are large for small values

of nonthermal parameter of electrons.

ii). Effect of ion-beam temperature: Similarly, the variation of width of IADLs with ion-

beam density (n,,) for different values of ion-beam temperature (o,) in plasma having H*

beam and Ar* beam are shown in Fig.10.6(a) and Fig.10.6(b).
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Fig. 10.6(a). Variation of width of IADL with ion-beam density (n,,)for different values of ion-beam
temperature (o7,) in H* beam in plasma having o; =0.01, V =1.6, £=0.3 and U,,=0.2; Graphs a, b, c, and d
represent o, = 0.20, 0.25, 0.3 and 0.35 respectively.

Fig. 10.6(b). Variation of width of IADL with ion-beam density (n,,) for different values of ion-beam
temperature (o) in Ar* beam in plasma having o, =0.01, V =1.6, # =0.3and U,,=0.2; Graphsa, b, c,
and d represent o, = 0.20, 0.25, 0.3 and 0.35 respectively.

It is seen from Fig.10.6 (a) that the widths of IADL of H" beam in plasma increase up to a

certain maximum value with the increase of n,, when o, =0.20, 0.25, 0.3, 0.35 with fixed

Solitons and Double Layers in Different Types of Plasma Page 217



Ch-10 Influence of Nonthermal Electrons and lon Beams on the lon-Acoustic Double Layers in
Warm lon Plasma

values of o,=0.01, V =1.6, £#=0.3 and u,,=0.2. Then widths decrease to a minimum value

with the increase of n,,, after that widths increase again with the increase of n,.

On the other hand, the variations of widths of IADLs in plasma having Ar* beams are shown
in Fig.10.6 (b). It is seen that the widths of Ar* beams increases to a maximum value with

the increase of n,, when values ofo,,0;,V, g and u,, are same as in H* beam plasma.

After that the widths decrease to a minimum value; again they increase to a maximum value
and finally get decreased to a minimum value and remain constant with increase of ion-beam

density.

iii). Effect of ion-beam velocity

The variation of width of IADLs with ion-beam density (n,,) for different values of ion-
beam velocity (u,,) in plasma having H* beams and Ar* beams are shown in Fig.10.7(a)

and Fig.10.7(b).

Fig. 10.7(a). Variation of width of IADL with ion-beam density (nbo) for different values of ion-beam
velocity (U,,) of H* beam in plasma having o, =0.001, o, =0.003, V =1.6 and 3=0.1; Graphs a, b, c, and d
represent Uy, = 0.25, 0.30, 0.35 and 0.40 respectively.
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Fig. 10.7(b). Variation of width of IADL with ion-beam density (n,,) for different values of ion-beam
velocity (U,,) of Ar* beam in plasma having o; =0.001, 0, =0.003, V =1.6 and 3 =1.2; Graphs a, b, ¢, and d
represent U,, = 0.25, 0.30, 0.35 and 0.40 respectively.

It is seen in Fig.10.7 (a) that the widths increase with the increase of n,, up to a certain
maximum value for H* beam. Then they decrease with the increase of n,,. this figure is
drawn with the value of u,, = 0.25, 0.30, 0.35 and 0.40 in a plasma having fixed values of
o,=0.001, 5,=0.003, V =1.6 and 5 =0.1.

It is observed in Fig.10.7 (b) that the widths increase steadily with increase of n,, for Ar*
beam, when u,, =0.25, 0.30, 0.35 and 0.40 in a plasma having fixed values of o, =0.001, o,
=0.003,V =1.6 and p=1.2.

10.5. SUMMARY AND CONCLUSION

We have theoretically studied the IADLs for small amplitude waves in the plasma composed
of warm positive ions, warm positive beam ions and warm nonthermal electrons using pseudo
potential method. It has been shown that the IADLSs in such plasma depends on the plasma
parameters; i.e. ion-beam density, ion-beam temperature, ion-beam velocity and nonthermal
parameters of electrons. Numerical estimation is made considering a model plasma having

beam of ions and the profiles of IADLs including widths are drawn.
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A).Profiles of lon-Acoustic Double Layers

i). The IADLs are compressive and rarefactive in plasma having H* beams and Ar* beams
depending on the values of nonthermality of electrons and other plasma parameters. The
IADLs are compressive in plasma having H* beam for the nonthermal parameter g = 0.3 to
0.6. The amplitudes of compressive IADLs are decreased with increase of 8. But , in
presence of Ar" ion beams in plasma the IADLs are rarefactive for = 0.3 to 0.6 . The
amplitudes rarefactive IADLs are decreased with the increase of nonthermal parameter of
electrons.

ii). The rarefactive IADLs are excited in plasma having H* beams for n,,= 0.1 to 0.4 when
other plasma parameters have fixed values. The amplitudes of rarefactive IADLs for H*
beams are increased with the increase of ion beam density. In plasma having Ar* beams, the
rarefactive IADLs are also excited for n,= 0.1 to with some fixed values of other plasma

parameters. The amplitudes of rarefactive IADLs for Ar" beams are decreased with the
increase of the ion beam density.

iii).The IADLs are rarefactive in plasma having H* beams for o, = 0.01 to 0.013 when other

plasma parameters have some fixed values. The amplitude of rarefactive DLs increases with
the increase of ion beam temperature. But, the IADLs are compressive in plasma having Ar*

beams for o, = 0.011 to 0.014 when other plasma parameters have some fixed values. The

amplitude of compressive IADLs for Ar® beams increases with decrease of ion beam

temperature.

iv).The IADLs are compressive in plasma having H* beams for u,,= 0.1 to 0.4 when other

plasma parameters have some fixed values. The amplitude of compressive IADLs for H*
beams increases with the decrease of ion beam velocity. In plasma having Ar" beams, the

IADLs are also compressive for u,, = 0.15 to 0.60 for same fixed values of plasma

parameters. The amplitude of compressive IADLs for Ar* beams increases with increase of

ion beam velocity.

B). Profiles of Width for lon-Acoustic Double Layers

i). In H* beam plasma the width of IADLs increases with increase of n,, when g =0.05 to

0.2 having some fixed values of other plasma parameters. The width is large for small values
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of nonthermal parameter of electrons. In Ar* beam plasma the width of IADLs increases up

to certain maximum value with increase ofn,, when g = 0.3 to 0.45 having some fixed

values of other plasma parameters . The width decreases to a minimum value with the

increase of n,,.The width is large for large value of g.

ii).In plasma having H* beams the width of IADLs increases up to a certain maximum

value with increase of n,, when o, =0.20 to 0.35 having some fixed values of other
plasma parameters. After that width decreases to a minimum value with increase of n,,,
then the width increases again with increase of n,,. In plasma having Ar* beams the width

of IADLs increases to a maximum value with increase of ion beam density when values of
other plasma parameters are same as in H* beam plasma. Then the width decreases to a
minimum value; again it increases to a maximum value and it is decreased to a minimum

value and remains constant with increase of ion beam density.

iii). In plasma having H* beams the width of IADLs increases with increase of u,, up to
a certain maximum value; and then it decreases steadily with increase of n,, when u,, =

0.25t0 0.40 having fixed values of other plasma parameters. In Ar* beam plasma the width

of IADLs increases steadily with increase of n,, when u,, = 0.25 to 0.40 having some

fixed values of other plasma parameters.

It is to be stated that the plasma considered in present work exists in space and also can be
produced in the laboratory. This analysis can be useful to study of the IADLs in auroral and
magnetospheric plasmas which can explain the particle acceleration in astrophysical plasmas.
Our study is important because of the fact high energy charged particles (electrons and ions)
are found to exist in solar flares and upstream solar wind etc. During solar bursts, evolution
of stars and pulsar radiation when relativistic and non-relativistic ions and electrons are
ejected and entered the space and the ionosphere. Following our present analysis, IADLS can
also be studied in plasma having electron beams and negative ions. Moreover, EADLS and
IADLs can be studied in plasma having beams of electrons / ions considering different
types non-Maxwellian electrons, namely, nonisothermal electrons, superthermal electrons ,
Tsallis distributed electrons etc. In our present study, static magnetic field in the ion-beam
plasma has not been considered. By considering the magnetic field and different types of non-

Maxwellian electrons in presence of beams (electron / ion), more interesting results on the
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IADLs in plasma would be obtained which may give new information about acceleration
process of ionized particles in space and laboratory plasma. The IADLSs in degenerate plasma
in presence of electron/ ion-beams can also be studied following our present work. It is to be
mentioned that for the study of large amplitude IADLs in ion-beam plasma the terms ¢*, ¢°
etc. of r. h.s. of Eq. (10.12) should be taken into account and the solution of ADLS can be
obtained using tanh-method [20-23]. The IADLs in ion-beam plasma can also be studied
from the modified KdV equation using the reductive perturbation method [24, 25]

It is to be mentioned the IADLs in plasma have been experimentally observed by various
authors [26-30]. But, there is no information in experimental observations on the IADLS in

ion-beam plasma consisting of nonthermal electrons.
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CHAPTER-11

ION-ACOUSTIC DOUBLE LAYERS IN DRIFTING MULTICOMPONENT PLASMA
HAVING POSITRONS AND NONTHERMAL ELECTRONS

[This Chapter is based on the paper : Journal of Applied Physical Science International (JAPSI),
Vol. 13(3), pp. 44-60, (2021)]

11.1. INTRODUCTION

In last few years, there has been considerable interest in the study of ion-acoustic double
layers (IADLs) in multispecies plasmas including the effects of negative ions. The negative
ions, which result from electron attachment to neutral particles when an electronegative gas is
introduced in an electrical gas discharge, can be found in the D-region of the ionosphere [1],
plasma processing reactors [2], and neutral beam sources [3]. Even a small amount of
negative ions can have significant effect on the formation of nonlinear ion-acoustic wave
structures [4]. Merlino and Loomis [5] have first experimentally investigated the formation of
strong double layers in plasma consisting of positive ions, negative ions, and electrons in a
triple plasma device. When a strong double layer is present in positive ion/electron plasma,
the introduction of negative ions results in the formation of a second double layer which is
separated from the first double layer by a region of quasineutral plasma. Subsequently, Jain et
al [6] have theoretically investigated the effect of second-ion species on the characteristics of
a large-amplitude ion-acoustic double layers (IADLS) in a collisionless, unmagnetized plasma
consisting of hot and cold Maxwellian populations of electrons and two cold-ion species with
different masses, concentrations, and charge states. After deriving the criteria for the existence
of large-amplitude IADLs, they have found that the presence of a positive-ion impurity does
not considerably modify the characteristics of large-amplitude double layers. However, the
presence of a negative-ion impurity significantly changes the characteristics of the IADLSs.
They have also presented an analytic discussion of small-amplitude IADLs using a reductive
perturbation method (RPM). Later, Mishra et al [7] have studied IADLs in plasma consisting
of warm positive- and negative-ion species with different masses, concentrations, and charge
states along with electrons with two-electron temperature distributions. It is found that there
exist two critical concentrations of negative ions. One of them generally decides the existence

of IADLs , whereas the other one decides the nature of the IADLSs. It is found that the system
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supports IADLs only when the negative-ion concentration is greater than the critical
concentration It is also found that below the critical concentration compressive IADLs exist
and the IADLs become rarefactive above the critical concentration. Paul et al. [8] have
considered the effect of electron inertia for theoretical investigation on ion acoustic solitons
(IAS) and IADLs in a multi-component plasma having warm positive ions, negative ions and
isothermal electrons using pseudo potential method. It has been found that drift velocity and
electron-inertia have significant contribution on the formation of IADLs in plasma having
(H+, CI), (H+, O), (He+, H) and (He+, O) ions. Baboolal et al [9] have also investigated
IADLs in negative-ion plasmas and have resolved the discrepancy of the results of previous

authors on the existence of IADLs in plasma.

On the other hand, the non-Maxwellian nonthermal electrons give rise to many interesting
characteristics in the nonlinear propagation of waves, including the excitation of IAS and
IADLs in plasma. Gill et al [10] have studied the properties of IAS and IADLs in plasma
consisting of nonthermal electrons, warm positive and negative ions with different
concentration of masses and charged states using small amplitude approximation. They have
used the RPM to derive KdV and modified-KdV (mKdV) equations. The existence of IAS and
IADLs is explored over a wide range of parameter space. However, when nonthermal
parameter of electrons is increased beyond a critical value, no IADLs are excited. Das et al.
[11] have considered the non-thermal electrons to have vortex-like velocity distribution and
have derived a combined Schamel's modified Korteweg—de Vries—Zakharov— Kuznetsov (S—
KdV-ZK) equation . Then have studied the existence and stability of IADLs in magnetized
plasma consisting of warm adiabatic ions and nonthermal electrons. Using the SPM, Das and
Chatterjee [12] have studied the formation of large amplitude DLs in dusty plasma with
non-thermal electrons and two temperature isothermal ions. It is found that the temperature of
the dust particles, nonthermal electrons and ion-temperature all play significant role in
determining the region of the existence of DLs . Later, Ghosh et al [13] have applied the
SPM to study the IADLs in multi-component plasma consisting of nonthermal electrons and
warm positive and negative ions with drift motion. They have obtained the conditions for the
existence of such DLs which control the formation and the character of DLs. The effects of
nonthermal electrons, negative-ion concentration, and negative-ion temperature on the
formation and structure of IADLs are also investigated. Recently, Kaur et al [14] have
investigated IADLs in inhomogeneous plasma consisting of Maxwellian and nonthermal

distributions of electrons using the RPM. They have derived an mKdV equation for IADLs
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propagating in collisionless inhomogeneous plasma. It is observed that the nonthermal
parameter of electrons significantly affect the amplitude and width of IADLs which further

depend on the density of the plasma.

However, most fascinating results on the IADLs are observed in a plasma containing
positrons in plasma. The IADLs in electron-ion-positron plasma have different characteristic
from that obtained in electron-ion (e.g. nonthermal electrons and ions) plasma. To understand
the nature of the IADLs in e-i-p plasma, Bharuthram [15] have investigated the existence
and the properties of arbitrary amplitude IADLs in four-component plasma, consisting of two
species of hot electrons, a hot and a cold positron species. The results are discussed with
applications to the polar-cusp region of pulsars. Later, Mishra et al. [16] have studied the
IADLs in a multi-component plasma with positrons. Using the RPM, they have derived the
mKdV equation for the system and discussed about the  solution of IADLs of mKdV
equation. It is found that there exist two critical concentrations of positrons which decide the
existence and nature of the IADLSs. It is also found that the system supports IADLs only when
the positron concentration is less than the critical concentration. It is also investigated that for
the given sets of parameter values the system supports rarefactive or compressive 1ADLs for
different values of positron density. It is predicted that for the given sets of parameter values,
the amplitude of rarefactive (compressive) IADLs decreases (increases) with the increase of
positron concentration but the width of the rarefactive (compressive) IADLs increases
(decreases). Subsequently, Jain and Mishra [17] have studied the large-amplitude IADLS in
collisionless plasma consisting of isothermal positrons, warm adiabatic ions and two-
temperature distribution of electrons using the SPM. It is found that for a selected set of
physical parameters, the rarefactive IADLs exist in the e-i-p plasma. The existence regime of
IADLs is very sensitive to the plasma parameters, e.g. cold electron concentration and
temperature ratio of two electron species. The increase in the finite ion temperature ratio
increases the amplitude of rarefactive IADLs. For the study of small-amplitude IADLs , they
have expanded the Sagdeev potential and found that the amplitude of IADLS increases with
increase in ion temperature ratio and cold electron concentration. However, due to the
increase of positron concentration and temperature ratio of positrons to electrons, the

amplitude of IADLs decreases.

In many physical situations, it seems therefore more realistic to consider the simultaneous

presence of nonthermal electrons and positrons in multi-component plasma with negative ions
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for the study of IADLs in drifting plasmas. To the best of our knowledge, this problem has
not been studied till now. We are hence motivated to study the excitation and characteristics
of the IADLs in a multicomponent drifting plasma composed of nonthermal electrons,

isothermal positrons and warm positive ions as well as negative ions.

11.2. BASIC EQUATIONS
We assume, collisionless unmagnetized multicomponent plasma consisting of warm positive
and negative ions, nonthermal electrons and isothermal positrons. Moreover, we consider the
stream velocity of positive and negative ions in unperturbed state. The normalized basic

equations in unidirectional propagation for such plasma in dimensionless form are:

For positive ions:
—+—(nu;)=0 (11.1)
X

Ny M P OF (11.2)
ot OX n oOX OX

By P g Mg (11.3)
ot OX OX
For negative ions:
on, d
j*&(”i”j)zo (11.4)
ou, ou, - op.

Py M o P _Z0¢ (11.5)
ot ' ox Qn; ox  Q ox
op. op. ou.
ﬂ+ujﬁ+3pj_120 (11.6)
ot OX OX

For Poisson’s equation:

2
%—ne—np—nﬁan (11.7)

> =

Where, the subscript e,i, jand p denote electron, positive ions, negative ions and positrons.

n,u;, p,o, and n;u;, p;,o; are respectively the concentration , velocity, pressure and
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temperature of positive and negative ions, Q=m; /m;, m; and m; are the mass of positive

ions and negative ions, Z is number of electrons attached to negative ion, Z =1.

The normalized electron density n, is given by [18,19 ]

n, =(1- g+ B4’ )¢’ (11.8)
where f= 4o (11.8a)
1+3a '

£ measures the deviation from thermalized state and « determines the presence of fast

particles in the model.

The density of the positrons is [20]
N, = x, eXp(-o,p) (11.9)
where, y,=n,/n,=1-ngy, o, =T /T,.

For obtaining the IADL solution from Egs.(11.1) to (11.7) we use the Gallelian
transformation 7 =x-Vt , where V is the velocity of the ion-acoustic wave and we assume

the boundary conditions
N = Niga Ny = N, Uy = Ui, Uy > U, Py = P, Py = Pjo 6 —> 0 at [X] —oc (11.10)
By using the boundary conditions (11.10) we get from Eqgs.(11.1) to (11.6)

jnf =(1-Bo+ o’ )exp(e) - x,exp(-o,0) +

> 2 2
L V_ui0+ m _2¢ — V_uio_ m _2¢ +
A ’120" Pi N, N

3 1 2 2
anZOQZ V—-u. + m +£¢ — V-u. — m +£(p
h2c,p,, ° o\ Qng Q "o\ Qng, Q

__dy (11.11)
de
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where /(¢) is known as the Sagdeev Potential.

w(¢)=(1+3ﬂ)—[(1+3ﬂ)—3ﬂ¢+ﬂ¢2]exp«o)-f[l—exp(—apco)]

p

>

6\/ 3O-i pio .

10 10

3

2
53 Vou+ [P2Pe |22 Uy - P0iPe |
Q*nj, J Qnj, Q J Qn;

6,/30,P;

where is the Sagdeev potential and

@ —0,dp/dn—0and d*p/dn* —0.

3o ) : 3op ) :
E {(v—uioJr % pm] —2¢} —{[V—uio— /“—p] —2(/;}
n2 o Mo

3 3
—(V—ui0+ BG‘p‘OJ +(V—ui0— m]
n n

(11.12)

(11.13)

we have used the boundary conditions

EQ. (11.13) describes the motion of a pseudo particle of unit mass with velocityde/d#n and

position ¢ in a potential y(¢). For the double layer solution of Eq. (11.13), the Sagdeev

potential (@) should be negative betweenp =0 and¢,_, where ¢_is some extremum value

of the potential ¢, called the amplitude of IADL. The double layer solutions (@) must

additionally satisfy the boundary conditions mentioned in Chapter-9 [Egs. (9.20) to (9.21)].

Page 229

Solitons and Double Layers in Different Types of Plasma



Ch-11. lon-Acoustic Double Layers in a Drifting Multicomponent Plasma having Positrons and
Nonthermal Electrons

11.3. SOLUTION OF ION-ACOUSTIC DOUBLE LAYERS

Now we expand the r.h.s of Eqg.(11.11) and Eq.(11.12) in power series of ¢ and taking the

terms up to ¢°we obtain

2
DG p s A+ A 4eeennn (11.14)
N, Zznjo
Ai_ (1_18)4_;(613 2 3Uipio B 2 3J.p0
(V_UIO) - Q(V_ jO) -
nIO n;
io (11.15a)
i > 3o.p, ) el
o, p o p
1— io V —u. i Mio V- _ i Mio
e~ R R e
A== 3 -3 -3
2 Z°n? 30,p, 30,p,
L —u,+ QJ o J —[V —u, - #J (11.15b)
3 n n
| 2Q%\3a;p; ’ ) ]
— § 75 N
3n2 30, p; 3o p;
1+38)+ yoi + i V—u, + [—2 | —|V -y, —/ o
. ( ,B) X0, 2 ,30i P. {{ io n, J [ }
AS:E 3z . 3 X 3
n; {Vuw a,_p,j _[ _ % pw } (11.15¢)
i, o Q”w
And
1 1 1
V(p) == AP S A A=
2 3 4 (11.16)

Now, for small amplitude ion acoustic wave we take the terms up to ¢* of Eq. (11.16).

Applying boundary conditions mentioned in Chapter-9 [Egs. (9.20) to (9.22)], we find that

P =2A,13A (11.17)
and
y(p) = —%wz (@0 —9)’ (11.18)
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The small amplitude double solution of Eq.(11.14) satisfying Eq.(11.17) is obtained as

1
00 = 7n (L~ tanhl (A, 780, )17]) (11.19)
where,

o1 2=0,5, ¢y 1S the amplitude of IADLs.
The width of double layers is given by
A3 172
W, =2 —— (11.20)
i (8|¢m|]

Eq. (11.17) relates the amplitude ¢, of the DLs to the ratio between the coefficients A, and
A, of the quadratic and cubic terms on the right-hand side of Eq. (11.14). It is important to
note that double layers in the plasma can only exist for positive value of A,, i.e., for plasma

parameters satisfying the following condition:

i) The nonthermal parameter S must be,

l+;(c73 +

3
4n2
3Z°n,

3
3n2

—1|V —u,, +

2\/30,p;, {{ ;

-5
?v_p] _(V_uio_
nio

(11.21)

-5
30.p.
V—u, + 20iPe —|V—uy - [
ano

The critical values of nonthermal parameter £, for the existence of small amplitude DL in the

t—
i 2Q2‘\,30-j Pjo

muticomponent plasma can be numerically estimated from Eq.(11.21), if the values of other

parameters are known.

Again, from Egs. (11.17) and (11.19), it follows that the sign of A, determines the nature of
the IADL. If A, is positive (negative), a rarefactive (compressive) IADL is formed. Since A,
is independent of £ , the nature of IADL, whether compressive or rarefactive, remains
invariant under changes inf. But A, is dependent of positron density y and positron
temperature o, , so the nature of IADL, whether compressive or rarefactive, remains variable

under changes in y and o, .For a cold ion plasma (o; =o; =0), A, is negative or positive in
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presence of positrons and so both compressive and rarefactive IADL will be formed; but in

absence of positrons only compressive IADLs can be formed in cold ion plasma.

For compressive IADL, A, must be positive and the positron density y should be less than
X 1.e. x <x., x.is the critical value of positron density. For rarefactive IADL, A, must be

negative and the positron density y should be greater than y.i.e. y > x..

The critical values of positron density is given by

% 3 3 i -3
1+ r]io \V/ _uio + O pio _ _uio _ O pio
2 3O-i pio r]io nio
1
22 3 B 3 b
‘ o.D. og.D.
B [V—uj0+ ﬂ} _( U, - ’ﬂ} (11.22)

ﬁql\.)

Knowing the values of n,,n;,,0,,0;,0,,V,U,,U,,Q,Z of the plasma the value y can be
numerically estimated from Eq.(11.22).
11.4. RESULTS AND DISCUSSION

To see the nature of ion-acoustic double layers in multicomponent plasma composed of warm
positive and negative ions, nonthermal electrons and isothermal positron, we consider model

plasma. The solution of Eq.(11.19) shows that IADL is dependent on
i). the nonthermal parameter of electrons

ii). the density of negative ions

iii). the density of positrons

iv). the temperature of positrons

V). the temperature of ions

vi). the stream velocity of ions.

The role of these parameters on the structures of IADLs is shown in Fig. 11.2 - Fig.11.6. The
variation of amplitude and widths with plasma parameters are shown in Fig.11.7- Fig. 11.8.

Let us first see the profiles of IADL for different values of the plasma parameters
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11.4.1.Profiles of lon-Acoustic Double Layers

(i). Effect of nonthermal parameter of electrons

The effect of nonthermal electrons ( #) on the double layers in the plasma having Q= 8.875

( He*. CI") has been numerically estimated and the profiles are drawn keeping fixed values of
other plasma parameters. The profiles of IADLs in (He™ CI') plasma for different values of
nonthermal parameter of electrons are shown below in Fig.11.1.

Fig.11.1. Profiles of the IADLs for different nonthermal parameter (/) in (He*,CI) with fixed values of
0,=0.001, 6;=0.003, y =0.1, 0,=0.1, V=16, U;4=0.1, U;,=0.2 and p=1. Graphs a, b, c and d represent
£ =0.1,0.2,0.3 and 0.4 respectively.

It is seen from Fig.11.1 that IADLs may be compressive or rarefactive depending on the

values of nonthermal parameter of electrons (). For g =0.1 and 0.2 the IADLs are
compressive but for g =0.3 and 0.4 the IADLs are rarefactive in nature. The amplitude of
compressive IADLs increases with the increase of £ , but the amplitude of rarefactive

IADLSs decreases with the increase of £.

(i). Effect of negative ion density

The effects of concentration of negative ions on the double layers in plasma have been
numerically estimated and the profiles are drawn keeping fixed values of other plasma
parameters. The profiles of IADLs in (He+,Cl-) plasma for different negative ion density are

shown below in Fig.11.2(a) and Fig.11.2(b) respectively.
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Fig.11.2(a). Profiles of the IADLs for different negative ion density in (He*, CI") plasma with fixed values of
B =03,0,=0.001, 0,=0.003, 0,=0.2, y =0.1, V=16, U;;=0.1, U;,=0.2and p=1; Graphs a, b, c and d

represent N;,=0.01, 0.02, 0.03 and 0.04 respectively.

n

Fig.11.2(b). Profiles of the IADLs for different negative ion density in (He*, CI") plasma with fixed values of
S =0.3,0,=0.001, 0,;=0.003, 0,=0.2, y =0.1, V=16, U;;=0.1, U;,=0.2 and p=1; Graphs a, b, ¢ and d

represent N;,=0.10,0.12, 0.14 and 0.16 respectively.

It is observed from Fig.11.2(a) and Fig.11.2(b) that the IADLs may be compressive or

rarefactive depending on the values of negative ion density. For n;, =0.01to 0.04 , the IADLs

are rarefactive but for n;, =0.10 to 0.16 the IADLs are compressive in nature. The amplitude
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of rarefactive IADLs increases with the increase of n,, , but the amplitude of compressive

IADLs decreases with the increase of n,,.

(iii). Effect of positron density

The effects of positron density () on the double layers in plasma have been numerically

estimated and the profiles are drawn keeping fixed values of other plasma parameters. The
profiles of IADLs in (He", CI') plasma for different values of positron density are shown
below in Fig.11.3.

Fig.11.3. Profiles of the IADLs for different values of positron density () in (He*, CI) plasma with fixed
values of n;, =0.1, B =0.3,0;=0.001, 0;=0.003, 0,=0.2, V=16, U;;=0.1, U;,=0.2and p=1; Graphs a,
b, cand d represent y =0.05,0.10, 0.15 and 0.20 respectively.

(iv). Effect of positron temperature

The effects of positron temperature (o,) on the IADLs in plasma have been numerically

estimated and the profiles are drawn keeping fixed values of other plasma parameters. The
profiles of IADL in (He*, CI") plasma for different values of positron density are shown
below in Fig.11.4.
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Fig.11.4. Profiles of the IADLs for different positron temperature (o) in (He*,CI') plasma with fixed values
of n;, =0.1, B =0.3,0,=0.001, 0;=0.003, y =0.1, V=1.6, U;,=0.1, U;,=0.2 and p=1; Graphsa, b, candd
represent o, =0.1,0.4, 0.6 and 0.8 respectively.

From Fig.11.4 it is seen that the IADLs are rarefactive for o,= 0.1 to 0.8 and the

amplitudes of IADLs decreases with the increase of positron temperature in the plasma.

(v). Effect of ion temperature
The effects of ion temperature (o;) on the IADLS in plasma have been numerically estimated
and the profiles are drawn keeping fixed values of other plasma parameters. The profiles of

IADLs in (He*, CI") plasma for different values of ion temperature are shown below in
Fig. 11.5.

50 T T T T
.6, =0.005

Q O T o

Fig.11.5. Profiles of the IADLs for different ion temperature ( 0;) in (He",CI) plasma with fixed values of
n, =0.1, B =03, 0;=0.003, ¥ =0.1, 0,=0.2, V=1, U;;=0.1, U;,=0.2 and p=1; Graphs a, b, c and d
represent o; = 0.005,0.01, 0.015 and 0.02 respectively.
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It is seen in Fig.11.5. that the IADLs may be rarefactive or compressive depending on the

values of ion temperature. For o, = 0.005to 0.01, the IADLs are rarefactive, but for o; =

0.015 to 0.02 the IADLs are compressive in nature. The amplitudes of rarefactive IADLs
decrease with the increase of ion temperature. Similarly, the amplitude of compressive IADLs

decreases with the increase of ion temperature in the plasma.

(vi). Effect of ion stream velocity
The effects of ion stream velocity (u,,) on the IADLs in plasma have been numerically
estimated and the profiles are drawn keeping fixed values of other plasma parameters. The

profiles of IADLs in ( He*, CI") plasma  for different values of ion stream velocity are

shown below in Fig.11.6.

Fig.11.6. Profiles of the IADLs for different ion stream velocity( U, ) in (He*, CI") plasma with fixed values
of N, =0.1, p =04, 0,=0.001, 0;=0.003, ¥ =0.1, 0,=0.2, V=16, U;,=0.2 and p=1; Graphs a, b, c
and d represent U, =0.1,0.2,0.3and 0.4 respectively.

It is seen from Fig.11.6. that the IADLs may be rarefactive or compressive depending on the values

of ion stream velocity. For u,, =0.1and 0.4 the IADLs are rarefactive, but for u;, = 0.2 and 0.3 the
IADLs are compressive in nature. The amplitude of rarefactive IADLs for u,, = 0.1 is larger than the
values at Uu;,=0.4; the amplitude of compressive IADLs for u;,= 0.2 is larger than the values at

U;, =0.3.
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11.4.2. Profiles of Amplitude and Width for lon-Acoustic Double Layers

In experimental observation, the amplitude and width of IADLs in plasma are generally
studied. So, we have numerically estimated the amplitude and width of IADLs in ( He*,CI")
plasma for different values of the plasma parameters. The variation of amplitude and width of

IADLs with negative ion concentration for the different values of nonthermal parameter (3)

are shown in Fig.11.7 (a) and Fig.11.7 (b) respectively.

500

400

300

200

100

Fig. 11.7(a). Variation of amplitude of IADLs with negative ion concentration (njo) for different values of
nonthermal parameter ( £)in (He*,Cl-) plasma with fixed values of o; =0.001, 0;=0.003, 0,=0.2, ¥ =0.1,
V=1.6, U;,=0.1 and Ujo=0.2; Graphs a, b, ¢ and d represent /3 = 0.40, 0.43, 0.46 and 0.49 respectively.

0.30

0.25
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Fig. 11.7(b). Variation of width of IADLs with negative ion concentration (njo) for different values of
nonthermal parameter (8) in ( He*,CI") plasma with fixed values of o0, =0.001, 0;=0.003, 0,=0.2, ¥ =0.1,
V=16, U;;=0.1and U;,=0.2; Graphs a, b, c and d represent [ =0.40, 0.43, 0.46 and 0.49 respectively.
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It is seen from Fig.11.7(a) that the amplitude of IADLs is large for large values of 5. Fig.
11.7(b) shows that the width of IADL is large for large values of . T. The charactistic of the

variation of width would be understood from the figure.

Similarly, Fig.11.8(a) and Fig.11.8(b) show the variation of amplitude and width of IADLs

with negative ion concentration (n;,) in ( He",ClI") plasma for different values of positron

density ( y ).

Fig.11.8 (a). Variation of amplitude of IADLSs with negative ion concentration (njo) for different values of
positron density ( ) in (He*,CI") plasma with fixed values of o; =0.001, 0;=0.003, 0,=0.2, V=L1.6,
f=05,U,,=0.1, U;,=0.2 and p=1; Graphs a, b, c and d represent y =0.1,0.3, 0.4 and 0.5 respectively.

1.2

1.0

0.8

0.2+

Fig. 11.8(b). Variation of width of IADLs with negative ion concentration (njo) for different values of positron
density (x) in (He*,CI") plasma with fixed values of &; =0.001, 0;=0.003, o ,=0.2, V=1.6, =05, U,=0.1,
Uj,=0.2 and p=1; Graphs a, b, ¢ and d represent y = 0.1, 0.2, 0.3 and 0.4 respectively
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It is seen from Fig.11.8 (a) and Fig.11.8 (b) that the width of IADLs is large for small values

of y and the widths of IADLs are small for small value of y . It decreases with the increase of

positron density (y).

11.5. SUMMARY AND CONCLUSION

Considering a multi-component plasma composed of warm positive ions and negative ions,
positrons and nonthermal electrons, we have theoretically studied the excitation of small
amplitude IADLs in the plasma. It has been shown that the IADLs in such plasma depend on
nonthermal electrons, density of negative ions, density and temperature of positrons, ion
temperature and ion stream velocity. Numerical estimation is made taking model plasma and
the profiles of IADLs are drawn. The IADLs may be compressive or rarefactive depending on

the values of plasma parameters.

However, for the present study of small amplitude ion acoustic IADLSs we have considered an
unmagnetized plasma. Inclusion of static magnetic field in the plasma may yield more

interesting results. For the study of large amplitude IADLs the terms ¢*,¢° etc. of right hand

side of Eq. (11.14) should be taken into account and the solution of IADLs may be obtained
using tanh-method [21-24].
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CHAPTER--12
EFFECT OF RELATIVISTICALLY DEGENERATE ELECTRONS AND
POSITRONS ON ION-ACOUSTIC DOUBLE LAYERS IN WARM ION PLASMA

[This Chapter is based on the paper: International Journal of Research in Engineering and Science
(NRES),Vol. 10(2), pp. 01-11 (2022)]

12. 1. INTRODUCTION

Nonlinear waves in electron-ion-positron (e-i-p) plasma behave differently in the plasma
consisting of electrons and ions. The relativistic effect on solitons e-i-p plasma is found to be
interesting. Mushtag and Shah [1], Gill et al. [2], Saeed [3] and other authors [4-9] have
shown that both positrons and relativistic factor cause to increase the amplitude of soliton and
to shrink the width of solitons. But in the plasmas, where the density is quite high and
temperature is very low, the thermal deBroglie wavelength may become comparable to the
interparticle distances. In such situations, quantum effects become important due to the
overlapping of wave functions of the neighbouring particles. The quantum effects can
significantly modify the linear and nonlinear characteristics of waves in degenerate plasma
[10-16]. Considering an unmagnetized two-species relativistic quantum plasma system
composed of electrons and ions, Sahu [17] have derived the Korteweg-deVries (KdV)
equation by reductive perturbation method (RPM) using one-dimensional quantum
hydrodynamic model (QHD).

But, in relativistic degenerate (RD) dense plasma, propagation of waves is generally studied
following the works of Chandrasekhar [18-19] instead of using D-P model [20]. The

degenerate electron equation of state suggested by Chandrasekhar is P, ocn®® for the
nonrelativistic limit, and P, c n}”® for the ultra relativistic limit, where P, is the degenerate
electron pressure and n, is the degenerate electron number density. Shah et al. [21] have

undertaken investigation on the effect of trapping on the formation of solitons in RD plasmas.
They have used the Fermi-Dirac distribution to describe the dynamics of the degenerate
trapped electrons by solving the kinetic equation. The Sagdeev potential approach has been
employed to obtain the arbitrary amplitude solitons when the plasma has been considered
cold and when small temperature effects have been taken into account. The theoretical results

obtained have been analyzed numerically for different parameter values, and the results have
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been presented graphically. Masood and Eliasson [22] have studied electrostatic solitons in
quantum plasma with RD electrons and cold ions. The inertia is given by the ion mass while
the restoring force is provided by the relativistic electron degeneracy pressure, and the
dispersion is due to the deviation from charge neutrality. A nonlinear KdV equation is
derived for small but finite amplitude waves and is used to study the properties of localized
ion acoustic solitons (IAS) for parameters relevant for dense astrophysical objects such as
white dwarf stars. Later, Chandra et al. [ 23] have studied electron-acoustic solitons in a

RD quantum plasma with two-temperature electrons using the QHD model and degenerate

4/3
e

electron pressure P, ocn;” .They have shown that degeneracy parameter significantly

influences the conditions of formation and properties of soliton structures. Recently, shock
waves and the formation of solitons in electron-acoustic wave in inner magnetosphere plasma
with RD particles are studied by Goswami et al. [24]. They have considered collisions which
amount to dissipation actions and shocks. By using the RPM, they have derived a KdV-
Burger equation and numerically analyzed by employing the tanh-method. The results are

important in explaining the observed geomagnetic storm in recent years.

Since, sufficient works have not been done on the electro-static double layers (DLs) in RD
plasma, in this Chapter, we have studied the ion- acoustic DLs (IADLs) in unmagnetized
fully nonlinear plasma with RD electrons and positrons and non-degenerate warm ions using
Sagdeev potential method (SPM) [25]. From the nonlinear equation, the solution of IADLs of
IAW has obtained in such plasma. The profiles of IADLs are drawn and discussed for
different values of the plasma parameters. The effects of degenerate electrons and positrons

on the IADLs in RD plasma are shown graphically.

12.2. BASIC EQUATIONS

We consider unmagnetized plasma whose constituents are RD electrons and positrons, and
nondegenerate warm ions. The dynamics of such plasma are governed by the following

equations:

on, 0

ou, loul Op o on
Lot

=0 (12.2)
ot 2 ax X 2 ox
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eneg—f—%z 0 (12.3)
oP.

en, g—f+ axe =0 (12.4)

o’p

W—ﬂznﬁni +a,n, =0 (12.5)

Where,

a, =N |Z|ng, B, =Ny !|Zi|ng, 0, =3T, /T, All other physical quantities are
dimensionless. The number density of electrons, ions and positrons are represented byn,, n,
and n, respectively and rescaled by their equilibrium values. u; is the ion velocity, T; and
T., are the ion temperature and electron Fermi temperature respectively. Other parameters

have their usual meanings. The equilibrium condition of charge neutrality is £, =1+ c,.

Following Chandrasekhar [18, 19], the degeneracy pressure of electron and positron in fully
degenerate and relativistic configuration can be expressed in the form:

P :(ﬂ'm:C5/3h3)[Rj (2R?-3),fi+R? +3sinh*1(Rj)} (12.6)
1 1
In which R; = p; /m,c =| 3h°n; /8zmc® * = R;gn? (12.7)

Where R, = (njo/n0 )Mawith n, =8zm’c®/3h® ~5.9x10%cm2, ‘¢’ being the speed of light in
vacuum. p, is the Fermi relativistic momentum; the index j will denote either electrons (e)
or positrons (p) in the plasma. It is to be noted that the parameter Rjo is a measure of the
relativistic effects and may be called relativistic degeneracy parameter. For ultra- relativistic

case Rjo>> 1 and for weakly relativistic case Rjo << 1. The parameter Rjo can also be related

to mass density as p(gr/cm®) =1.97x10°-R?, . The density of white dwarfs can be in the

range 10° < p <10°. So in this case, the relativity parameter Rjo can be in the range 0.37 < Rjo
<8.
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In the limits of very small and very large values of relativity parameter R, , we obtain:

2
1(3Yh* 2
J:E[;j m_enj3 (FOI’ Rj —)O), (128)
103 gh % For R 12.9
P,—=§; cn? (For R; —oo) (12.9)

Note that the degenerate electron (positron) pressure depends only on the electron (positron)
number density but not on the temperature. Now, from Egs. (12.1) to (12.9) the densities of

degenerate electrons and positrons are obtained as
n, = RJ[R% +20(1+R%)" + 1" (12.10)

np — p—l _g[pZIBRjo —2(0(14‘ p2/3R520)1/2 _¢2)]3/2 (1211)
where, R, is the relativistic degeneracy parameter of electrons, p=n_, /n, =a, / j,.

To obtain localized solutions of Egs. (12.1) — (12.5) using the SPM we have considered a
new moving frame of a single variable n = Xx—Mt, which is moving with velocity (Mach

number) M. Using this transformation and equilibrium quasi-neutrality condition as well as
the boundary conditions i) n, —»n,, ,ii) u, >0, iii) ¢—>0 at|x—>o we obtain from

Egs.(12.1) and (12.2) the nondegenerate ion density as
N, =——=[{(M +/o,)* 26} £{(M — o, )* - 2}]* (1212)
4o,

Now, using Egs. (12.10), (12.11) and (12.12) in Eq. (12.5) we get
d’
dn’
3/12
—a,p"Ry; [ p*"R% —20(1+ p™*R%)™? _(/’2)]

_L 2 U2 _ 2 1/2 :_d_‘//
2J;i[{(wlw?i) 2032 ~{(M - Jo,)* - 20¥"*] io

3/2

= BRI RS +20(1+R%)" +¢7) |

(12.13)
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(Taking negative branch of ion density).

Where, v is the Sagdeev potential and it is given by

3/2
v =[BRS Re+ 20l R, +07 | do
3/2
+[a,p R3] R ~ 201+ PR +01) | do (12.14)

+j[[(6' +M?)/2-9)]-\l(; +M?) 12— 9] —;M* rd¢

O;

After simplification y becomes

y = %{—2(% 7))@ + 20y, + 7 1)

3/2

2 2 \1/2
+3p+ 1)@ + 207+ -1 —aing LN 20 47 ) }}

(Reo +71)

_ 2 2 _\2
v, gingl0=72)@ 207,472 1) }}

A
(P™R, ~7,)

8

{2((/7—72)(402 =207, + 72 -0 =3(p-1,)(@* - 20y, +7: -1)

o 25

+B.7, (2R +3) + a7, (2p*°RE —3) + (M ? +?i)— 3 LM, ~M,)"?(2M, + M,)

(12.15)
where

4 :(1+ Rezo 1/2772 :(1"‘ meezo 1/2’:83 :ﬁles

eo’

M, =1+M?/0o,-2p/6,,M, =(M? -4M? | 5)"*, B, =1+a,, p=a, | B,

a=a,l pRe30’

Now, integrating (12.14) we obtain an equation (the Energy law) in terms of a single

independent variable

S +vi)=0 (12.16)

where  wis the Sagdeev potential and we have used the boundary conditions

¢—0,dp/dn —0and d’p/dn* — 0.

For the double layer solution of Eq. (12.16), the Sagdeev potential (@) should be negative
between @=0 and ¢, , where ¢, is some extreme value of the potential ¢, called the

amplitude of the IADL. Moreover, (@) must satisfy the boundary conditions mentioned in

Chapter-9 [Egs. (9.20) to (9.22)].
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12.3. SOLUTION FOR ION-ACOUSTIC DOUBLE LAYERS

Now we expand the right hand side of Eq.(12.13) and Eq.(12.14) in power series of ¢ and

2
we obtain

— A1¢+ AZ(DZ + A3(03 + A4¢4 Foeeenns (1217)
where,

A = BRS{BI+RE) - (1 R&)™ ——(1 +R%)”? ——(1 +R%)°H

—a,p R [{-3(1+ p2’3R§o)+—(1+ p**R%) ™ +—(1+ p**R%) (12.184)

15 2/13p2
+@(1+|O R%) }]—T[{(Mﬂ/_) 3~ o))}

A, = BRIHBL+ RG) 4 S (LR w2, 3 S (L R% )’5’2+—(1+R )72
_az —1R—3[{ 3(1+ p2/3R2 )1/2 +§(1+ p2/3R2 )—3/2

+§(1+ p2/3R2 )75/2 5 (1+ p2/3R2 )77/2}]

J_[{(Mw_ )‘3} {M - o)} (12.18h)

A= BRI S M+ RE) P - 2@+ RE) —1‘2’—5(1 RZ) Y]
P R 2 (L PPRE) T2 (L pPRE) T+ (0 PRE) ]
5 J_[{(Mw_ 9,) " }-{M - o))"} 12150
and
V() =5 A9t =5 At =S At = (12.19)

Assuming small amplitude waves ¢ <1 and taking the terms upto ¢° of Eq.(12.18) we

get the solution of IADLs in plasma. Applying boundary conditions for the existence of
IADLSs, we obtain
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2A,
“n =3 (12.20)
and
w(p) = —%cf (Pn—90)° (12.21)

The solution of Eq.(12.17) for small amplitude IADLs satisfying Eqg.(12.19) is obtained as

7o =% 9, (1~ tann | JCA, 80, )1 (12.22)

Where,
o0l 2=0,5, @y 1S the amplitude of IADLs.

The width of IADLs is given by

AS 1/2
W =2 12.23
(sw |] (1229

It is seen that width of IADLs depends on the plasma parameters e.g. RD parameter, density
of RD electrons, density of RD positrons, ion temperature etc. Eq. (12.20) relates the

amplitude ¢, of the IADLs to the ratio between the coefficients A, and A, of the quadratic

and cubic terms on the right-hand side of Eqg. (12.17). It is important to be noted that the

IADLs in plasma can only exist for positive value of A, i.e. A, >0 . To satisfy the condition,
the plasma parameters should have some critical values. The degenerate electron density £,

must satisfy the condition £, <pS,. , f,. is the critical value of B,. For the existence of

IADL, the parameter f,. obtained from Eq. (12.18c) is

P =(p7C,+D)IC,

(12.24)
Where,

Ci=RHL- 1+ RE) 2 -2+ RE) S~ 1000+ R:) )

_p—l{{1+§(1+ p2/3R2 ) +2 (1+ p2/3R2 -3 %(:H_ p2/3ReZO —4}]

cz={1+§(1+ pPoRZ) 2 42 (1+ p?°R2) + (1+ p?°R2)“}]
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1 5y -5
D - o —Jo) M + o)}

Now, if IADLs are excited in plasma for A, >0 , we see that the sign of A, will determine
the nature of IADLs. If A, >0, the IADLs will be rarefactive and for A, <0 the IADLs will
be compressive. It is seen that A, depends on the parametersR,,,«,,5,,p, o, and M of
RD e-i-p plasma.

12.4. RESULTS AND DISCUSSION
From the solution of Eq.(12.22) for IADLs in a relativistically degenerate e-i-p plasma it seen
that excitation of IADLs depends on
i). relativistic degeneracy parameter (R,,)
ii). degenerate positron density (p)
i1). degenerate electron density («,)
iv). ion temperature (o)

The role of these parameters on the IADLs is shown in Fig. 12.1 to Fig.12.4. To draw the

Figs, we have followed the conditions for the existence of IADLs, i.e. the coefficient A,>0

for the values of the plasma parameters. To understand the nature of IADLS, the amplitude of
DLs given by (12.20) is first numerically estimated using the values of parameters of our
model plasma. It is observed from the numerical estimation that amplitude of IADLS is

positive giving rise to compressive IADLS.

12.4.1. Profiles of lon-Acoustic Double Layers

i). Effect of relativistic degeneracy parameter

To see the effects of relativistic degeneracy parameter (R,,) on the IADLs in degenerate

plasma the Fig.12.1 is drawn.
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Fig.12.1. Profiles of IADLs in RD plasma with fixed values of p =0.1, o, =0.01, &, =0.4 and M =2;
Graphs a, b, c and d represent R, =10.5, 12.0, 13.5 and 15.0 respectively.

It is seen from Fig.12.1 that the IADLs are compressive and the amplitude decreases with

increase of R,;. Similar information is obtained from the Eq.(12.20). The coefficient A,is
negative for R,,= 10.5, 12.0, 13.5 and 15.0 indicating compressive IADLs in relativistically

degenerate plasma.
if). Effect of degenerate positron density

The Fig.12.2 is drawn to find the effects of RD positron density (p) on the IADLSs in

relativistically degenerate plasma.

50 T T T T

Fig. 12.2. Profiles of IADLs for different values of p in RD plasma with fixed values of @, =0.3, o; =0.01,
M =2and R,, =10; Graphs a, b, c and d represent P =0.017, 0.021, 0.025, 0.029 respectively.
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It is seen from Fig, 12.2 the IADLSs are compressive and the amplitude of IADLs decreases

with the increase of relativistically degenerate positron density (p). Similar information is
obtained from the Eq. (12.20) as the coefficient A, is negative for same values of p which

indicate the compressive IADLs in RD plasma.

iii). Effect of degenerate electrons

In similar way, Fig.12.3 is drawn using the EQ.(12.22) to see the effects of RD electron
density («,) on the profiles of IADLs.

5.04

45 :(x2=0.15

o O T Q@
1

Fig.12.3. Profiles of IADLs for different values of &, in RD plasma with fixed values of o; =0.01, R,, =11,
M =19and p =0.1; Graphsa, b, cand d represent ¢, =0.15, 0.3, 0.45 and 0.6 respectively.

It is observed from Fig.12.3 that the compressive IADLs are excited in plasma and the
amplitude of compressive IADLs increases with increase of «z,. The results of this figure is
supported from the expression Eq.(12.20) as the coefficient A,is negative indicating the

excitation of compressive IADLS since A,is positive

iv). Effect of ion temperature

Similarly, Fig.12.4 is drawn to observe the effects of ion temperature (o;) on the profiles of

IADLs in RD plasma.
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40

o O T o

30+
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Fig.12.4. Profiles of IADLs for different values of ion temperature (o;) in RD plasma with fixed values of

a, =03, p =001, M =2and R,, =10. Graphs a, b, c and d represent o; = 0.3, 0.4, 0.5 and 0.6
respectively.

It is observed from Fig.12.4 that the compressive IADLs are excited in RD plasma for the

different values of ion temperature (o;) from 0.3 to 0.6. The IADLs are compressive because
the amplitude of IADLs is positive since A, <0 which is numerically obtained from Egq.

(12.18b). Moreover, the amplitude of compressive IADLs decreases with increase of o .

12.4.2. Profiles of Width for lon-Acoustic Double Layers

It is known that the width of IADLs in plasma is important for experimental studies of the
IADLs in laboratory and in space plasma. We have numerically estimated the width of
IADLs using EQ.(12.23) and its variation for different parameters of RD plasma is
graphically discussed. It is to be remembered that for the numerical estimation we have

followed the conditions for the existence of IADLs (i.e. A, must be positive).

Now, Fig.12.5 is drawn for the variation of the width of IADLs with the RD parameter (R,,)
in plasma for different values of RD positron density (p) .
Similarly, the Fig.12.6 is drawn to observe the effects of RD electrons («,) and R,, on the

width of IADLs.
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0.06

0.05

e0

Fig.12.5. Variation of width of IADLs with Reo for different values of P in RD plasma with fixed values of
0,=0.01, @,=0.12 and M =2; Graphs a, b, ¢ and d represent p = 0.01, 0.014, 0.016 and 0.018 respectively.

1.90 T T T T T T T T

1.85

1.80

1.75-
w 1.70-
1.65—-
1.60—-

1.55

T T
0.15 0.20 0.25 0.30

Fig.12.6. Variation of width of IADLS with &, for different values of R, in RD plasma with fixed values of
0,=0.01, p=0.1and M =2; Graphsa, b,candd represent R,;=9, 11, 13 and 15 respectively.

It is observed from Fig.12.5 that the width of IADLs increases with increase of R,, for p

from 0.01 to 0.018.

On the other hand, it is seen from Fig.12.6 that the width of IADLs increases with increase of

a, for R, from9to 15.
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12.5. SUMMARY AND CONCLUSION

Considering a multi-component plasma composed of RD electrons and RD positrons with
nondegenerate warm ions, we have theoretically studied the excitation of IADLs in the
plasma using the pseudo-potential method. It has been shown that the IADLs in such plasma
depend on the plasma parameters. From numerical estimation the profiles of IADLs are
drawn. The IADLs in RD plasma are compressive and the amplitudes depend on the values of

the plasma parameters. It is seen that:

1). The IADLs in RD e-i-p plasma are compressive in nature for different values of plasma

parameters i.e. RD positron, RD electrons and ion temperature.

ii). The amplitudes of IADLs are small for large values of RD positron and ion temperature.

But, the amplitude of IADLSs is small for small values of degenerate electron.

iii). The width of IADLs increases with increase of R,, for different values of p when other

plasma parameters have fixed values. Moreover, the width of IADLSs increases with increase
of p.

iv). The width of IADLSs increases with increase of « for different values of R,, when other

plasma parameters have fixed values. Moreover, the width of IADLS increases with increase
of R, .

However, the effect of ion drift has not been considered in the present investigation. It is
known that ion- acoustic wave will propagate through the plasma with two modes, fast-mode
and slow- mode, in presence of drifting (streaming) ions. Considering the ion drift some new
results on nonlinear propagation of waves in degenerate plasma may be obtained from which

the causes of some phenomena in astrophysical objects may be understood.
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Summary and Future Scope of the Thesis

SUMMARY AND FUTURE SCOPE OF THE THESIS

Summary of the Thesis

In the Thesis, we have theoretically and numerically studied the "lon Acoustic Solitons and
Double Layers in Different Types of Plasma" using standard mathematical methods, i.e.
Reductive perturbation method, Sagdeev potential method, KBM method, tanh-method etc.
For numerical analysis, we have used software like MathCAD, Origin etc. For the study, we
have considered both non-relativistic and relativistic plasma consisting of positive and
negative ions, isothermal electrons, non-isothermal two-temperature electrons, nonthermal
electrons, positrons, superthermal (kappa distributed) electrons, g-nonextensive electrons,
charged dust particles, beam ions, degenerate electrons, degenerate positrons, ultra-
relativistic degenerate electrons and positrons, relativistically degenerate electrons and

positrons etc.
The Thesis has two parts:

Part One: We have studied “Solitons in Different Types of Plasma”, e.g. Small amplitude
KdV solitons, Large amplitude higher-order solitons, Dressed solitons etc. (in Chapter- 2 to

Chapter-7); and Envelope solitons (in Chapter- 8).

Part Two: We have theoretically investigated “Double Layers in Different Types of Plasma),
e.g. unbounded plasma, bounded plasma (in Chapter- 9 to Chapter-12)

In the last Chapter, “Summary and Future Scope of the Thesis” are stated.

Chapter-2: The exact analytical solutions of the nonlinear equations governing the
propagation of ion-acoustic solitons (IAS) in a plasma consisting of warm streaming positive
ions and nonthermal electrons has been obtained with necessary and sufficient conditions for
the existence of IAS. From these conditions, the critical values of the nonthermal parameter,
ion temperature and velocity of 1AS have been numerically evaluated and their dependence
on various plasma parameters is discussed. The structure of the IAS as a function of the non-
thermal electron parameter are analyzed which gives the deviation from the thermalized state.
Moreover, the expression of Sagdeev potential has been derived and the conditions of soliton
solution are obtained. Slow and fast IAS would be excited in presence of stream of ions and
nonthermal electrons in plasma. The profiles of small amplitude I1AS of fast-and slow-mode
of the wave are graphically shown and discussed for different values of the parameters of the
plasma. It is seen that small amplitude IAS for fast-mode is rarefactive but for slow-mode it

IS compressive.
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Chapter-3: For the study of W-type IAS in a plasma consisting of cold positive ions and
nonthermal electrons, the nonlinear equations are analysed with the help of the
Krylov-Bogoliubov-Mitropolsky (KBM) method. The IAS are evaluated in first-, second-and
third-order and the profiles are drawn for different values of the nonthermal parameter of
electrons. It is seen that nonthermal electrons have a considerable impact on the shape of IAS
in each order. The plasma consisting of cold positive ions without negative ions can support
the formation of compressive as well as W-type solitons in second- and third- order for a
certain value of the nonthermal parameter of electrons. The results are new and interesting
because W-type IAS have been found by earlier authors in plasma having the negative ions.
The IAS near-critical value of the nonthermal parameter and arbitrary amplitude solitons has
also been studied in this Chapter. The results would be useful to understand the nonlinear
wave processes in ionospheric and magnetospheric multi-component plasma having

nonthermal electrons.

Chapter-4: Using the SP Method, we theoretically investigated arbitrary amplitude IAS in an
electron-ion-positron (e-i-p) plasma. The expressions of phase velocities of slow- and fast-
modes of the wave have been derived and graphically analyzed. The critical values of
densities of positrons and ions, Mach number and positron temperature for the excitation of
IAS have also been obtained. The solutions of the first-order and next higher-order IAS have
been obtained and the profiles of the solitons have been drawn taking different values of the
parameters of e-i-p plasma. It is observed that both compressive and rarefactive 1AS would
be excited for the positrons in e-i-p plasma. The variation of amplitudes of the IAS has been
shown graphically for different values of density and temperature of positrons, drift velocity
and temperature of the ions. Moreover, small and large amplitude IAS of fast-and slow-mode
of the wave are graphically shown and discussed for different values of the parameters of e-i-
p plasma. It is seen that small amplitude and large amplitude IAS for fast-mode are
rarefactive but the IAS for slow-mode may be compressive and rarefactive depending on the

values of parameters of e-i-p plasma.

Chapter-5: Using the reductive perturbation method (RPM), we have studied the IAS in self-
gravitating dusty plasma consisting of warm positive ions, weak non-isothermal two-
temperature electrons and negatively charged dust particles having variable charges. We have
derived the uncoupled third-order partial differential equations instead of coupled nonlinear
equations in self-gravitating plasma for the normal non-isothermal electrons and also for

weak non-isothermal electrons. From the uncoupled nonlinear equation, the solution of IAS
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in weak non-isothermal electrons has been obtained and the effects of two-temperature
electrons, gravity, and dust charge fluctuations on the 1AS have been discussed.

Chapter-6: We have derived the integral form of governing equation in terms of pseudo-
potential for the ion-acoustic waves (IAW) in an ultra-relativistic degenerate (URD) plasma
consisting of cold inertial ions, degenerate two-temperature electrons and negatively charged
dust particles. Considering the effect of higher-order nonlinear and dispersive effects, we
have studied the dressed soliton of IAW using the KBM method. The profiles of dressed
solitons are drawn and discussed for different values of density and temperature of URD two-
temperature electrons. Moreover, the solution for the dressed solitons at a critical state is
obtained and discussed graphically. It is seen that the degenerate two-temperature electrons
have a considerable impact on the structure of dressed solitons in URD plasma.

Chapter-7: The KdV equation has been derived using the RPM in unmagnetized quantum
plasma in presence of an ion beam and the solution of IAS is obtained from the KdV
equation. The theoretical results have been analyzed numerically and graphically for different
values of ion beam density, ion beam velocity and ion beam temperature. It is seen that the
formation and structure of IAS are significantly affected by the ion beam in quantum plasma.
The results would be useful for understanding the beam-plasma interactions and formation of

nonlinear wave structures in dense quantum plasma.

Chapter-8: Using the multiple scale method, we have studied the modulation instability and
envelope soliton of high-frequency surface waves on warm plasma half-space. The second
harmonic generated through nonlinear self-interaction of the wave is found to carry a fraction
of the surface wave energy into the bulk of the plasma. This is found to influence the
modulation instability mechanism. To describe the nonlinear evolution of the wave a
nonlinear Schrodinger (NLS) equation is derived in which the coefficient of the nonlinear
term becomes a complex quantity. From this evolution equation, we have derived the
condition of instability and show that high-frequency surface waves on a temperate plasma
half-space are modulationally unstable. The dependence of the growth rate of instability on
temperature and wave number is computed and presented graphically. The solution for the
envelope solitons (bright and dark) is obtained and discussed.

Chapter-9: Using the SP method, ion-acoustic double layers (IADLS) in multi-component
plasma consisting of positive ions, negative ions and nonthermal electrons filled in a
cylindrical waveguide has been theoretically investigated. The effects of the boundary of a

cylindrical waveguide and nonthermal electrons on the Sagdeev potential have been
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graphically discussed. From the nonlinear equation, the solution for IADLs of small
amplitude IAW is obtained and the structure of IADLs is analyzed as a function of the plasma
parameters. It is seen that the finite geometry of bounded plasma, nonthermal electrons, the
density of negative ions, stream velocity of positive and negative ions have significant
contributions to the structure of IADLs. The IADLs may be compressive or rarefactive in
plasma depending upon the values of the plasma parameters.

Chapter-10: The influence of nonthermal electrons and ion beams on the IADLS in warm ion
plasma has been studied using the SP Method. The expression of Sagdeev potential of an
IAW has been derived and the solution of IADLSs has been obtained. The critical value of the
nonthermal parameter of electrons for the existence of IADLs is also obtained. The profiles
of IADLs in the plasma have been drawn taking different values of density and temperature
of ion beams, and the nonthermal parameter of electrons obeying the critical condition. It is
seen that both compressive and rarefactive IADLSs are excited in the plasma depending on the
values of nonthermal electrons and ion beam parameters. The width of IADLs is also
graphically discussed.

Chapter-11: Using the SP Method, the effects isothermal positrons and nonthermal electrons
on the IADLs have been studied in multi-component plasma containing warm positive ions
and negative ions with drift motion. The expression of Sagdeev potential has been derived
and the solution for IADLs has been obtained from the nonlinear equation. The profiles of
IADLs have been drawn taking different values of the parameters of multi-component
plasma. It has been observed that both compressive and rarefactive IADLs would be excited
in the multi-component plasma having positrons, nonthermal electrons, negative ions and
warm positive ions with drift motion... The variation of amplitudes and widths of IADLSs
have also been discussed graphically for different values of the parameters of multi-
component plasma under consideration for our study.

Chapter-12: The effects of relativistically degenerate electrons and positrons on the IADLs
in warm ion plasma have been studied theoretically using the SP Method. The expression of
Sagdeev potential is derived and from the nonlinear equation, the solution of IADLSs is
obtained. The structure of IADLs is drawn and discussed for different parameters of the
relativistically degenerate plasma. It is seen that IADLs are compressive and the presence of
relativistically degenerate electrons and positrons has a significant contribution to excite the
IADLs in relativistically degenerate plasma. The variation of thickness of IADLs is also
graphically discussed for different values of the parameters of relativistically degenerate
plasma.
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Future Scope of the Thesis

In the thesis, the IAS and the IADLs are studied using the plasma models of various
astrophysical, space and experimental plasma systems. Theoretical results of the thesis would
be useful in understanding the generation of different kinds of nonlinear wave structures in
the model plasma. The plasma models used in the present thesis can be generalised by the
inclusion of the effects of i) Magnetic field, ii) Collisions, iii) In homogeneity in density &
temperature and iv) Relativity etc.

Moreover, the KdV solitons, Dressed solitons, Modulation instability, Envelope solitons, can
be studied in fully relativistic plasma having superthermal electrons and Tsallis distributed
electrons which are found to exist in space and hot astrophysical objects. For the study of
modulation instability of the waves in critical case when nonlinear term vanishes for certain
value of the plasma parameter, higher-order NLS equation may be derived using standard
mathematical methods. The studies of nonlinear propagation of waves in dusty plasma are
important in the context of astrophysical plasma. So, following the mathematical methods
presented in the thesis, solitons (KdV solitons, dressed solitons, and envelope solitons) and

double Layers can be studied for the dust acoustic waves in dusty plasma.
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Abstract: Theoretical investigations have been made for the formation of ion-acoustic solitary wave structure in a
plasma consisting of warm streaming positive ions and nonthermal electrons. Analytical solutions have been obtained with
some sufficient and necessary conditions for the existence of ion-acoustic solitary waves. Some critical values of the ion
temperature and the nonthermal parameter of electrons have been obtained and presented graphically. It is shown that drift
of the ions and the nonthermal electrons have significant effects on the formation of ion-acoustic solitary waves. In
presence of the streaming motion of the ions, two distinct modes (fast and slow) of propagation have been obtained.
Limiting values of the soliton speed for these modes have been calculated. It is found that the drift motion and ion

temperature change significantly the conditions for the existence and properties of ion-acoustic solitons.

Keywords:

PACS Nos.: 52.35. Fp; 52.35.Mw; 52.35.Sb

1. Introduction

The study of ion-acoustic solitary waves has received con-
siderable interest because of its important role in the under-
standing of the nonlinear wave features in the laboratory and
space plasmas [1-7]. A two-component plasma with ther-
mally distributed electrons can support only solitary struc-
tures with density compression (compressive solitons) and
not the solitary structures with density depletion (rarefactive
solitons) [8, 9]. In a multispecies plasma consisting of positive
and negative ions with thermally distributed electrons it has
been predicted that there exists a critical negative ion con-
centration below which compressive solitons exist and above
which rarefactive solitons exist [10]. Recent observational
studies on the data from the Freja satellite [11] show the
existence of both compressive and rarefactive solitons in the
auroral low frequency turbulence. Being motivated by this
observation Cairns et al. [12] have considered a plasma
consisting of nonthermally distributed electrons and cold ions

*Corresponding author, E-mail: bsdvghosh@gmail.com

Ion-acoustic soliton; Nonthermal electrons; Sagdeev potential

and have shown that both the compressive and rarefactive
solitons can coexist in such nonthermal plasma. Subsequently
a number of studies on ion-acoustic solitary waves in plasma
consisting of nonthermal electrons have been made [13-16].
In presence of resonant electrons plasma may behave non-
isothermally. Resonant electrons, if present, interact strongly
with the wave during its evolution and therefore cannot be
treated by assuming Boltzmann distribution [17]. Nonthermal
electron distribution has been observed in many space and
laboratory plasmas, in which wave damping produces an
electron tail or there is trapping and acceleration of a sub-
stantial number of electrons [8, 9]. The presence of large
amplitude waves can also significantly modify the electron
and ion distributions [18]. Some authors [19-21] have
focused their attention on the study of ion-acoustic solitary
waves including the effects of two-temperature electrons,
because such plasma can be produced in the laboratory or can
be found in space. Streaming motion of ions and electrons
may become important in some physical situations such as
solar wind plasma, beam plasma interactions and cometary
plasmas. Cometary plasmas are mixtures of usual solar wind
plasma and the cometary matter, which escaped as neutral gas
from the comet’s nucleus and became ionized afterwards by

© 2012 TACS
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various physical mechanisms. In these plasmas constituents
have their drifts. Kourakis and Shukla [22] have considered
the nonlinear ion-acoustic waves in a collisionless three-
component plasma consisting of inertial positive ions moving
in a background of two thermalized electron populations. The
streaming motions of the electrons or ions are expected to
introduce new effects [23, 24]. Actually it has been found that
the electron and ion distributions can play a crucial role in the
formation of nonlinear wave structures. Further, these distri-
butions considerably influence the conditions for the exis-
tence of ion-acoustic solitary wave structures. Only a few
works have been done on the analytical conditions for the
existence of ion-acoustic solitary wave structures in plasma
[25-28]. Again these works do not consider the effects of
nonthermal electrons. Bhattacharaya and Paul [29] have
studied theoretically the effects of nonthermal electrons and
cold negative and positive ions on ion-acoustic solitary waves
in bounded plasma using pseudo potential technique and
obtained both compressive and rarefactive solitons for any
value of the nonthermal electron parameter. They have not
considered the effects of ion temperature on the conditions for
the existence of ion-acoustic solitary wave structures.

The motivation of the present work is to obtain exact
analytical solutions of the nonlinear equations governing
the propagation of ion-acoustic solitary waves in a plasma
consisting of warm streaming positive ions and nonthermal
electrons and obtain necessary and sufficient conditions for
the existence of ion-acoustic solitons From these condi-
tions we have evaluated numerically the critical values of
nonthermal parameter, ion temperature and velocity of ion-
acoustic solitary waves and discuss their dependence on
various plasma parameters.

2. Formulation

We consider collisionless unmagnetized plasma consisting
of warm positive ions with streaming motion in presence of
nonthermal electrons. Both the ions and electrons are
assumed to be non-relativistic. The system of basic equa-
tions governing the one dimensional propagation of ion-
acoustic waves in such plasmas are given by [30]

ani 0

E + a (nlul) = 0 (1)
aui aui (O api - 6(;5

pi Opi Oui

o’y

oz e

where nj(n.) is the ion (electron) number density
normalized by the equilibrium ion density ng; o; = Ti/T.
with T;(7.) being ion (electron) temperature; u; is the ion
fluid velocity normalized by the ion-acoustic speed (kgT./
m;)""? in which kg is the Boltzmann constant and m; is ion
mass; p; is the ion pressure normalized by ngkgT;; ¢ is the
electrostatic potential normalized by kg7./e, e being the
magnitude of electronic charge; the space variable x is
normalized by the Debye length (kg T, /4nnge®) 12 and time
t by the ion plasma period (m; /4mnge?)"/? .

The model of nonthermal distribution function used
first to study the ion-acoustic solitary structures is non-
Maxwellian with the presence of fast moving energetic
electrons together with a population of Maxwellian dis-
tributed electrons. Such a distribution arises in space
plasmas from the force field present there. This type
of distribution is called as nonthermal distribution.
Following Cairns et al. [12] the electron density n, is given
by

ne = (1 = o + pg*)e? (5a)
with,

4o,
b= I + 3a (5b)

where o is a parameter determining the number of non-
thermal electrons present in our plasma model.

To obtain a solitary wave solution, we introduce the
single independent variable # defined by the relation
n = x — Vt, where V is the velocity of the solitary wave.

Now, using the boundary conditions

| — o
(6)

and the charge neutrality condition (n;, = 1), Egs. (1-5) in
the stationary frame can be integrated to give,

ni — 1 uj — wio, pi — 1, — 0 at
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where, ag = —Vu + Lud) + 22 .

Using Egs. (5) and (7), we obtain from Eq. (4),
d2¢ 2 é V — Ujo
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3. Analytical study Observation4: If (V. — uio)z > 30, then
. (i) ¢'(;) > OforV < u; < o/
Integrating Eq. (8), we get and (ii) ¢' () < Oforu’ < w <V
do\* (du\’ 17
() () = #w - o) (7
Ui n where «' is given by ¢/(u’) = 0, that is,
where, K is an arbitrary constant of integration and A=V (301)1 /4 N (18)
' d
H(w) =2 / G(u;) d_f-dui' (10) Therefore, for physical solution of Eq. (9) we need
! following requirements;
Now, from Eq. (7c) we obtain Requirement 1: There eXists Upax OF Ui, such that
H (ui0) = H (umax) = K for ujp < smax < /' 19
dp ) 30;(V — Mi0)2 1 (o) (i) o= ! (19)
du; (V = w) - v — Mi)4 : (11) or H (up) = H (umin) = K for ' <umin <ute (20)
R ] t2: H (u K f ith 0 < uj max
Using Egs. (8), (11) and (10) yields equirement 2: H (w) > K for either uo < ui < u
Of Upin < U < Ujp -
H(w) =2 [{(1 + 3) — 3pp + B¢’}e” (21)
—(V = o) wy + ai(V — “i0)3 (12) For real and bounded solution of Eq. (9) the following
v (Vv - ui)3 conditions must be satisfied:

It may be noted that the function H is highly nonlinear
and contains a number of parameters including soliton
velocity, nonthermal parameter of the electrons and ion
temperature. These parameters enter into the function in a
complicated way and thus restrict the range of possible
solitary wave solutions.

3.1. Necessary and sufficient conditions
For ion-acoustic solitary wave in a nonthermal electron

plasma with warm positive ion, the physically admissible
solution of Eq. (9) is obtained with some special

observations:
dp\* (du;\’
(i) (d_:i) (ﬁ) must be positive, (13a)
and
.. du;
(ii) u; and o must be bounded. (13b)

From Eqgs. (7¢) and (8), it is easy to make the following
observations:

Observation 1: G(ujp) = 0 (14)
Observation 2: ¢(uyp) = 0 (15)
Observation 3: If (V. — uio)z < 30, then

(1) ¢/(Mi) > OforV < ui < uj

and (i) ¢'(u;) < Oforup < u; <V

(16)

Necessary condition: H” (ujp) > 0 (22)
Sufficient condition: H («') — H (ujp) < 0. (23)

By virtue of observations (3) and (4) it follows from the
condition (22) that

G (Mio) > OforV > u (24)
G (l/li()) < OforV < u . (25)
Now using Egs. (8) and (11) we get the following simple

conditions for real and bounded solution of Eq. (9):

V > uo +

+ 30; forV > uyp (263)

1
L= p

and u;g > V + + 30; forV < uy. (26b)

1
1 —p
For a non-streaming plasma with Boltzmann distributed
electrons the condition (26) reduces to the well-known result

V> /1 + 3. (27)
Using Eq. (12) the condition (23) becomes
{1+ 38) = 3y + B’} e’ — (V — wo) (u
36i)] < [(1 4+ 3B) — (V — wip) uio + i
(28)

3

For non-streaming plasma with cold ions and Boltzmann
distributed electrons conditions (27) and (28) together
require that 1 < V < 1.6 which agrees with the condition
established by Sagdeev [31].



398

1. Paul et al.

3.2. Critical values of plasma parameters for solitary
solutions

For the existence of solitary waves in a plasma consisting
of warm ions and nonthermal electrons, the conditions (26)
must be satisfied for nonthermal parameter (f5), soliton
velocity (V) and ion temperature (g;). The critical values of
nonthermal parameter, ion temperature and phase velocity
are obtained as

1
ﬁc == (V — Mio)z — 30'1 (29)

- (30)

-
12
) (31)

1/2
— ﬁ> . (32)

It is to be noted that the streaming motion of ions has
significant effects on these critical values. In presence of
streaming motion of ions two distinct wave modes (fast and
slow) are possible. The critical values f., g, Vg and Vg are
numerically estimated using different values of the plasma
parameters and their variations are shown in Figs. 1, 2, 3
and 4. Figure 1 shows the critical values of nonther-
mal parameter of electrons for different values of ion

1
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Fig. 1 Variation of critical values of nonthermal parameter (f5) with
ion temperature (o;) for different values of stream velocity (uip). The
solid, dashed, dotted and dash-dotted lines correspond to u;y = 0.0,
0.1, 0.2 and 0.3 respectively; p; = 1, V= 1.6

temperature and stream velocity of ions. It is observed that
for a given stream velocity of ions the critical nonthermal
parameter decreases with the increase of ion temperature
and for a given ion temperature. It also decreases with the
increase of stream velocity. So for a given ion temperature
with higher stream velocity or for a given stream velocity
with higher ion temperature we require less number of
nonthermal electrons for the existence of solitary waves.
The critical values of ion temperature for different values
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Fig. 2 Variation of critical values of ion temperature (o;) with stream
velocity (uj) for different values of nonthermal parameter (f3). The
solid, dashed, dotted and dash-dotted lines correspond to f§ = 0.0,
0.2, 0.4 and 0.6 respectively; p; =1, V= 1.6
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Fig. 3 Variation of phase velocity for fast ion-acoustic wave with ion
temperature (g;) for different values of stream velocity (uj). The
solid, dashed, dotted and dash-dotted lines correspond to ujy = 0.0,
0.1, 0.2 and 0.3 respectively; p; = 1, f = 0.1
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of stream velocity of ions and nonthermal parameter of
electrons are depicted in Fig. 2. It is seen that for a given
nonthermal parameter critical ion temperature decreases
with the increase of the stream velocity of ions and for a
given stream velocity it also decreases with the increase of
nonthermal parameter of electrons. The critical values of
the velocity of fast and slow ion-acoustic waves for
different values of ion temperature and stream velocity of
ions are shown in Figs. 3 and 4 respectively. It is observed
that critical velocity of fast wave increases and that of slow
waves decreases with the increase of ion temperature and
stream velocity of ions. Also through similar numerical
estimation it is found that the critical velocity of fast waves
increases and that of slow waves decreases with the
increase of nonthermal parameter.

4. Sagdeev potential and ion-acoustic solitary waves

We have discussed the conditions for the existence of ion-
acoustic solutions in terms of ion fluid velocity (u;) instead
of electrostatic potential ¢ or number density (n;) of ions.
However, expressing G in Eq. (8) as a sole function of ¢
and integrating the resulting equation one can find out the
Sagdeev potential and then can use it in the usual way to
discuss the properties of solitary wave structures. Eq. (8)
can be written in the form

£p oy
= o )

where (¢) is known as the Sagdeev potential and is given
by

-0.7 . . .
-0.8 el -

09 e e ]

Phase Velocity ( Slow Wave )

-1.4 | | |
0 0.05 0.1 0.15 0.2

Ton Temperature

Fig. 4 Variation of phase velocity for slow ion-acoustic wave with
ion temperature (o;) for different values of stream velocity (u;o). The
solid, dashed, dotted and dash-dotted lines correspond to u;o = 0.0,
0.1, 0.2 and 0.3 respectively; p; = 1, f = 0.1

W(g) =1+ 3) — ¢ + Blo — 1)e?
— B(¢* —2¢ +2) ¢

s ({07 v -2
- {(V - Uip — \/37‘7i)22¢}%
(v VAR (Ve VAR |

(34)

3
2

For soliton solution, the Sagdeev potential y/(¢p) must
satisfy the condition

62

L

Gl

which implies the inequality

1
(V — uio)z —30'1

<1 -4 (35)

The inequality (35) gives the condition for the existence
of a potential well. It may be noted that the inequality (35)
leads to the same critical values of the non-thermal
parameter, ion temperature and phase velocity as obtained
earlier in Sect. 3. In order to examine the effects of stream
velocity of ions (u;,), ion temperature (g;) and nonthermal
electron on the properties of the ion-acoustic solitary wave
structure, we have numerically studied the behaviour of the
Sagdeev potential (¢p) as given by Eq. (34) for different
values of ¢;, u;, and nonthermal parameter f. It is found that
the dip in the potential structure decreases with the increase
in nonthermal parameter, keeping all other parameters same.
This is shown in Fig. 5. Also it has been found that the dip
in potential structure decreases with the increase in the ion
temperature or with the increase of stream velocity of ions
when other parameters are kept constant.

S. Summary and concluding remarks

We have made an analytical study for the existence of ion-
acoustic solitary waves in collisionless, unmagnetized
plasma consisting of warm streaming ions and nonthermal
electrons. Some necessary and sufficient conditions for
solitary wave solutions of the nonlinear equations governing
the dynamics of the wave are also obtained. We have
obtained expressions for the critical values of nonthermal
parameter of electrons, ion temperature and velocity of the
wave for the existence of solitary wave structure. Depen-
dence of these quantities on different plasma parameters has
been depicted graphically and discussed. An important
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observation is that in presence of streaming ions two distinct
wave modes (fast and slow) are possible. In order to
examine the effects of stream velocity of ions, ion temper-
ature and nonthermal electrons on the structure of ion-
acoustic solitons we have also studied graphically the
behaviour of Sagdeev potential. It is shown that the stream
velocity of ions, ion temperature and nonthermal electrons
have considerable effects on changing the properties of the
ion-acoustic solitary waves. Finally, we would like to point
out that the analysis presented here for a model plasma with
warm streaming ions and nonthermal electrons may be of
relevance to some space plasmas such as solar wind plasma
and cometary plasmas.
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Abstract: Sagdeev potential approach is used for the study of nonlinear propagation of ion-acoustic waves in plasma
consisting of cold positive ions and nonthermal electrons. The nonlinear equation so derived are analysed with the help of
Bogoliubov-Mitropolosky method. The profiles of Sagdeev potential solitary waves are evaluated in first-, second- and
third- order which are depicted for different values of nonthermal parameter of electrons. It is seen that nonthermal
electrons has considerable impact on the shape of ion-acoustic solitary waves in each order. The plasma consisting of cold
positive ions and no negative ions can support the formation of compressive as well as W-type solitary waves in second-
and third- order for certain value of nonthermal parameter of electrons. The results are new because W-type ion-acoustic
solitary wave is found by earlier authors in plasma in presence of negative ions only. The ion-acoustic solitary waves near
critical value of nonthermal parameter and arbitrary amplitude solitary waves in presence of nonthermal electrons have also
been studied in the paper. Moreover, the solution for ion-acoustic double layers in plasma consisting of nonthermal
electrons is obtained. Our results in the paper would be useful to understand the nonlinear wave processes in ionospheric

and magnetospheric multicomponent plasma having nonthermal electrons.

Keywords:

PACS Nos.: 52.35.Fp; 52.35.Mw; 52.35.Sb

1. Introduction

Ion-acoustic solitary waves have been studied by various
authors because it is important for wide applications in
laboratory and space plasma. In a cold unmagnetized and
nondissipative plasma, Washimi and Taniuti [1] have first
theoretically studied ion acoustic solitary wave using the
reductive perturbation method. Later, considering the
effects of ion temperature [2, 3], negative ions [4, 5], two-
temperature electrons [6, 7], magnetic field [8, 9] etc. many
authors have studied ion acoustic solitary waves and have
shown that these plasma parameters have considerable
impact on the excitation of solitary waves. But, the pres-
ence of non-Maxwellian electrons, non-isothermal

*Corresponding author, E-mail: drsnpaul@gmail.com;
cser.kolkata@gmail.com

Ton-acoustic waves; Nonthermal electrons; Pseudo-potential and W-type solitary waves

electrons [10, 11], super thermal electrons distributions
[12, 13] etc., in plasma gives rise to more interesting
characteristics in nonlinear propagation of waves, particu-
larly ion-acoustic solitary waves in plasma.

However, non-thermal electrons which are also non-
Maxwellian give rises to various interesting behaviours on
the ion-acoustic solitary waves in plasma. Cairns et al. [14]
have shown that solitary waves are excited in a plasma
consisting of non-thermal electrons with an excess of
energetic particles and ions. In fact, they are motivated by
the recent observation of solitary structures with density
depletion made by Freja satellite [15]. Such electron dis-
tribution with enhanced population of energetic electrons
has been observed in the magnetosphere. Non-thermal
distribution is a common feature of auroral zone [16]. This
type of distribution is common to many space and labo-
ratory plasmas in which wave damping produces electron
tail. Considering the presence of nonthermal electrons in

© 2016 IACS
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plasma Mamun [17, 18], Bandhopadhyay and Das [19-21]
and other authors have theoretically studied ion-acoustic
solitary waves. In a bounded plasma, Bhattacharaya et al.
[22] have investigated the effects of non-thermal electrons
on ion-acoustic solitary waves using pseudo-potential
technique and have shown that both compressive and rar-
efactive solitons would be excited for any value of non-
thermal electron parameter in plasma. Paul et al. [23] have
obtained exact analytical solutions of the nonlinear equa-
tions governing the propagation of ion-acoustic solitary
waves in a plasma consisting of warm streaming positive
ions and nonthermal electrons with necessary and sufficient
conditions for the existence of ion-acoustic solitary waves.
The critical values of nonthermal parameter, ion tempera-
ture and velocity of ion- acoustic solitary waves have been
numerically evaluated and discussed their dependence on
the plasma parameters. They have analyzed the structure of
the solitary waves as a function of the non-thermal electron
parameter which measures the deviation from the ther-
malized state. Later, Ghosh et al. [24] have theoretically
investigated the effect of nonthermal electrons and warm
negative ions on ion-acoustic solitary waves in multi-
component drifting plasma.

However, from the experimental observations [25-28]
it is found that theoretically predicted values of the
amplitude, width, and velocity of the solitary waves do
not obey the experimental results. To remove the dis-
crepancy between theoretical and experimental results
researchers realized the necessity of considering higher-
order nonlinear and dispersive terms in the propagation of
solitary waves in a plasma, Ichikawa et al. [29] were the
first to examine such higher-order effects by the reductive
perturbation method for ion-acoustic solitons in plasma
consisting of cold ions. Considering the temperature of
ions in plasma, Lai [30] has investigated the higher-order
effect on the ion-acoustic solitary waves. Kodama and
Taniuti [31] have reconsidered this problem and have
shown by the method of renormalization how to eliminate
the secular terms appearing in higher-order terms of the
expansion. Considering the effect of higher order non-
linearity ion-acoustic solitary waves correct up to second
order in a plasma have been studied by various authors
[32-37]. Taking the electrons as nonisothermal, Kalita
and Bujarbarua [32] have investigated the propagation of
higher-order ion-acoustic solitary waves in a plasma.
Tagare and Reddy [33] have considered the effect of
higher-order nonlinearity on ion-acoustic solitary waves
in a plasma consisting of negative ions and nonisothermal
electrons. Subsequently, Moslem [34] have studied
higher-order contributions to ion-acoustic solitary waves
in warm multicomponent plasma with an electron beam.
Paul et al. [35] have considered the electron-inertia and
drift motion and on the higher order ion acoustic solitary

waves in a negative ion plasma. To get better theoretical
results to match the experimentally observed value, Das
et al. [36] and his co-workers [37] have considered the
effect of higher-order nonlinear and dispersive terms up to
the third order approximation and have studied ion-
acoustic solitary waves in a plasma.

However, no author has studied ion acoustic solitary
waves critically in presence of the nonthermal electrons in
plasma specially considering higher order nonlinearity
and dispersive effects. So, in the present we are motivated
to investigate theoretically the ion acoustic solitary waves
correct up to third order having nonthermal electrons in
cold plasma. To get higher-order effects on the solitary
waves we have applied the pseudopotential method which
is different from the standard method adopted in previous
investigations. Starting from the governing equations, an
integrated form of the equations in terms of the pseudo-
potential is derived and then perturbation solutions of this
equation up to third- order approximation for ion acoustic
solitary waves in plasma are obtained using the Bogoli-
ubov-Mitropolosky method [38]. It is seen that com-
pressive as well as rarefactive W-type solitary waves
would be excited in the third order in plasma consisting
of cold positive ions and nonthermal electrons.

2. Basic equations

We consider an unmagnetized collisionless plasma con-
sisting of cold ions and nonthermal electrons. The gov-
erning equations for such a plasma system can be written in
the following dimensionless form:

an,- 0

aJra("i”i) =0 (1)
Ou; u; O¢p

%

W = N, — N; (3)

where n; and n, are, respectively, the number densities of
ions and electrons; u; is the ion-fluid velocity; ¢ is the
electrostatic potential. The quantities n;, n., u; and ¢ are
made dimensionless by ng, ng, (kgTJT,m;m;)""? and kgT./
T,e.e, respectively, where ng is the unperturbed electron or
ion density, m; is the mass of the ion, and kg is Boltzmann
constant.

The non-thermal electron distribution function is

assumed as [14]
2
)

(4)

Je(v)

n()
1+ 3p)+/2nV2
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where p(>0) is a parameter that determines the proportion
of the fast energetic electrons, v is the velocity of electrons
in phase space and is normalized by the average thermal
speed V, = /KgT,/m, and m, is the mass of electron.

From Eq. (4) the normalized electron density n, is
obtained as

ne = (1— B+ pgp*)e’ (5a)
where

4p
b=17 3 (5b)

B measures the deviation from thermalized state. The
parameter f§ cannot exceed a certain range (0 < f < 1.3),
beyond which p is negative which is not acceptable. When
p — 0, Eq. (5a) gives the Boltzmann distribution of
electrons.

3. Sagdeev potential and conditions for solitary wave
solution

For a solitary-wave solution we assume that the dependent
variables depend on a single independent variable
& = x — Vi, where V is the velocity of the solitary wave.
Using the boundary conditions n — 1, ¢ — 0 as £ — +oo
we obtain from Egs. (1)-(3),

V=2, 7
2
= (1= o+ o) exple) -——— 0

Eq. (8) can be written as

e dy
¥ is the Sagdeev potential and it is given by
V() = (1+36) — e’ + Bl — 1)e? — f(¢* — 26 +2)e”
+V2<1— 1—%/—“;’) (10)

For the solitary wave solution, Sagdeev potential ()
in Eq. (10) must satisfy the following conditions:

@ y(¢ )|¢ 0~ $’¢ 0

(b) Y(¢) =0 for'some ¢ = ¢p,, where ¢,, is some
maximum value of ¢.

©) Y(p) <0in 0 < Il < I,l.

In addition to that, the condition for the localized soli-
tary wave solution is

G

0|y
which implies inequality
1
V2

<0

<l-p (11)
Inequality (Eq. 11)) gives the condition for the existence
of a potential well.
From Eq. (12) the critical values of velocity (V = V,)
and non-thermal parameter (ff = f5.) are obtained as

[

4. Solitary wave solutions

Expanding the right-hand side of Eq. (9) in ascending
powers of ¢ we get
2

d—é(f =AM+ Mo* + A0 + Aot + ... (14a)
where,
M=) gt =1 (1= )A
() o -2
(14b)

An integral of Eq. (14a) satisfying the conditions
dp/dX — 0, 9 — 0as & — oo is

¢ (do\* 1 1 1 1
L) =A@ AR A0t oA
2<dX> SA107 38007 + 7 A3 + A7 +

(15)

where we have stretched the ¢ coordinate according to the

relation
X=cl2¢ (16)

The parameter ¢ is dimensionless and small ¢ < 1. It
measures the dispersion and nonlinear effects.

We now make the following perturbation expansions for
@ and V.

¢ = 8¢(1) + 82¢(2) + 83¢(3)
V=Vy+eVlpe2v® 4

(17a)
(17b)
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where, ¢V, @, ¢ are the first-,second- and third order ¢(1) = Iy sec h*n (22)
perturbed values of ¢ and V", V@, V& are the perturbed
values of velocity V. where

Now, for linear dispersion relation, (A;)y = 0. 3 5(1)

Therefore, lp = —=-_=3y,y (22a)

2 5(20)

1-p L 0, i.e.Vyp = ! 18 ¥% 4y—1

_[_V_g_ , Le.Vo = a=p (18)  vy=(3-VH (22b)

. . . . 5(1) 3y ()N /2

With the expansion of V given by (17b) the expansions . Ly Vi’V x (22¢)

for Ay, Ay, A3 and A4 become "= 2 - 2

A =0 + o) + 207 + 20l 4

Ay =8 +eoll) 4 268 4. (19)
Ay =8 +eol) + .-

Ay =60 + 65 + 26Q + -

where

& =0, 6" =2v,3v0),
5 = 2v 3V — 3y v,

s =2v v — v vy gy Sy

50 = 2 (1-3v5%) (20)

33 = 6vy v,

8P = 6V v — 15y oy

Substituting the expansions (17a) in (15) we get a
sequence of equations for the ¢()’s and the equation for
@) at each order becomes a first-order inhomogeneous
differential equation for i > 1. For linear dispersion
relation, (A})o = 6% = 0.

4.1. Equation at the first- order and its solution

In the first order i.e. in lowest order which is at the order of
¢’ we obtain the following equation for ¢,

1 (dp\* 1 .1 .
() =3l 30 @1

The solution of which is the first order K-dV soliton

$" vanishes at infinity and it attains a maximum value
at n = 0 giving the amplitude of first order solitary wave Iy,
lo = ooy (say).

The width ‘D’ of the solitary wave is defined as half the
value of width of pulse at a height of 0.42 of its amplitude.

The first order width D, of the solitary wave is

o 2 1/2
1= W m

where 7, is the
tanh’y;, = 0.58.

(22d)

positive root of the equation,

4.2. Equation at the second order and its solution

At the second order we get the following equation for
¢Pusing (16) and (22a)

2 3
d¢(2>_¢f1}1) ¢(2> _ 5(12) 4)(1) 2521) d,(l)
dn ¢,(71) VoV ¢,<71) 3V, V) ¢f11>
4
5§0) 4)(1) 23
2V, v ¢<1)

n

Removing the secular term, solution of (23) is obtained
as

¥ = [l + L tan k*n] sec Wy (24)
where
2 [1 .y | 1, 0 Iy 5g0) 3 5(11>
ll_@[§52 +§lo(33 ) 12—_5@70__5@7
(24a)

2) _ 3(vy?
and V< ) = 7
The amplitude of second order solitary wave is (at
n=20)1L = ap (say),
The second order width D, of the solitary wave is

Do — 2
= W’?z

where 17, is the positive root of the equation

(24b)
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(L/1y) tanh* i, — [1 +2(Ly/1y)] tanh? i, + [(l2/1;) + 0.58)
=0

(24c¢)
[, and [, are given above.
4.3. Equation at the third order and its solution
We obtain the following equation for ¢ at the third order,

in which we use relation (16) and introduce the new vari-
able n given by (22a),

27 x TV 9 x 13V}
C = — + )

32 10
and V0O = %W;‘g))"

The amplitude of third order solitary wave is I3,
I3 = Qo3 (say), oz = ganng = 3a2V0(V(1))3.

So using the perturbed values of ¢ at first, second and
third order i.e. ¢!, ¢, and ¢ given by (22), (24) and
(26), respectively, the first, second and third order solitary
wave solutions @, ®,, @5 with corrections become

dp® oy s 2 Ve @2 L0 07 500,522 s (1) 42
__¢(~): =r} ¢() + 20 d)() + 0y (]5( )(]5() + Y ¢()¢()
dn 4)511) VoV ¢,<71> 2 2
1 1 1 1 dop® : 2
Z5@ 7 150 w1 @) 4 2 50w L 150 )7 _ Ly
3070 ol 0 4760 4 2ol - vV (T
. : 3
Obtl:ie;lgvgélg the secular term, solution of (25) for ¢*” is @, = oV = Iy sec k2 (27a)
1 2 2 2
¢ = (I + Ly tan h*n + Is tan h'n) sec h’n (26a) ©; = ¢ + ¢ = o4 [1 + o tanh’ ] sec h*y (27b)
here @5 = oV + 9@ + 0@
’ = o3[1 + o tan h?n + ag tan A*y|1 + sec by (27¢)
(h +b)’ 5§1> o ol +L) [ o
== |1 — 225 =95 where,
’ 22 |2l 2 22 > 3%
l Iy —1 l
I l I bl =2, =2 =5
+ 5 {(ll + )oY + 704 +§°5§°>} e R R B
6 =l +h +15, (27d)
4.8 b, b lo, Iy, o, I3, Iy, I5 are given ab
Iy = lz(ll + lz) —+—2 +—2 1052 —|——51 054152563, 14,15 are given above.
lo ls 2lg 2o The amplitude of solitary waves ®g;, @p,, @3 are given
2 l 2
+ 7?2 {(h + 212)5§0) + Zoégl) + 51555‘0)] by
6 ©o1 = lp = 001, P2 = lo + 1 = g1 + 002, Po3 = o
l 2 [l 50 4 2 5(())} 2 4 .\ 5§0> =lo+ 4L + 13 =001 + o2 + %03 (28)
5=—— | = L +—=
62| 5 HETT The width D5 of third- order solitary wave is obtained as
1 2
12 — _5(1) _
6 4 1 D3 - V63V(1> N3 (29)
After simplification we get ) .
5 3003) 31703 where 13 can be obtained from the positive root of the
I — 6V V! >a2 . 6V V! = 6V Vv >cz (26b) following equation of 1,
5 9 ) )
os tanh® 17 + (o — 04 ) tanh* 5 + (1 — o) tanh? 4 — 0.58 = 0
| 2Tx1SVE 27x13VE BIxTV stanh s+ (o —ou)tanhy + (1 = a) tanhy
2= 32 10 8 ’ (30)
81 x7x9V3 27x 13V} 81 x 19V} oy and a4 in (30) are given above.
by = — 32 - 32 + 3 ) The phase velocity Vi, V, and V3 of the solitary waves

correct up to third order becomes,
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Vi=Vo+ VW, (31a)
vo 3 ?

Vo=Vo+ VW 4+ v = vy |1+ — 4+~

2 0+ + o|l+ Vo 2 Vo
(31b)

Vi=Vy+ v 4 v0O
v 3 /yON? 5 /pN?

=Voll+—+=(—) +3(— 31
) +VO+2(VO)+2(VO) (31c)

Assuming 7 = VoV which can be considered as a
parameter and in terms of this parameter the Mach numbers

become
1% 372
My =—L=[1+y], M= 14y+ 2],
Vo V() 2
(32)
= 1y
TV, T T

5. Special cases
5.1. Solitary waves in critical case

In critical case the nonlinear coefficient vanishes, i.e.
0% = 0. Under this condition the solitary wave will not be
excited in plasma. But near critical value of phase velocity
Vi (i.e. when 5( )~ ~ 0), solitary wave will be excited with
sechn profile instead of usual sech®y profile. To study the
solitary wave near critical state 05’ &~ 0 the following
perturbation expansion for ¢ should be used,

0= 81/2q0(1) + S(P(z) + 83/2(0(3) + .. (33)

Substituting (16), (17b) and (33) in (21) and equating
the coefficients of ¢° from both sides we get

2
1 d(p(1> 1 1 2 0 2 1. 0 4
3 ( ) = 553 AL 5(2 ) @ +Zbg ) o)

(34)

Near critical situation when 5(20) ~ 0, Eq. (34) is
reduced to

do"\* ) oy 0,
<dX) =0 (p + 5 (35)
Eq. (35) has the solution for solitary waves in the form
M) = Jsec hnf (36)
where
s 1
P=—B_ = ( 5<‘>>x (37)
~(1)° 1
25" 2

In critical case (5(20) = 0) we obtain from (20), Vy = v/3.
Using (18) the critical value of f is 0.432. At f ~ 0.432,
the solution of first order solitary waves in plasma with
cold ions and nonthermal electrons is given by (36).

5.2. Arbitrary amplitude solitary waves

To find the arbitrary amplitude solitary waves up to second
order we take the terms up to ¢ of Eq. (14a) and obtain
2

—5 =510+ 5:¢0” + S3¢° (38)
d¢
where Sl = A], S2 = —Az, S3 = A3.

For first-order solutions for arbitrary amplitude solitary
waves, the terms up to ¢ of the right hand side of Eq. (38)
are taken into account and the solution is obtained as

3S S
0 = 2—S;sec n? ( fn) (39)

For second-order solutions for arbitrary amplitude
solitary waves, the terms up to ¢° of the right hand side
of Eq. (38) are considered and the solution is obtained as

651
28, 4 /4S5 — 185,83 [2 coshz( %"l) - 1}

The amplitudes of first- and second-order arbitrary
amplitude solitary waves are given by

$y = (40)

351 6Sl
Po1 = 5 and @y = > ’ (41)
25, 28, + /4855 — 18553
respectively.
The corresponding widths of the solitary waves are
2 1.381S8 2
D, = —— and D, = D, cosh™" | ————"2— 4 1.6905
Vs T <\/4S§ — 185155 )
(42)

5.3. Double layers

It is known that the double-layers in plasma are formed

when Sagdeev potential  satisfies the following conditions
()Y =0at ¢ =0and ¢ = Pmax(= @) (say),
(11)8'/’—Oat(p=0and<p=(pm
and (111)

GRY2

62<Oatqz) Q- (43)

To obtain the double layer solution from Eq. (14a) we
integrate it and then use the stretching £- coordinates as
X = ¢& Thus we obtain
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& (de
(

2
1 1 1 1
) = AP+ oA At AP+
() =30 3 0e0" 4 b 4 L0
(44)
We also assume the perturbation expansion of V as
V=Vo+&vihp 3 v 4 ... (45)

In order to consider higher order nonlinearity both
quadratic and cubic, we take the co-efficient of 4)3 in
Eq. (44) as %Az. Then using Egs. (17a) and (45) in Eq. (44)
we take coefficient of &¢* on both sides. Thus the first order
equation for ¢V is obtained as

2
1 (dpM\" 1 1 1
5( : ) =50 (01 4387 (0") + 387 (1)

X | 2
(46)
The double layer solution of Eq. (46) is obtained as

¢} = P[1 - tanh(X/p) (47)

5(0)
where, P = —%%, P is the amplitude of double layers;

3
n=1%1/2/ 5g0>, u being the thickness of double layers. It is
important to note that the term 65 should be positive for

the excitation of double layers in plasma.

The double layers in plasma may be compressive or
rarefactive. For the compressive double- layers P > 0 and
for rarefactive double-layers P < 0.

6. Results and discussion

To observe the existence of solitary waves in plasma, we
have plotted Sagdeev potential s (¢) against electrostatic
potential ¢ for different values nonthermal parameter (f3)
of electrons. During our numerical calculations, we have
chosen the values of nonthermal parameter in such a way
that the condition given in Eq. (12) is satisfied. Moreover,
the values of nonthermal parameter are suitable for labo-
ratory as well as space plasma. According to Cairns et al.
[14] the value of nonthermal parameter fis 0 < f > 1.3.
But from the condition obtained in our present paper it is
seen that for existence of solitary waves the value of
nonthermal parameter 8 of electrons should be less than
unity, otherwise the phase velocity V of the ion-acoustic
wave will be imaginary which is unphysical. So, for all
values of f suggested by Cairns et al. [14] the solitary
waves will not be excited at all in the plasma having
nonthermal electrons.

Following the condition (12), we have plotted Sagdeev
potential \y (¢) given by (10) against electrostatic potential
¢ (shown in Fig. 1) taking the values of § (unit- less) up to
0.2. The potential-well in Fig. 1 indicates that ion-acoustic

0.02 —

0.01 -

o T8
- TR

-0.01

Sagdeev Potential

-0.02

-0.03

-0.04

-0.2 0 0.2 0.4 0.6 0.8
Electrostatic Potential

Fig. 1 Sagdeev potential profile for different values of nonthermal
parameter 3. The curves labeled with a, b, ¢, d, e refer to five different
values of B = 0, 0.05, 0.1, 0.15 and 0.2 with V = 1.3

solitary waves will exist in plasma consisting of cold
positive ions and nonthermal electrons.

The structures of solitary waves in plasma are shown in
Figs. 2(a)-2(c). The perturbed potentials ¢, ¢ and ¢
of solitary waves given by Egs. (22), (24) and (26a) at first-,
second- and third- order for nonthermal parameter f§ = 0.2
and f§ = 0.6 are shown in Fig. 2(a). It is seen that solitary
wave (i) at first- order is compressive for f = 0.2 and rar-
efactive for § = 0.6, (ii) at second- order it is compressive
and wavy for § = 0.2 and rarefactive and wavy for f = 0.6;
(iii) at third order it is rarefactive for = 0.6 but it is
compressive 5 = 0.2. In Fig. 2(b), corrected second- and
third-order electrostatic potentials of solitary waves @,
(= ¢V + ¢?) given by Eq. (27b) and @
(=" + ¢@ + ¢ given by (27¢) including ®; (=¢)
given by Eq. (27a) for nonthermal parameter f = 0.2 and
0.6 are shown. It is seen that corrected solitary waves are
compressive for ff = 0.2 but the solitary waves are rar-
efactive for § = 0.6. It is interesting to note that corrected
third order solitary wave for f = 0.6 is W- shaped which is
generally observed for the second order solitary waves in a
negative ion plasma [33] without the nonthermal electrons.
Since, third-order solitary waves are seen to be W-shaped
due to presence of nonthermal electrons, its variations for
different values of  (f = 0.1, 0.5, 0.6 and 0.9) are shown in
Fig. 2(c). It is seen that W-shape of third- order solitary
waves is prominent for large values of f3.

For different values of f3, (i) the amplitudes of corrected
first-, second- and third-order solitary waves [®q, o9, P39
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0.25

Perturbed Solitary Wave Potential

Corrected Solitary Wave Potential

-0.05 AW a .
g3 p=02 ,
\ 7
-0.1 | N , _
I\ , B=0.6
~0.15 1 | Sp 7 | | ~02 1 1 1 | |
-3 -2 -1 0 1 2 3 -3 -2 -1 1 2 3
n
0.3 T T T
(©
Lp=0.1 11
02— M:p=03 T

ILP = 0.5
IV:=0.6
0.1

-0.1 —

Third Order Solitary Wave Potential

III

Fig. 2 Profiles of (a) first-, second- and third-order perturbed solitons
(b1, ¢o, d3)—solid curves for B = 0.2 and dadotted curves for
B = 0.6; (b) first-, second- and third-order corrected solitons (®;, @,
®;)—solid curves for f = 0.2 and dadotted curves for B = 0.6;

given by (28)] are shown in Fig. 3(a) and (ii) the widths
[D; and D, given by Egs. (22d) and (24b)] for perturbed
first- and second-order solitary waves are shown in
Fig. 3(b). It is seen from Fig. 3(a) that third order ampli-
tude is greater than second order amplitude and second-
order amplitude is greater than first-order amplitude,
Moreover, all amplitudes are increased with the increase of
p. Fig. 3(b) shows that both first-order and second-order

0 2 4
n

(¢) W-type third-order corrected solitons (®3;)—the curves labeled
with I, II, II, IV refer to f = 0.1, 0.3, 0.5 and 0.6; [®| = ¢,
Dy =) + ¢, D3 = &y + b + sl

widths are decreased with the increase of nonthermal
parameter . The width of second order solitary wave is
greater than the width of first order solitary wave for all
possible values of f.

It is known that solitary wave will not be excited at
critical value of nonthermal parameter (. = 0.432) since
at this situation the nonlinear term 6% = 0 of Eq. (20) will
be vanished. However, it has been shown in Eq. (35) that
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Amplitude of Solitary Waves

0.2 | | | |
0 0.2 0.4 0.6 0.8

Nonthermal Parameter

Width of Solitary Waves

2.5 N

2 1 1 1 1
0 0.2 0.4 0.6 0.8

Nonthermal Parameter

Fig. 3 Variations of (a) first-, second- and third-order amplitudes
(Do Dyz, Do3) of solitons; (b) first- and second-order width (D;, D,)
of solitons for different values of B

near critical value of f§ solitary wave will be excited in the
plasma with sech(n) profile instead of sechz(n) profile. The
profile of solitary waves near critical value of f§ is shown in
Fig. 4 in which the solitary wave is compressive in nature.

It is important to mention that solitary waves discussed
here are for the small-amplitude waves. Arbitrary ampli-
tude solitary wave has been discussed in Sect. 5.2. The
solution of arbitrary amplitude first- and second-order ion
acoustic solitary waves in plasma having nonthermal
electrons are given by Egs. (39) and (40). Profiles of the

0.575

0.565

Solitary Wave Potential at Critical beta

Fig. 4 Profile of ion- acoustic solitary wave near critical value of 8

arbitrary amplitude solitary waves for § = 0.1, 0.3 and 0.9.
are shown in Figs. 5(a) and 5(b). From Fig. 5(a) it is seen
that first-order solitary waves are rarefactive for f = 0.1,
0.3, but for f = 0.9 solitary wave is compressive. Simi-
larly, from Fig. 5(b) it is observed that second-order soli-
tary waves are compressive for f = 0.1, 0.3, but for
f = 0.9 solitary wave is rarefactive. It is important to see
that for arbitrary amplitude waves there are no W-type
solitary waves in plasma having nonthermal electrons.

Ion-acoustic double layers may also be excited in
plasma. Using Eq. (47) the profiles of ion acoustic double
layers are drawn (Fig. 6) from which the effects of non-
thermal electrons on the double layers are clearly under-
stood. It is observed that ion acoustic double layers are
strong for large values of the nonthermal parameter f of
electrons in plasma.

7. Conclusions

An integrated form of governing equations in a plasma
consisting of cold positive ions and nonthermal electrons
has been derived and expressed in terms of pseudopotential
for the study of higher order ion-acoustic solitary waves.
Nonlinear equation derived from the Sagdeev potential are
solved with the help of Bogoliubov—Mitropolosky method
for first-, second- and third- order ion acoustic solitary
waves and their profiles are depicted for different values of
nonthermal parameter of electrons. It is seen that non-
thermal electrons has important role on the shape of soli-
tary waves in each order, particularly in third order where
W-shaped solitary wave is excited.

Our present method for the study of higher order ion
acoustic solitary wave is advantageous than other



1204

I Paul et al.

(a)

Arbitrary Amplitude 1st-Order Soliton

Arbitrary Amplitude 2nd-Order Soliton

Fig. 5 Profiles of arbitrary amplitude (a) first-order and (b) second-
order solitons for B = 0.1, 0.3 and 0.9 with V = 1.4

mathematical method, because the equation at each order
becomes a first-order inhomogeneous differential equation
which is easier to solve. But, for the study of solitary waves
in plasma using the standard reductive perturbation method
[1] we have to solve inhomogeneous second-order differ-
ential equation at each order.

Most important and significant achievement in this
paper is the W-type ion-acoustic solitary waves in cold
plasma in presence of nonthermal electrons when third

Double Layer Potential

-4 -3 -2 -1 0 1 2 3

Fig. 6 Profiles of ion-acoustic double layers for three different values
of f = 0.2, 0.5 and 0.9

order nonlinear and dispersive effects are considered. But,
if we consider the effect ion temperature in plasma
including nonthermal electrons, we will get more signifi-
cant results on the third order ion acoustic solitary waves.

It is known that the solution of second-order K-dV
equation in a negative ion plasma gives a W-type solitary
wave [37]. In multicomponent plasma consisting of non-
thermal electrons and negative ions, W-type solitary waves
are also excited [24]. So, the studies of third-order ion
acoustic solitary wave in multicomponent plasma with
warm ions, nonthermal electrons, negative ions, positrons
etc. using our present mathematical technique would
become important and would be useful to understand the
nonlinear wave processes in ionospheric and magneto-
spheric multicomponent plasma.
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Abstract: Large amplitude ion-acoustic solitary waves have been theoretically studied in a non-collisional plasma
consisting of warm positive ions, positrons and isothermal electrons using pseudo-potential (effective potential) method.
The expressions of phase velocities of slow- and fast- modes of the wave have been derived and graphically analyzed. The
critical values of densities of the positrons and the ions, Mach number and positron temperature for the excitation of ion-
acoustic solitary wave have also been obtained. The solutions of the first-order and next higher order solitary waves have
been obtained and the profiles of the solitary waves have been drawn taking different values of the plasma parameters. It
has been observed that both compressive and rarefactive solitary waves are being excited in presence of positrons in the
plasma. The variation of amplitudes of the solitary waves has been shown graphically for different values of density and

temperature of positrons, drift velocity and temperature of the ions.

Keywords:

PACS Nos.: 52.35Fp; 52.35Mw; 52.35Sb

1. Introduction

During the last two decades, a lot of works on theoretical
and experimental investigation of solitons and double
layers have been done by various authors considering the
plasma as two-component(electrons—ions) [1-3], three-
component (electrons, positive and negative ions) [4-7]
and other varieties (electrons, positive ions and charged
dust particles [8—13]. But, in recent years, wave propaga-
tion in astrophysical plasma are being investigated in
presence of positrons together with electrons and ions [14—
17]. It is believed that electron—positron plasma has its
origin in the early stage of universe [18-20] and this has
important contribution on the physical processes in galactic
nuclei [21], pulsar magnetosphere [22], polar caps of
neutron star [23]. It has been observed that nonlinear waves
in electron—ion—positron (e—i—p) plasma behave differently
from the plasma consisting of electrons and ions [24]. To

*Corresponding author, E-mail: drsnpaul @ gmail.com

Ton-acoustic solitary waves; Electron—ion—positron plasma; Sagdeev potential; lon-acoustic double layers

understand the nature of some characteristics of the waves
in e-i—p plasma, Shukla [25] has derived the nonlinear
Schrodinger equation and studied modulational instability
of the wave. He has reported that the presence of positrons
in the plasma has important bearings on radio emission
from pulsar magnetosphere. Subsequently, Stenflo et al.
[26] have studied nonlinear propagation of electromagnetic
waves in magnetized electron—positron plasma through the
derivation of the coupled equation governing electromag-
netic radiation and cold electrostatic oscillation. Some
works of ion acoustic solitons in a plasma consisting of
cold and hot electrons and positrons have been carried out
by Pillay and Bharuthram [27]. They have found that both
compressive and rarefactive solitons are being excited in
the plasma. Later, Popel er al. [28] have shown that the
presence of positronin multispecies plasma can result in the
reduction of the ion-acoustic soliton amplitudes. Burman
and Roychowdhury [29] and Salahudin er al. [30] have
studied the formation of envelope soliton in a collisionless
unmagnetized electron—positron plasma deriving the non-
linear Schrodinger equation. They have shown that small

© 2012 TACS
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percentage ions in electron—positron plasma can change the
dynamics of a system significantly. Subsequently, Shukla
et al. [31], Alinejad [32], Ghosh and Bharuthram [33],
Massod et al. [34] have studied nonlinear propagation of
ion acoustic waves in an e—i—p plasma with trapped elec-
trons and some interesting results are obtained. Recently,
Pakzad [35] has theoretically investigated ion acoustic
solitary waves in a weakly relativistic plasma with non-
thermal electrons, positrons and warm ions. He has shown
that relativistic effect has considerable contribution on the
excitation of solitary waves in presence of stream velocity
of the ions which was first shown by Das and Paul [36].

However, it is known that in a non-collisional plasma
Landau damping is very much important on the propaga-
tion of waves in plasma [37—40]. Ott and Sudan [41] have
considered the effects of Landau damping on the ion
acoustic solitary waves in plasma neglecting the particle
trapping effect under the assumptions that the particle
trapping time is much greater than the Landau damping
time. Subsequently, Roychowdhury et al. [42], Bandyo-
padhyay and Das [43] have studied ion-acoustic solitary
waves in Landau damped plasma. Recently, Ghosh and
Bharuthram [44] have theoretically investigated the ion-
acoustic solitary wave in e—i—p plasma considering Landau
damping and neglecting the particle trapping effect in
e—-i—p plasma using the reductive perturbation method.
They have found that Landau damping causes the solitary
amplitude to decay with time. They have also shown that
both linear wave phase velocity and soliton amplitude with
increase of positron density in the absence of Landau
damping whereas these are increased with positron tem-
perature in such plasma.

In the stated literature, the influence of drift motion of
the ions on the ion-acoustic solitary waves in e—-i—p plasma
has not been explored. Moreover, previous authors have
used the reductive perturbation method for their studies of
ion-acoustic solitary waves in e—i—p plasma.

However, pseudo potential method has been used by
Popel et al. [28], Pakzad [45, 46] and other authors for
theoretical investigation of ion-acoustic solitary waves in
plasma with electrons, positrons and ions. In the present
paper, pseudo-potential method has been used for theo-
retical investigation of ion-acoustic solitary waves in
plasma with isothermal electrons and positrons including
warm drifting ions.

2. Formulation

Unmagnetised and collissionless three-component plasma
consisting of electrons, positrons and singly charged warm
positive ions has been considered. Their respective number
densities are ne, np, and n;. At equilibrium, nyy + npo = 7o,

where n¢o, npo and nyo are the equilibrium densities. Nor-
malizing the densities by n.g, the equilibrium condition
becomes y = npo/neo = 1 — njo.The temperature of ion
(T;) is assumed to be much smaller than the temperature of
electrons (7) and positrons (1},) i.e. T; < T, T, and so the
effect of Landau damping can be neglected [47].

The normalized densities of electrons and positrons are
given by the Boltzmann distribution,

ne = exp() (1)
n, = yexp(—Po) (2)

where, ¢ is the electrostatic potential, f = T/T),.

For the ions, the dynamics of the plasma are governed
by the following equations of continuity and momentum
transfer,

6n,~ 0

E—’_a(mvi) =0 (3)

and

ov; v o;0p; 1)

AT H Bt o 4

ot Y Ox n; Ox Ox )
The pressure equation for the ions is taken as

api 6p, avi

Sy, g, 2T 5

o TV TP ©)
For the stated background, Poisson’s equation yields

0%

gzp:ne—np—ni (6)

In Egs. (3)—(6), v; is the ion-fluid velocity, p; is the ion-
fluid pressure and g; = T/T.. The velocity v; is normalized
by the characteristic velocity (x7./m)"?, the length by the
Debye-length (kT./47 e nep)'* and the time by the inverse
of plasma frequency (47nne, e/m)~ 2. The potential is
normalized to xT.e, T. and x being the electron
temperature and Boltzmann’s constant, respectively.
Other parameters have their usual meaning. It is to be
stated that the variables in the plasma are normalized in
such a way so that the above equations will appear in
totally dimensionless form.

For the derivation of Sagdeev potential in e—i—p plasma,
the standard mathematical technique is followed [48]. It is
assumed that the basic equations are supplemented by the
following boundary conditions:

As |x| — o0

@) n - ny
i) ¢ —0
(i)

Vi — Vio (7)

(iv) pi = pio



Ton acoustic solitary waves in an electron—ion—positron plasma

547

To study the existence of ion-acoustic solitons in the
electron—positron plasma by using Sagdeev’s pseudo-
potential approach, the usual transformation 1 = x — Vris
chosen, where V is the velocity of ion-acoustic wave.

Using Eq. (7) in Egs. (3)—(5), the density of positive ion
is obtained from the following equation,

30'11710 4

3 11
(V—Vlo) +— gipio 2(p niz—l—nizo(V—vio)z:()
10 nio
(8)
Eq. (8) yields
3/2
L=+ V2 4fag—2
"= To 0 20)
1/2
120‘i i
\/{ V2 +ap— )2_¢(V - ViO)z}‘|
nio
(8a)
where,
3
ap = v — 2V + —— gibio
njo

To satisfy the boundary conditions (7). The positive
value of negative branch of ion density is taken into
account i.e. ion density is

n3/2
n=—019 V2+a0—2q)
V6aipio [( )

—\/{(Vz +ap — 2@)2—126—@)(‘/ — vio)z}]
nio

1/2

9)
Or
3/2 / /
=0 TA — Ay —20) (A + Ay —2 ”}
n \/m[( 1 — Az ®) (A1 + A, ®)
(9a)
where
3oipi
Ap = (V — vyg)>4 20P10 (10)
L50)
120ip;
A3 = 0RO (v ) (11)
nio

Now, using Egs. (1), (2) and (9) in Eq. (6) we obtain

62<p
el =exp(¢) + xexp(—po)
n3/2 / /
0 (A — Ay —20) P —(A; +A; —20)/?
+2 3o [( 1 2 ®) (A1 + A, ®)

(12)

Eq. (12) is now written as

o dy

iy 12
a2 = " do (122)

where (o) is the Sagdeev potential [49].
Now, using the boundary conditions (7) we get from
Egs. (12) and (12a) after integration

1 (%) svio) =0 (120)

where

Y(o) =v.(0) +¥,(0) + () (13)

Y. (p) =1 —exp(ep) (14)

Uy(0) = 511 = exp(~fo)] (15)
3/2

I(0) = 5 | (41— 42 = 20)"

(A1 + 4> = 20)— (A1 = A) (A + 42)]

(16)

It is seen that (@) of Eq. (13) reduces to the Sagdeev
potential given by Eq. (10) of Popel et al. [28] when g; = 0
and v;yp = 0 and the notations for the plasma parameters of
[28] are used. It should be remembered that putting ¢; = 0
and v;o = 0 directly in Eqgs. (13) or (15) the Eq. (10) of
Popel et al. [28] would not be recovered. In e—i—p plasma
consisting of cold and non-drifting ions, n; should be
calculated from our Eq. (8) putting g; = 0 and v;o = 0 and
this value of n; should be used for calculating ().

3. Condition for the existence of soliton solution

The form of the pseudo-potential (¢) would determine
whether a soliton like solution of Eq. (12b) will exist or
not. The conditions for the existence of soliton solution are

)

Y (@) =0atp =0 and ¢ = ¢,
(ii)
dy
do

(17a)

=0atgp=0 (17b)

and

(iii)
2
ﬁ<0atq):0 (17¢)

It is to be mentioned that for ¢. < ¢ < 0 rarefactive
solitary wave will exist and for 0 < ¢ < ¢. compressive
solitary wave will be excited. Now, using Eq. (13) in Eq.

(17¢), we obtain
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3/2 1 1
_ <(1+ 2P/ 12000 (18
e | <0V (19

This is the condition for the existences of a potential
well in e—i—p plasma.
It is to be mentioned that

Y(p.) =0 (19)

also gives the existence of solitary wave solution, where
P = min. (Qc1, Pc2)-

From Egs. (17) and (18) is apparent that iy becomes
complex if the following inequalities are satisfied:

Al —A; —2¢0<0 (20)

and

Al +A; —290<0 (21)
From (20) and (21) we get successively

0 =0 > 3(41 — o) (22)

P = > %(Al +4;) (23)

But it is clearly seen that

DPe1 <P¢
or
1 3ol
¢, = min '((Pd? (/)CZ) =@ = E |:(V - V,'()) - = :|
njo
(24)

for which y(¢p.) > 0.

From Eq. (18) it is found that ion acoustic solitary waves
will exist in an e—i—p plasma only when the inequality is
satisfied. The critical values of the phase velocity (V,) of
ion acoustic solitary waves are obtained from

3/2 1 1

p — — (1 X vV 12 iDi =0
nz() |:\/A1 —A2 \/Al +A2:| ( +/ﬂ) aipio

(25)
From Eq. (25) we get after using n,o = 1 — y,
(1-2x) | 3apio } 2

Vo =vio £ =+ 25a
o=t | 2

When positrons are not present in a plasma (¥ = 0) and
only electrons and nondrifting ions are present (1,9 = neg),
Eq. (25a) gives the phase velocity of ion-acoustic wave
Vp, = /1 + 30, which is the well known value of the phase
velocity of the ion acoustic solitary wave in plasma having
warm ions obtained by Tagare [50].

Eq. (25a) shows that the phase velocity of the ion
acoustic wave has two values, one is fast mode (V) and
other is slow mode (Vs),

. (1-72)  3opn]"?
%‘“+k+w>u—ﬂ (262)
_ o [(=%) | 3aipo "2
Yos = Vo h+w>a—ﬂ (260)

From Eq. (25), the critical values of the positron density
(xc), positron temperature (fi¢c), ion temperature (g;c) and
ion density (n;0c) may be obtained for which ion acoustic
solitary waves will exist in plasma in presence of positrons.

The critical values of these parameters are:
1

2(1 4 pM7)
[y + {yz —4(1+ ﬂMz) (1+30ipio — MZ)}I/Z} (27a)

Xc =

(1= 1)2 —M2(1 - y) +3aipio
be Y [ M (1 — y) — 3aipio ] (276)
_ (=9 (1-%
7ic = 3pio [Mlz 1+ Xﬁ)} (@7)
nic :%[ T+ 2B+
" (27d)
{ 1+ 1B)*—12apio(1 + xﬁ)} }
where,
y=2—(1— B)M} — 3Baipio
Mi =V - Vio

4. Solitary wave solution

An analytical solution of Eq. (12) for the ion-acoustic solitary
waves can be obtained by expanding the r.h.s. in terms of ¢
keeping the terms up to second order, third order or even next
higher orders. After a straight forward calculation one can get
d*p

ar = Pp—Q¢* +Rp> +...... (28)

where,

30/2 1 1
P= — +
2 V 30'11710 1/2 G;/2 ﬁx

DN =

sz_

32 1 1 X
+ o 32 32 ) B
2v/30ipio \ G, G, (29)

1, nl? 1 1 1
Mo _ +_ﬁ37
2 /3(71]710 ( 5/2 G;/2> 3 4
G =A+ A
Gy = A, —A,

Now, for small amplitude solitary waves, the terms
up to > in (28) are taken into consideration,
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neglecting next higher order terms of ¢ i.e. ¢°, ¢*, etc.
So, we get

d*o 2

= Po — Q¢ (30)

Using the standard mathematical technique, the solution
of Eq. (30) for the small amplitude ion-acoustic solitary
waves is obtained as:

0N :;—ZsechZO (31)

where, 0 = [(P/4)"?j]. The amplitude and the width of the
solitary waves are

3P
=— 32

Po1 20 (32)
and

2
0 =—, 33
=75 (33)
respectively.

For large values of ¢, the terms unto ¢ are taken into
account and Eq. (29) is written in the following form

do\ 2
<d_(:;) = 061(/’2 - O€2<P3 + 0<3<P4 (34)

where o; = P, on, = (20/3) and a3 = —(R/2)
Integrating (34), we get the solution for large amplitude
ion acoustic solitary waves given by

20(1
(3 — 4a1a3)1/2[2 cosh? 0 — 1] + oy

$y = (35)

The amplitude and the width of the large amplitude ion
acoustic solitary waves in a plasma consisting of positrons
are:

20(1

(03 — 4ocloc3)1/2+oc2

Po2 = (36)

2 .
(52 = —COSh_l %05212 + 1.6905 (37)
Vo (03 — doyo3) /

5. Results and discussion

The characteristic of the Sagdeev potential (Effective
potential) given by the expression (13) will determine the
possibility of the existence of ion acoustic soliton in an
e—i—p plasma. In fact, the soliton will exist in the plasma

2
if the condition gw,
e

o <0 of Eq. (17) is satisfied. It is to
=
be remembered that ion-acoustic solitary waves will be

excited in e—i—p plasma only for some critical values of
positron density (y.), positron temperature (f.),ion density
(n;0.) and ion temperature g;.. The critical values of these
plasma parameters for the excitation of ion acoustic soli-
tons in e—i—p plasma may be obtained for different values
of the plasma parameters using the expressions (27a—d)
which are derived from the condition of soliton solution.

In model plasma consisting of positrons, the Sagdeev
potential ¥ has been numerically estimated and plotted
taking different values of positron density, ion drift, posi-
tron temperature and ion temperature. Figure 1 shows the
Sagdeev potential for different values of positron density.
It is seen that Sagdeev potential is negative in e—i—p
plasma (having y = 0.17 — 0.32, ¢, = 0.001, f = 0.001,
V=16, vjp =0.5 and p;y) = 1) which means plasma
particles are trapped and there is every possibility of the
excitation of ion acoustic soliton in an e—i—p plasma. It is
also seen that the depth of Sagdeev potential increases as y
(positron density) increases. It indicates the trapping of
more and more particles in e—i—p plasma having large
number of positrons.

We have also studied numerically the dependence of
positron temperature (f3), ion drift velocity (vjp) and ion
temperature (g,) on the Sagdeev potential (¥).It has been
found that when the temperature of positrons (7}) is small
the possibility of trapping of particles is more i.e. the
amplitude of the solitary will be large. Similarly it is also

Sagdeev potential

0 0.1 0.2 0.3 0.4 0.5 0.6

Electrostatic Potential

Fig. 1 Sagdeev potentials for different values of positron density (y):
The solid line (a), dashed line (b), dotted line (c) and dadotted line
(d) represent for y = 0.17, 0.22, 0.27 and 0.32 respectively; when
g, = 0.001, f = 0.001, V = 1.6, vip = 0.5 and p;p = 1
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found that the amplitude of the solitary wave is large for
small values of ion drift velocity and ion temperature.

The critical value of the phase velocity for the excitation
of ion acoustic soliton in e—i—p plasma is obtained from the
expression (25) which gives two values of the phase
velocity, one is fast mode (Vi) and the other is slow mode
(Vs) given by Egs. (26a) and (26b). The variations of Vi and
Vs with the positron density () and ion drift velocity (vip)
are shown in Fig. 2. In an e-i—p plasma having for ion drift
velocity (vip) = 0.0 — 0.8, ¢ = 0.05, f = 10, V= 1.6 and
pio = 1, itis seen that Vi decreases but Vg increases with the
increase of y. Also, it has been found numerically that Vg
decreases but Vg increases with the increase of positron
temperature.

It is to be noted that ion-acoustic solitary waves will be
excited in e—i—p plasma only for certain restricted regions of
plasma parameters. The critical values of various plasma
parameters for the excitation of ion acoustic solitons in e—i—p
plasma may be obtained by using the expressions (27a—27d)
which are derived from the condition of soliton solution.

The effects of the plasma parameters, e.g. positron
density positron temperature, ion drift velocity or Mach
number, and ion temperature on the ion acoustic solitary
waves can be understood from the profiles of solitary
waves. The profiles of solitary waves for different values
positron density in e—i—p plasma having y = 0.1-0.4.
g; = 0.05, =09, V=156, vy = 0.7, pjp = 1 are shown
in Fig. 3. It is seen that positron density is the deciding
factor for the excitation of compressive or rarefactive sol-
itary waves in the plasma. Both the small amplitude and
large amplitude solitary waves are rarefactive in nature
when y = 0.1. But, these solitary waves become com-
pressive when y = 0.3 and 0.4.

From a similar study for different values of positron
temperatures in e—i—p plasma having f = 0.8 and 2.4,
7 =02, 6, =0.001, V=1.6, vio=0.1, pjo =1, it has
been found that small amplitude solitary waves will be
rarefactive when f§ = 0.8 and compressive when § = 2.4.
But the large amplitude solitary waves are compressive for
both values of f.

From the profiles of the solitary waves for different ion
drift velocity (vjp) in e—i—p plasma having v,y = 0.8, 0.95
and 1.1, y = 0.25, 6; =001, =2, V=16, pio =1, it
has been found that small amplitude solitary waves are
compressive when v,y =0.8 and rarefactive when
vio = 1.1. But, the large amplitude solitary waves become
rarefactive when v;o = 0.95 and 1.1.

A similar study for different ion temperature in e—i—p
plasma shows that small amplitude solitary wave is com-
pressive when o; = 0.35, but it is rarefactive when
o; = 0.65 and 0.95. It is interesting to find that large
amplitude solitary waves will be only compressive in
nature.

2 | | | :
15 a |
b
B
c
2
g 05 _
©
> ]
N T c
oo e ]
~ .- ]
PP o b
osfE T ]
P R a
1= N
15 ' l I |
0 0.1 0.2 0.3 0.4 05

Positron Density

Fig. 2 Variation of phase velocity of the wave for different values of
positron density (y) and ion drift velocity vio: The solid line and
dotted line represent for fast- and slow-ion acoustic wave respec-
tively; The lines (a), (b) and (c) represent for ion drift velocity
vio = 0, 0.4 and 0.8 respectively; when a; = 0.05, f = 10, V = 1.6
and p;p = 1

Thus we find that amplitude of the solitary waves
depend on the values of plasma parameters. The variations
of amplitude with positron density for different values of
positron temperature are shown in Fig. 4. It is observed
that amplitudes are large for large values of f i.e. when the
electron temperature is much higher than positron tem-
perature. Similarly we have found that the amplitude
increases with the increase of positron density in e—i—p
plasma.

6. Summary and concluding remarks

In the present paper, ion-acoustic solitary waves have
been theoretically studied in a multicomponent plasma
consisting of warm electrons, ions and positrons using the
pseudo-potential method neglecting Landau damping. The
expressions of (i) Sagdeev potential, (ii) phase velocity of
fast- and slow-ion acoustic mode, (iii) critical values of
positron density, (iv) positron temperature, (v) ion tem-
perature and (vi) ion density for the excitation of ion
acoustic solitary wave in e—i—p plasma have been derived.
The solitons for the lowest order (small amplitude) and
higher order (large amplitude) are obtained from the non-
linear equation derived from the Sagdeev potential. It is
observed that both compressive and rarefactive solitons
may be excited in presence of the positrons in a plasma
having warm and drifting ions. It is seen that positron
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0.1

-0.05

-0.1

Fig. 3 The profiles of solitary waves for different values of positron
density (y): The solid lines and dotted lines represent for small
amplitude and large amplitude solitary waves. The lines showed from
bottom to top (a), (b) and (c) represent for positron densities () =
0.1, 0.3 and 0.4 respectively; when a; = 0.05, = 0.9, vip = 0.7,
V=16andpo=1

density, positron temperature, ion temperature and ion drift
velocity have considerable impact on the excitation of
solitons in e—i—p plasma. Interesting results which are
found are: (i) first-order ion-acoustic solitons in e—i—p
plasma may be compressive and rarefactive depending
upon the values of the plasma parameters, but second order
ion-acoustic solitons is mainly compressive in nature in
e—i—p plasma. The amplitude of solitary waves is larger
for large values positron density. But, Popel et al. [28]
has shown that the amplitude of solitary waves is reduced
due to presence of positrons in a multispecies plasma

However, from Eq. (34) we may also obtain double-
layer solution for the ion-acoustic waves in e—i—p plasma.
The double-layers are formed

when

(1) lp:oatq):oandq):@max:(pm (Sa}’)

(i) %antQ):Oand(p:q)m

and
2

(iii) % <0at @ = ¢,

The double-layer solution s obtained from Eq. (34) is

0= %p(g)wm(l — tanh 0) (38)

Solitary Wave Amplitude

| | | |
0.1 0.2 0.3 0.4

Positron Density

Fig. 4 Variation of amplitude of solitary waves for different values
of positron density (y) and positron temperatures (f3). The solid lines
and dotted lines represent for small amplitude and large amplitude
solitary waves respectively. The lines showed by (a), (b) and
(c) represent for f = 0.1, 1 and 5 respectively; when V = 1.6,
Vio = ]], g; = 00], al’ldpi() =1

where 0= (-G/24)"¢,,(n — o).
g =20 and G = —6R

For compressive double layers, p(g) = +1 for g > 0.
When p(g) = —1 for g <0, the rarefactive double-layer
are excited.

From Eq. (38) it is observed that positron density, pos-
itron temperature, ion temperature and ion drift velocity
have significant roles on the excitation of ion acoustic
double layers in e-i—p plasma. In Fig. 5, the profiles of
double-layers in e-i—p plasma having ¢; = 0.2, f = 0.5,
V=1.6,vig=1.5,pjo=1and y = 0.2, —0.45 are shown.
It is clear from the figure that seen rarefactive double-
layers are excited in an e—i—p plasma when y is 0.2, 0.3 and
0.35. But, the compressive double-layers are excited in
such plasma when y is 0.45.

A similar study for different drift velocity of the ions in
e—i—p plasma having a; =0.003, y =04, o¢; = 0.04,
p=5 V=16 and pj =1, shows that compressive
double layers are formed when vy is 0.0 and 0.3. But, the
double-layers are rarefactive in such plasma when v;g is 0.6
and 0.9.

Also we have found that for an e—i—p plasma having
o; = 004, 1= 05, V= 16, Vio = 0.3 and Pio = 1, the
double layers are compressive when f is 0.5 and 2.5 and
double-layers are rarefactive when f is 4.5 and 6.5.

In an e—i—p plasma consisting of non-drifting cold ions,
only compressive solitons are observed by Popel et al. [28].

om = —(28/G),
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Fig. 5 The profiles of double-layers for different values of positron
density (y): The lines showed by (a), (b), (¢) and (d) represent for y =
0.2, 0.3, 0.35 and 0.45 respectively; when f=0.5,0;,=02,V=1.6
and vjo = 1.5 and p;p = 1

But, considering cold and hot electrons and positrons:
Pillay and Bharuthram [27] have obtained both compres-
sive and rarefactive solitary waves and double layers in
plasma. However, these authors [27, 28] have not consid-
ered the drift motion of the ions. Moreover, above authors
have not critically studied the effects of positron density,
positron temperature and drift velocity of ions on solitary
waves and double layers in e—i—p plasma. In the present
paper, we consider the drifting ions in e—i—p plasma and
have shown that Sagdeev potential is considerably influ-
enced by the ion drift velocity and other plasma parame-
ters. It is also seen that ion-acoustic solitary waves and
double layers are compressive as well as rarefactive in
nature. It is known that double layers are formed due to net
potential difference of electrostatic fields and any particle
traveling through the region of double layers is directly
associated by this potential differences. So, double-layers
act as the possible source of acceleration of charged par-
ticles in active galactic nuclei [21], pulsar magnetosphere
[22] and neutron stars [23] where positrons exists.
However, in our present investigation, Landau damping
is neglected for the study of ion acoustic solitary waves
double layers in e—i—p plasma. It is expected that some
more interesting results will be obtained for the ion-
acoustic solitary waves and double layers, if the effect of
Landau damping in the plasma is taken into account. It is to
be noted that previous workers mainly have used the

reductive perturbation method and the multiple scale
method for their studies of solitons and double-layers in
plasma. We think, it is difficult to study these nonlinear
phenomena considering Landau damping in plasma using
the Sagdeev potential method. Probably, for this reason,
previous workers have preferred perturbation method or
multiple scale method instead of Sagdeev potential method
for their studies of these nonlinear phenomena in Landau
damped plasma.
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Abstract: Nonlinear propagation of ion-acoustic waves in self-gravitating multicomponent dusty plasma consisting of
positive ions, non-isothermal two-temperature electrons and negatively charged dust particles with fluctuating charges and
drifting ions has been studied using the reductive perturbation method. It has been shown that nonlinear propagation of ion-
acoustic waves in gravitating dusty plasma is described by an uncoupled third order partial differential equation which is a
modified form of Korteweg—deVries equation, in contraries to the coupled nonlinear equations obtained by earlier authors.
Quasi-soliton solution for the ion-acoustic solitary wave has been obtained from this uncoupled nonlinear equation. Effects
of non-isothermal two-temperature electrons, gravity, dust charge fluctuation and drift motion of ions on the ion-acoustic

solitary waves have been discussed.
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deVries equation; Quasi-soliton
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1. Introduction

It is known that dusty plasmas exist in various environments
like cometary tails, planetary rings, asteroids, magneto-
sphere, lower ionosphere, interstellar and circumstellar
clouds, laboratory devices etc. [1-5]. In dusty plasma, the
dust particles get negatively charged due to attachment of the
background electrons and ions on the surface via collisions
[6]. The charge on a dust particle does not remain fixed but
depends on plasma properties, electron and ion currents
flowing into or out of dust grains, photoemission etc. In dusty
plasma, the existence of dust-acoustic wave (DAW) is first
predicted theoretically by Rao et al. [7] with the dust grains
providing the inertia and the pressure of inertialess electrons
and ions providing the restoring force. Subsequently, prop-
agation of dust-acoustic and ion-acoustic waves have been
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studied by various authors and have obtained interesting
results [§—12]. In experiments, propagation of waves in dusty
plasma have been studied by Nakamura and Sarma [13] and
others [14]. However, most interesting features in dusty
plasma are the solitary waves and the shock waves and a lot
of works have been reported in last few years considering
different parameters e.g. two-temp electrons [15], non-
isothermal electrons and ions [16], nonthermal electrons and
ions [17, 18], super thermal electrons [19], magnetic field
[20, 21], variable dust charge [22, 23], inhomogeneity [24],
finite geometry [25, 26] etc. for the applications in various
fields. It is to be noted that when the dust grains are of con-
siderable size the gravitational effects of dust grains become
significant and important which modify the linear and non-
linear propagation of waves in dusty plasma though the
effect is certainly negligible for the electrons and ions. Misra
et al. [27] and others [28—30] have theoretically investigated
the solitary waves in gravitating dusty plasma from which it
is seen that gravitational effect is important on the excitation
of solitary waves.

However, in earlier works [6], charge fluctuations on
dust have been treated in an ad hoc fashion. In the

© 2016 IACS
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continuity equations of electrons and ions, sink terms have
not been considered. As a consequence the charge con-
servation equation is not consistent with the charge varia-
tion equation. The dynamical equation for charge
fluctuation become consistent with the charge continuity
equation if the sink terms in continuity equation is con-
sidered for the loss of electrons and ions due to attachment
to the dust particles. Paul et al. [31] have considered the
sink term in the continuity equations only for ions and have
derived an uncoupled third order partial differential equa-
tion in contraries to the coupled nonlinear equations
obtained by earlier authors [32]. From the modified KdV
equation the solution of ion acoustic solitary waves have
been obtained and the effects of isothermal two-tempera-
ture electrons, gravity and dust charge fluctuations etc. on
the solitary waves in self-gravitating dusty plasma have
been discussed.

But, the effects of two-temperature non-isothermal
electrons [33] on the ion acoustic solitary waves in gravi-
tating dusty plasma with the fluctuating dust-charges have
not yet been studied by any author. So, in this paper, we
have studied the existence and characteristics of ion-
acoustic solitary waves in self-gravitating dusty plasma
consisting of warm positive ions, non-isothermal two-
temperature electrons and dust particles with dust charge
variation. Using the reductive perturbation method we have
derived an uncoupled third order partial differential equa-
tion which gives the quasi-soliton solution of ion acoustic
wave in gravitating dusty plasma.

2. Basic equations

We consider an unmagnetized three-component plasma
consisting of warm ions, warm micron-sized massive
negatively charged dust grains and non-isothermal two-
temperature electrons. The dust particles are mainly
charged by the attachment of the ions and electrons to the
dust grains. Electrons are initially attached to the dust
particles at a faster rate than the ions because the elec-
trons have lighter mass and faster motion than the ions.
As a result the dust particles get negatively charged. Once
the dust particles have enough negative charge the chance
of an electron being attached to a negatively charged dust
grain becomes much smaller than the chance of an ion
being attached to the dust grain. So we may assume that
the charge fluctuation of dust grains is due to the
attachment of positive ions only. Further, we consider that
the self gravitating effect in dusty plasma influences both
the linear and nonlinear modes of propagating ion
acoustic waves. Under these assumptions, the set of nor-
malized basic equations governing the plasma dynamics
are [31]:

For ions:
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Poisson’s equations:

o2

a—xf = Nec + Nen — i + Zana (7)

ax2 = 12 de sy = X; de §Ms (8)

At equilibrium the charge neutrality condition is

nfo) = ng()) + Zdnfio) =n0 4 ng})‘) + Zdnfi0> 9)

ec

the subscript s =i represents for ions, s = d for dust
particles; my, ny, vy, g, and p, denote respectively the mass,
number density, velocity, charge and scalar pressure of the
sth species of the plasma: n,., n., are number density of
electrons at low and high temperatures, Z, is the number of
electronic charge attached on the grains; p, = my/m;,
0; = T/Te > Oq = d/Tcﬁ Tef = TecTeh/<,UTeh + VTec),
X, = wgl/m,w w = 4nGmn;; nig, Neco(Reno) and ngg are
respectively the equ111br1um number densities of ions,
electrons and dust particles; G is the universal gravitational
constant: ¢ and y are respectively the electrostatic and
gravitational potentials; 7,. and T,, are the low- and high-
temperatures of electrons; u and v equilibrium values of
electrons at low and high temperatures; other symbols have
their usual meanings.

The parameter f3; is the attachment co-efficient (fre-
quency) of ions to the dust particles. The right hand side of
Eq. (1) is the sink term which describes the loss in the ion
density due to attachment of ions to the dust particles. The
attachment coefficient of ions may vary due to the change
in ion current falling on the dust grains, and also due to the
change in the densities of ions and dust grains. Since, f3; has
the collision like behavior, the last terms in the right hand
side of Egs. (2) and (4) are also be like collisional effect
between ions and dust particles [31].
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In the above equations we have normalized distance x

by Debye length /p = (kBTe/4ne2n,-0)1/2, time ¢ by the
. . 1 2 1/2
inverse of ion plasma frequency w; ' = (m;/4me’ny)'",

all pressures by ion plasma pressure ni kgT;, ¢ by kgT./le,
Y by kgT,/m;, and all number densities by ny. 0; = T;/T,.

For the nonisothermal electrons at two different tem-
peratures the number density of electrons is given by [33]
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in which T, is the temperature for the free electrons and T,
is the temperature for the trapped electrons.

3. Modified KdV equation

For the derivation of the nonlinear equation i.e. K-dV
equation governing the nonlinear dynamics of the wave, we
make the usual stretching of the space co-ordinates and
time,

E=¢x—Vve) and 1=¢"% (13)

where, V is the linear phase velocity, ¢ is a dimensionless
expansion parameter which is very small € < 1 measuring
the dispersion and nonlinear effects. Further, we assume
the following perturbation expansion for the field variables:

X =Xo+eX; 42X + X3+ - -,
Bi= 83/4Fi

3.1. Phase velocity of ion-acoustic wave

(14)

Using Egs. (13) and (14) in Egs. (1)—-(8) and equating the
coefficients of the lowest order of ¢ we obtain

Ay, = B¢, (152)
Azlﬁl = Bz¢1 (15b)
where
2 2
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ay = o;/mj, ay = oq/mg, by =—2Z4

(16)

by = qi/m;,

and the mass of electron m, is neglected.
From Egs. (15a) and (15b) we obtain a relation between
Y, and @, given by,

BB\
Y = i<A1A2> ¢y = £Cio, (17a)
or,
A\ 2
=4 =4+C 17b
?1 <3132> v 2 (17b)
12 12
where €y = (22) ", ¢; = (342)

From Egs. (15a) and (15b) the linear dispersion relation
for the ion-acoustic wave in self-gravitating dusty plasma
is derived as

ABy — AB; =0 (18)

Simplifying Eq. (18) we obtain the linear dispersion
relation,
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V4 esVi+ eV 4o V4ce=0 (19)

where
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Solving Eq. (19) we obtain four values of V given by
1
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For the dusty plasma having cold ions and cold dust
particles (i.e. o; =0, c4=0) and for equal stream
velocity of ions and dust particles (i.e. vio = Vao = Vo),
the phase velocity Eq. (19) of linear propagating wave
becomes

V== {Vo + {(1 —by) <ni0w§d + Zd”dowéi)/<w§i + wf’d) }1/4}
(22)

The negative value of V in Eq. (22) is neglected. Since
b, is negative as shown in Eq. (16), there are only two real
and positive values of V in presence of stream velocity, one
is fast-mode and the other is slow-mode. The fast- and
slow-mode exist when vy ¢. It is to be noted that the two-
temperature electrons and its non-isothermality have no
influence on the phase velocity V of linear ion-acoustic
wave.

3.2. Derivation of modified K-dV equation

Now, to derive the K-dV equation we use Egs. (13) and
(14) in Egs. (1)—(8) and then equating the coefficients of &
% we obtain
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To derive the K—dV equation from Egs. (23)—(26) we
first eliminate vi, Va2, pia, paz after using the values of
ni1, Vit, Pi1, Rd1, Vdi, Pdi and find an,z/aé and andz/af
Finally from Eq. (25) we obtain the nonlinear equations
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Following usual procedure we have derived the
following modified KdV equation from Eqgs. (23)-(26)
for the electrostatic field in self-gravitating dusty plasma
consisting non-isothermal two-temperature electrons:

6 0 0
4’1 +Q¢‘/2 ¢1 +R a? + 8¢, =0 (27a)
Eq. (27a) can also be written as
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It is known that the solitary wave is formed due to
balance between dispersive and nonlinear effects in the K-
dV equation. Relative strength of these two effects
determines the characteristic of such solitary wave
structure. It is seen that the dispersive term R of the K-
dV Eq. (27b) depends on the parameters of ions and dust
particles in the gravitating plasma (i.e.
10, 140, Has Zd, Oi, G4, Wgi, Wgq) Whereas the nonlinear term
O depends on these parameters and also on the parameters

of non-isothermal electrons (i.e. w,v, f3,b;,by). Since the
coefficients R and Q play crucial roles on the excitation of
solitary waves, it is important to find the dependence of
these coefficients on the amplitude, width and velocity of
the solitary wave in the gravitating plasma. If Q ~ 0 i.e.
when the nonlinear term in Eq. (27b) vanishes at some
critical values of (1) dust density, or (2) gravitational
effects for ions and dust particles, or (3) density (or
temperature) of two-temperature electrons etc., the ion-
acoustic solitary waves will not exist in the dusty plasma.
Similarly, for R =~ 0, the dispersive term in Eq. (27b), there
will no excitation of the ion-acoustic solitary waves in
dusty plasma. Eq. (27b) shows that there is one more term
S¢, in the K-dV equation which consists of the attachment
coefficient ff; and also the parameters of ions and dust
particles in the gravitating plasma.

It is to be mentioned that an uncoupled K-dV equation
for the gravitational potential s can also be derived for the
waves in self-gravitating dusty plasma using the method
for the case of electrostatic potential. Then one can
examine the possibility of having soliton-like variation of
the gravitational potential in dusty plasma.

4. Solitary wave solution

Solving Eqgs. (27a) and (27b) the solution for the ion-
acoustic wave in a self-gravitating dusty plasma consisting
of ions, charged dust particles and non-isothermal two-
temperature electrons can be obtained for variable dust
charges and also for constant dust charges. We first obtain
the solution of ion acoustic solitary waves for dust particles
in gravitating dusty plasma. Neglecting the effect of charge
fluctuation on the dust grain (i.e. f; = 0 and so S = 0), the
KdV Egq. (27b) becomes
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and then from Egs. (29) and (31) we obtain the solution for
ion acoustic solitary waves in a self-gravitating dusty
plasma given by:

o'V = gySech*(2/D) (32)
where
225 )
¢y = ——5 (is the amplitude), (33a)
64 0
1/2
8R
D= {ﬂ (is the width), (33b)

and A is the phase velocity of ion acoustic sohtary wave.

In Eq. (33a), it is seen that both /% and Q are positive
for any value of the plasma parameters. So the amplitude
o is positive which indicates that only compressive ion-
acoustic solitary waves will be excited in the self-gravi-
tating dusty plasma.

4.1. Quasi-soliton solution

When the variation of dust charges in the dusty plasma is
taken into account (i.e. 8; # 0, and so S # 0 or S # 0) the
quasi-soliton solution for ion acoustic wave is obtamed
from Eq. (27a). To find it, we put t/P = 5’ and (3¢ ) ¢, =
¢ in Eq. (27a) which gives
9 1299 @¢> o*¢
+ + —=+S 34
R (34)
The modified K-dV Eq. (33) has a quasi-soliton
solution given by

Al /4
¢:a<n’>sech4l(%) <¢—\/a<nf>n’>] (39)

whose amplitude can be expressed as
a(n') = a(ny)exp[=S(n' — np)] (36)

where 1, corresponds to some initial value of the variable .

Obviously, if § <0 the amplitude of the quasi-soliton
increases exponentially indicating instability. On the other
hand if § > 0 the wave amplitude of solitary wave decays

exponentially with the increase in the independent variable
/

n.

5. Results and discussion

From Eqgs. (32) and (34) it is seen that ion acoustic solitary
waves will be excited in an unmagnetized self-gravitating
dusty plasma having nonisothermal two-temperature elec-
trons for constant dust charges and also for variable dust
charges. The amplitude of the solitary waves given by

@y = %é—i in Eq. (33a) depends on (1) the density and

temperature of two-temperature electrons, (2) the densities
and temperatures of ions and dust particles, (3) the masses
of ions and dust particle and (4) the charge of dust particles.

_q1/2
But the width of the solitary wave given by D = [STR} in

Eq. (33b) depends only on the parameters of ions and dust
particles. There is no effect of the two-temperature elec-
trons and the nonisothermal parameter on the width of the
solitary waves.

The plasma parameters of electrons, ions and dust par-
ticles are seen to be present in the expressions of amplitude
and width of the solitary wave in a very complicated way.
It is very difficult to see the effect of these plasma
parameter separately on the amplitude and width of the
wave. However, a close observation indicates that for the
increase of temperature and nonisothermal parameter of
two-temperature electrons the amplitude of the solitary
wave will be decreased and the width will be increased. On
the other hand, the effects of gravitational forces of ions
and dust particles on the amplitude and width are seen to be
more significant than other parameters in the dusty plasma.
The amplitude will be drastically reduced due to the
gravitational effect, but the width will be increased for the
gravitational forces of mainly due to dust particles. Simi-
larly, the variation of phase velocity of the solitary wave
with two-temperature electrons and self-gravitation of
dusty plasma can be understood from Egs. (33a) and (33b)
if the amplitude or width is known.

The attachment coefficients and the gravitational effects
are involved in § in the K-dV Eq. (27b) and these
parameters will significantly influence the soliton proper-
ties including soliton amplitude, speed, width as well as its
stability. The amplitude will also be increased for the
increase of the dust density and dust charges. For the dust
charge variation due to attachment coefficient of ions, the
amplitude of ion-acoustic solitary wave will grow or decay
exponentially.

The stability of the solitary wave in a self-gravitating
dusty plasma is important for understanding various non-
linear wave processes in the plasma. It is found that stability
of solitary wave depends on the sign of the coefficient S of
the fourth term S ¢ in the modified KdV equation. It is seen
that the attachment coefficient, non-isothermal parameter of
two-temperature electrons and gravitational effects are pre-
sent into the factor S in a complicated way. The stability of
the solitary structure will therefore be determined by the
relative magnitudes of these effects.

It is also to be noted that the non-isothermality of two-
temperature electrons has no effect on the linear properties
of the ion-acoustic wave but has significant effects on the
nonlinear properties of the wave.
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In fact, numerical analysis will give clear physical
implications of the gravitational potential, dust density, ion
temperature, non-isothermal two-temperature electrons on
the ion acoustic solitary waves in a dusty plasma. Inclusion
of drift motion of plasma leads to two distinct modes of
wave propagation-one having comparatively high phase
speed called as ‘Fast mode’ and the other with lower phase
speed called as ‘Slow mode’.

6. Conclusions

In this paper, we have theoretically studied the nonlinear
propagation of ion-acoustic waves in self-gravitating dusty
plasma consisting of positive ions, non-isothermal two-
temperature electrons and negatively charged dust particles
with fluctuating charges and drifting ions by using the
reductive perturbation method. The self-gravitation and
charge variation in the dusty modify the structure of the
solitary wave e.g. amplitude and width. For the presence of
two-temperature electrons the amplitude of the solitary
wave is decreased but the width increases. Moreover, for
the variable dust charge due to attachment of ions on the
dust particles the amplitude will increase or decrease
exponentially. However, most important achievement in
this paper is that instead of coupled-nonlinear equations
(obtained by earlier authors) we have obtained an uncou-
pled-nonlinear equation for the study of ion acoustic soli-
tary waves in self-gravitating dusty plasma. Our analysis is
advantageous for solving the nonlinear equation for getting
the solution of solitary waves.

Moreover, the model considered in this paper can be
easily extended to study the effects of different types of
electron distributions (e.g. nonthermal, superthermal) on the
linear and nonlinear propagation of ion-acoustic waves in
self-gravitating dusty plasma with dust charge fluctuations.

In our present analysis we have considered the finite tem-
perature of dust particles. In most astrophysical situations
dusts are considered as cold, but there are some astrophysical
and experimental situations where the dust temperature may
become comparable to ion temperature. The temperature of
the dust particles is important owing to thermalization with the
ions or orbital effects. In fact ithas been suggested that the dust
temperature in the planetary rings may have a large value
compared to the electron temperature.

Recently, the quantum effect in dusty plasma has been
considered by many authors for the study of linear and
nonlinear propagation of waves [34-36]. So considering
both the self-gravitation and quantum effect in dusty plasma,
nonlinear propagation of dust-acoustic and ion-acoustic
waves can be studied from which more interesting results
will come out applicable in dense astrophysical plasma.
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ABSTRACT

Ion-acoustic waves in a self-gravitating dusty plasma consisting of warm positive ions, weak- nonisothermal
two-temperature electrons and negatively charged dust particles having charge fluctuations has been
theoretically investigated using the reductive perturbation method. It has been shown that the nonlinear
propagation of ion-acoustic waves in such a plasma can be described by an uncoupled third order partial
differential equation which is a modified form of Korteweg-deVries (KdV) equation. From this nonlinear
equation, solution of the ion acoustic solitary waves in the dusty plasma having weak nonisothermal electrons is
obtained. Moreover, the solitary wave solution for very weak nonisothermality of electrons in gravitating
plasma is obtained which is similar to the solution in isothermal electrons. The effects of gravity, two-
temperature electrons dust charge fluctuations on the ion acoustic solitary waves for weak nonisothermal as well
as very weak nonisothermal two-temperature of electrons are discussed with possible applications in
astrophysical plasma.

Keywords: Ion-acoustic waves; gravitating plasma; dust charge fluctuation; two-temperature electrons; weak
non-isothermal two-temperature electrons; modified Korteweg-deVries equation.

1. INTRODUCTION have been studied by various authors and interesting

results are obtained which are not found in ordinary
In last few years, linear and nonlinear propagation of  electron-ion plasma [1-6]. In dusty plasma, the
dust-acoustic and ion-acoustic waves in dusty plasma  existence of dust-acoustic wave (DAW) was first

*Corresponding author: Email: drsnpaul@gmail.com;



predicted theoretically by Rao et al. [7] with the dust
grains providing the inertia and the pressure of inertia-
less electrons and ions providing the restoring force.
Most interesting features in dusty plasma are the
solitary waves and the shock waves and a lot of works
have been reported in last few years by
various authors considering different parameters
e.g. two-temp electrons [8,9], nonisothermal
electrons and ions [10,11], nonthermal electrons and
ions [12-14], super thermal electrons [15-17],
magnetic field [18-20], inhomogeneity [21-22], finite
geometry [23-26] etc. for the applications in various
fields.

But, the self-gravitation of species of dusty plasma
has not been taken into account in all those studies. In
fact, the plasmas both in laboratory and in space have
the gravitation field. In most of the studies of linear
waves in collisional dusty plasma in gravitational
field have been investigated neglecting the
gravitational effects of electrons, ions and neutral gas
molecules. Misra et al. [27] and others [28-34] have
theoretically investigated the solitary waves in
gravitating dusty plasma from which it is seen that
gravitational effect is important on the excitation of
solitary waves in dusty plasmas.

In dusty plasma, the dust particles get negatively
charged due to attachment of the background
electrons and ions on the surface via collisions
[35,36]. The electrostatic charging of dust grains
immersed in  plasma is the main feature of dust-
plasma interaction in dusty plasma. The charge on a
dust particle does not remain fixed but depends on
plasma properties, electron and ion currents flowing
into or out of dust grains, photoemission etc. In fact
the charge on the dust grain can be considered as an
extra dynamical variable which controls the motion of
dust grains in fluctuating electrostatic fields. But, For
the study of wave propagation in dusty plasma, most
of the authors have considered the effect of charge
fluctuations on dust in the dusty plasma in an ad hoc
fashion [37-41]. The dust charge is treated as a
dynamical variable which is related to the plasma
density, potential, etc. In the continuity equations of
electrons and ions, no sink term is not considered. As
a consequence the charge conservation equation is not
consistent with the charge variation equation.
Considering the sink terms in continuity equation for
the loss of electrons and ions due to attachment to the
dust particles, the dynamical equation for charge
fluctuation become consistent with the charge
continuity equation. For the study of ion acoustic
solitary waves in a self-gravitating dusty plasma Paul
et al. [42] have considered the sink terms in the
continuity equations for both electrons and ions for
the fluctuation of dust charges due to attachments of
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electrons and ions to the dust particles. They have
shown that nonlinear excitation of waves follows a
pair of coupled third order partial differential
equations which is slightly different from usual case
of coupled K-dV system and the solitary wave
structure is not possible in such self-gravitating dusty
plasma. Later, Paul et al. [43] have considered the
sink term in the continuity equation of ions only
assuming the dust charge fluctuation is caused by the
attachment of ions only to the dust particles. With
these assumptions they have derived an uncoupled
third order partial differential equation instead of
coupled nonlinear equations. They have finally
obtained a modified KdV equation in self-gravitating
dusty plasma consisting of warm positive ions,
isothermal two-temperature electrons and dust
particles. From the modified K-dV equation, they
have obtained the solution of ion acoustic solitary
wave and have discussed the effects of two-
temperature electrons, gravity and dust charge
fluctuations on the ion acoustic solitary waves.
Subsequently, Paul et al. [44] have theoretically
studied the ion acoustic solitary waves in a self-
gravitating dusty plasma considering the presence
nonisothermal electrons in the dusty plasma with
fluctuating dust charges and drifting motion of the
particles. They have also obtained an uncoupled third
order partial differential equation which yield a
modified form of KdV equation from which the quasi-
soliton solution of ion acoustic wave has been
obtained.

However, the effects of two-temperature electrons
having weak non-isothermalilty on the ion acoustic
solitary waves in a self-gravitating dusty plasma have
not yet been studied by any author. So, in this paper,
our interest is to study the existence and
characteristics of ion-acoustic solitary waves in self-
gravitating dusty plasma consisting of warm positive
ions, weak non-isothermal two-temperature electrons
and negatively charged dust particles with charge
variation. Using the reductive perturbation method we
have derived uncoupled third order partial differential
equations instead of coupled nonlinear equation for
the usual nonisothermal and weak nonisothermal
electrons in gravitating plasma. From this uncoupled
nonlinear equation, the solution of ion acoustic
wave has been obtained and the effects of two-
temperature electrons, gravity and dust charge
fluctuations on the ion acoustic solitary waves have
been discussed.

The paper is organized in the following way. In
Section-2 we present the hydrodynamic equations for
the ions and dust fluids. In Section-3 modified KdV
equation has been derived wusing reductive
perturbation method. In section-4 we find the



solutions of ion acoustic waves from the modified
KdV equation. In section-5, the effects of weak-
nonisothermality of electrons are discussed. In
Section -6 we have discussed the results with possible
applications. Section-7 is devoted for the conclusions.

2. BASIC EQUATIONS

We consider an unmagnetized three-component
plasma consisting of warm ions, warm micron-sized
massive negatively charged dust grains and non-
isothermal two-temperature electrons. We assume
that the dust particles are mainly charged by the
attachment of ions to dust grains. Initially, electrons
are attached to dust particles at a faster rate than the
ions because the electrons have lighter mass and
faster motion than the ions. As a result the dust
particles get negatively charged. Once the dust
particles have enough negative charge the chance of
an electron being attached to a negatively charged
dust grain becomes much smaller than the chance of
an ion being attached to the dust grain. Ultimately, the
charge fluctuation of dust grains is due to the
attachment of positive ions only. Further, we consider
that the self gravitating effect in dusty plasma
influences both the linear and nonlinear modes of

propagating ion acoustic waves. Under these
assumptions, the normalized basic equations
governing the plasma dynamics are [43]:
For ions:
on, 0
—+—(yv)=-Bn, 1
ot Ox
ov, ov, o, 0p, o¢p Oy
[ A )
ot Ox n, Ox Ox Ox
2
op, op, ov
@i, lﬁ 3p, 2i=0 3)
ot 0. ox
For dust particles:
on, 0
—+—(n,v,)=0 4)
or ox !
Ny Py O Pu_ Zi09 OV g,
ot ox  uun, Ox M, Ox Ox
6))
0 0 ov
ﬂ+vd&+3 ,—4=0 (©6)
ot Ox
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Poisson’s equations:

0%

=n, +n,—n+7Z,n,

ox’ (7)
2
ol w,,
1/2/ =—£ Z mn, =X, z mn, (8)
ax m[a)i s=e,i,d s=i,d
At equilibrium the charge neutrality condition is
0) _ ,(0) 0) _ ,(0) (0) (0)
n =n, +Z,;n; =n, +n, +7Z,n, )

the subscript s = i represents for ions, s =d for dust
particles; m,, n, v, g, and p, denote respectively the
mass, number density , velocity, charge and scalar
pressure of the s-th species of the plasma : n.,n.,
are number density of electrons at low and high
temperatures, Z, is the number of electronic charge
attached on the grains; uy = mysm; , 0;= T/Tyy , 04=

T, =TT,/ (n,L,+n,T,) .

ec”eh ec0” e
2 _
@, =4zGmn,

> >

T/Ty

X, = | mw}
Mig> Mecg (o ) and 40 are respectively the
equilibrium number densities of ions, electrons and
dust particles; G is the universal gravitational constant
: ¢ and y are respectively the electrostatic and
gravitational potentials; 7,. and T,, are the low- and
high- temperatures of electrons; T, is the temperature
of free electrons;  other symbols have their usual
meanings. The parameter f; is the attachment co-
efficient (frequency) of ions to the dust particles. The
right hand side of Eq. (1) is the sink term which
describes the loss in the ion density due to attachment
of ions to the dust particles. The attachment
coefficient of ions may vary due to the change in ion
current falling on the dust grains, and also due to the
change in the densities of ions and dust grains. Since,
p; has the collision like behavior, the last terms in the
right hand side of Egs.(2) and (4) are also be like
collisional effect between ions and dust particles
[44-45] .

In the above equations we have normalized distance x

by Debye length #» = (k1.7 47”2”:'0)1/2,

the inverse of ion  plasma
1 _ 2 2

@, =(m;/4re’n, ) , all pressures by ion

plasma pressure m; ” kzT;, ¢ by kzT. /e, w by

kgT./m; , and all number densities by njy. ;= T;/T,r .

time ¢ by
frequency

For the nonisothermal electrons at two different
temperatures the number density is given by [45].
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n_ = [1+ (p +4(l_ﬂ1) (/’ 3/2+l (/’ 2_8(l—ﬂ12)( (/’ )5/2+l( (/’ )5_](10)
“ u+vp 37" Cu+vp 2 u+vp 152" “u+vp 6 u+vp
By 41-5,), Bo 32 By > S(I_ﬂlz) Py 52 Bo s
=1[1 — 1 —--]1
o =VL +,u+vﬂ+ 372 (y-i-vﬂ) 2( + ﬁ) 157" (y-i-vﬂ) 6(,u+ ﬁ) Jan
Where,
a-5) a-5)

P=T. 11,5 ="T,IT,.B,=T,/T, . t=n,V=n,b = ﬂl/zl b, = ”1/21 >
bl(l) — (1 _l/ﬂzlz) ,blsl) — (1 _1€112) , i(c)),v (0)'

T T
and T,, is the temperature for the trapped electrons.
Therefore, from (10) and (11) we obtain
ne = nec + neh
:1+¢_i(ﬂbz +Vbhﬁ)3/2¢3/2 1 (u+vp )¢ i(ﬂbz(l) +Vb;(ll),35/2)¢ s 0

3 u+vp 2By 15 (urvB) (12)
3. MODIFIED KdV EQUATION 3.1 Linear Dispersion Relation

For the derivation of the nonlinear equation i.e. K-dV Using (13) and (14) in Egs. (1)- (8) and equating the
equation  governing the nonlinear dynamics of the ¢ efficients of the lowest order of & we obtain
wave, we make the usual stretching of the space co-

ordinates and time,

v, =14 (15a)
E="(x—Vt) and 7 =&t (13)
where, V' is the linear phase velocity, & is a L = Y¢l (150)
dimensionless expansion parameter which is very
small € << 1 measuring the dispersion and nonlinear where,
effects. Further, we assume the following perturbation
expansion for the field variables: _my Z,n,, W;.a2 WédZ p

B

_ 3/2 2
=N, +En, +& N, +E N+ Zb
ANy L4O0N

— 3/2 2 1
N, =N, +ENYH+E Nyy +E Nyy+-oeeeee Yl 1 /1‘2 /122 ’
— 3/2 2
U, =Uy+EU, +E Uy +E U +oene A
— 3/2 2 —_ gi gd 2 5
U, =Uy g+ U +E Uy, +EU;+eoeeeens Yz (—/112 ) ﬂ.l V 3an10,
- 32 2 (14) 2 ,
pi—pi0+€pi1+€ pi2+g pi3+ ....... ,
32 2 A =Vy =3bn,,, V=V —=v,, (16)
Di=DPio TPy +TE Pyt E Pyyterens
3/2 2
= +EQ + & + & [ _
P =@, +ep, P, tE P V,=V =v,y Wi, =4xGmn,, wd =47Gm,n,,
3/2 2 ,
W=, +eW, +& W, +EW, + e

a,=0,/ny,a,=1,b =0, //udnd()’bz =-Z, //Ud.

ﬂ 83/4

and the mass of electron 2, is neglected.
where ¢ =0, yy=0.
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From (15a) and (15b) we obtain the relation between

¥, and @) givenby,

Y1Y2 1/2 .
y, =% 7.7, Q,ley, =xyp (17a)
1/2
2,2, ;
Or, oy ==% YY Jlep =Xy,
172 (17b)
Where,
12 12
22, vy
Nl | TS5
vy, 22,

From (15a) and (15b) the linear dispersion relation
for the ion acoustic wave propagating through the
self-gravitating dusty plasma having nonisothermal
plasma is obtained as

YZ,-Y,Z =0 (18)
Simplifying (18) we obtain the linear dispersion
relation in the following form

(aza);)%z/g_(z dg)ﬂ’lﬂ'l —(n, Ig)ﬂ'Z -(Z, ndOa)dg)ﬂ] -

2
@, -

2 P 2 14292
(aynZ, N VAT )4 =0

2
a)ig + (12 ndu

(19)

For cold ions and cold dust in the dusty plasma ( a; =
0, b; =0) and equal stream velocity of ions and dust
particles ( vy =0 = v,y ) the phase velocity of ion
acoustic wave becomes

1/4
+(1—b2)(n.0 2wtz aMao

=|v
0 (a) +a)d)

2
@)

(20)

Since b, is negative as shown in (16), there are only
two real and positive values of V in presence of
stream velocity, one is fast- mode and the other is
slow- mode. The fast- and slow- mode exist when v;) .
o.Itis tobe noted that the two-temperature electrons
and its non-isothermality have no influence on the
phase velocity ¥ of linear ion-acoustic wave.
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3.2 Derivation of Modified K-dV Equation

Now, to derive the modified K-dV equation we use
Egs.(13) and (14) in Egs. (1)-(8) and then equating
the coefficients of &7 we obtain

on,, ov,,

on, =
— 24+ Bn. =V . 21
aT ﬁznz] ( ) 85 nlO 65 ( a)
6"1 A
hdiY V e —LL g —Y=——=
+ﬂ(vrl le) ( vO) 5 al i0 85 02 65 85
(21b)
ap:l —(V— )ap_l2_3av_’2 (21c)
or o¢ 0g
on on ov,
6;1 = (V_Vdo)a_zj_ndoa_g (222)
& - Lo 0
a_j_l+ﬂi(vdl v)=(- Vdo) _bl 10 dez 6? al/;z
(22b)
apdl =(V—V~ )%_3% (22¢)
ot ¢ 0¢
62(01 B _i(ﬂbl +Vﬁbh)3/2

/2
=, —ny,+Z,n,,

g 3 (u+vp)”

(23)

and

o oy
og*

To derive the K-dV equation from Eqgs (21)-(24) we
first

=4xG(mn, +m,n,,) (24)

eliminate ~ V,,,V,,, P;y, Py, after using the
of 1,,V,s Pi>Ny1»Vys Py and  find

on, /0& and Ony,/O& . Finally following usual

procedure we have derived the following modified
KdV equation from Egs. (21)- (24) for the
electrostatic field in self-gravitating dusty plasma
consisting non-isothermal two-temperature electrons:

%y 2t 509
r oF 27 08

values

(25)



Where

2(ub, +vpb,)™"
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|

(u+vp)”

|

C:
3a,n, n 3bn
i0 172 ~"1%i0 1 dd() Z 1/2 ~“1%d0 1
{m“ )(21 o g, Gt )(zz % +)}
b= 3 1/22 V2 3b
i0 12 24,1 LY 1/2 v a0
[m“ R RS TR H)}
[ o g 20 L), Zinali B, anony'”ﬂ}
. z n G
3an, n V2 3bn
i0 1 1/2 i0 D+ d d0 Z 1/2 2 d0 +1
[M” R A A )}

It is seen that the dispersive term B of the K-dV
equation (25) depends on the parameters of ions and
dust particles in the gravitating plasma (i.e.

MyosMgos MgsZ g3 04504, @ i» Dgq )

nonlinear term C  depends on these parameters and
also on the parameters of non-isothermal electrons

(.e. i,v,B3,b,,b,). Since the coefficients B and C

play crucial roles on the excitation of solitary
waves , it is important to find the dependence of
these coefficients on the amplitude, width and
velocity of the solitary wave in the gravitating plasma.

If C=0 ie when the nonlinear term in (25)
vanishes at some critical values of 1) dust density, or
ii) gravitational effects for ions and dust particles, or
iii) density (or temperature) of two-temperature
electrons etc. , the ion-acoustic solitary waves will not
exist in the dusty plasma. Similarly, for B, the
dispersive term in (25), there will no excitation of the
ion-acoustic solitary waves in dusty plasma. Eq.(25)

shows that there is one more term D¢, in the K-dV

whereas the

equation which consists of the attachment coefficient
p; and also the parameters of ions and dust particles
in the gravitating plasma.

It is to be mentioned that an uncoupled K-dV equation
for the gravitational potential y can also be derived

for the waves in self-gravitating dusty plasma using
the method for electrostatic potential. Then one can
examine the possibility of having soliton-like
variation of the gravitational potential in dusty
plasma.
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4. SOLITARY WAVE SOLUTION 1IN
PRESENCE OF NONISOTHERMAL
ELECTRONS

Solving Eq. (25) the solution for the ion-acoustic
wave in a self-gravitating dusty plasma consisting of
ions, charged dust particles and non-isothermal two-
temperature electrons can be obtained for variable
dust charges and also for constant dust charges. We
first obtain the solution of ion acoustic solitary waves
for dust particles in gravitating dusty plasma.
Neglecting the effect of charge fluctuation on the dust

grain (i.e. # =0 and so D=0), the KdV Eq.(25) is
reduced to

o
or

1/26¢1+ Ba¢1:0

+C¢
bos 2 of 26)

For having the stationary solutions of equations (26)

we introduce a new variable 7 =& —A7 and
integrate the resulting equation using the boundary

—>0 lll)d Ll
dn’

Ny, —0 zz) —>0 as
77—)00.

Thus we get the intermediate integral

-

1/2

8Q

a9 122 5y ((pl)}

27
dn 27

154



and then from (27) we obtain the solution for ion
acoustic solitary waves in a self-gravitating dusty
plasma given by:

@, = @,Sech*(A/5) (28)
2
where, @, = 2;—45% (is  the  amplitude),

B
) =[87]”2 (is the width) and A is the phase

velocity of ion acoustic solitary wave. it is seen that
both 4° and C* are positive for any value of the

plasma parameters. So the amplitude ¢ is positive

which indicates that only compressive ion-acoustic
solitary waves will be excited in the self-gravitating
dusty plasma.

When the variation of dust charges in the dusty
plasma is taken into account (i.e. ﬂl #0, and so
D #0 ) the quasi-soliton solution for ion acoustic

wave is obtained from Eq.(25). The modified K-dV
Eq. (25) has a quasi-soliton solution given by

’ a ' ’ ’
0. =a(n ysect' (") (e a(oTin )] 29)
whose amplitude can be expressed as [46]

a(n')=a(n,)exp[-S(n'—n,)] (30)

where 776 corresponds to some initial value of the
771

Obviously, if D < 0 the amplitude of the quasi-
soliton increases exponentially indicating instability.
On the other hand if D > 0 the wave amplitude of
solitary wave decays exponentially with the increase

in the independent variable 7.

variable

5. EFFECT OF SMALL DEVIATIONS
OF NONISOTHERMALITY OF TWO-
TEMPERATURE ELECTRONS ON

THE SOLITARY WAVE SOLUTION

Now, we consider the case of dusty plasma having
different effect of nonisothermality of two-
temperature electrons. We assume that a small
percentage of nonisothermality is present in the
plasma i.e. the plasma has also a reasonable
percentage of isothermal two temperature electrons.
In this case, the above analysis for deriving the K-dV

&3
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equation will not hold good and recourse must be
taken to the original governing Egs. (1)-(8). This can
be done by introducing the nonisothermal parameters
b, and b, as small quantities in slight different forms;
by, are assumed to be b, = &7 b, where b, > 0.
In this case the scheme of perturbation expansion of
the field variables and stretching of the space co-
ordinates and time will be different from that
considered earlier in (14) and (13). We have to use the
scheme of Washimi and Taniuti [47] given by

§=81/2(X—Vt) and 7=g""t 31)

where, V' is the linear phase velocity and & is a
smallness parameter measuring the dispersion and
nonlinear effects. Further, the perturbation expansions
for the field variables are :

N =n,+en, +en,+en, +
N, =Ny +EN, +E N, +E N+
U, = U+ EUy + E U, +E U, +oemee
U, =Uyy + EUY, +$2ud2 +g3ud3 e
D, =D, tEP; +52pi2+53pi3 R
Pa= DagtEPn T E Py +E Dys +
P =@, T EP +32¢?2 +6’3¢3 +
W=y, ey ey, HE Y+

/2 —
a,=¢&"a,

(32)
where @) =0, yy = 0.

Using (31) and (32) in (1)-(8) we obtain from the first
order equations in €. From these equations the linear
dispersion relation similar to (19) is obtained and the
phase velocity is found to be same. This indicates that
percentage of nonisothermality of electrons in plasma
does not influence the phase velocity of the solitary
wave.

Now, equating the coefficients of & we obtain from
Egs. (1) - (8) the following equations.

%"'i(nnvn)"'o_(i”io =V _VIO)%_niO %
or o0& o¢ o¢
(33a)
% [1%+ai(v[0_vd0):
T (33b)
(V_Vio)%_alni()%_az%_ 351//2
¢ ¢ ¢ ¢



Pu _ (7 —y,) P23 (330)
or 0g ¢
on on ov,
8;] =(V- do)a_gf— d0 8:52 (33d)
ov ov _
aj_l Vi adl"‘ai(vdo Vio)
(V_Varo)a‘}d2 —bny, P - 2%_ 3%
o& o0& o5 o
(33¢)
0 0 ov
U Ot (330
az¢1 =4 _iM 3/2+¢—12—n. +Z.n
08 3 gy 2 T g

Using (33a) - (33g) the following modified K-dV
equation has been derived,

3
gﬂq{A¢+C¢”)@i+B§j§+DQ:O
or Y
34
Where,

212 (,U"'Vﬁz) 122
N {%ﬁ+ﬁ }‘621&52‘23“42d+ﬂaﬂ }}

&N

V4

|

2 )
(1+}/11'2)(V71+M+1)+%(Zd +7;/2)(Vf2+m+l)}
Ao A V.2, R

(35)
The coefficients B, C and D are given above.

Neglecting the dust charge fluctuation (i.e. D = 0)
we get the stationary solution of (32)  with the

boundary condition at ¥ —>0 . We assume
y=&-Ur U is the velocity of transformed co-

ordinates. Using the technique of Davidson [48] and
Das et al. [49], we obtain the following intermediate
equation
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A

30 (36)

op2 U 2. 8C . 1/2
(5) —B((ﬂl) a 15(401) ?)

Now, we introduce ¢ =M -2 and the Eq. (36) is
written as
u. .2 8C 4.\-1/2
=M -—M —-— dM =+d 37
[ B( 15 3U)] X (37)

Again integrating the equation and then putting back
to into the equation of ¢ , we get the solution

16C2
22502

_4C

¢ = @Jr(

+ %)1 12 cosh(z15,)]% (38)

where, &, = 2B/ 2

wave.

is the width of the solitary

2

. . 4. .
It is to be noted that the expression ( —+—) is
225U° 3U
positive if 4 is positive. But, this expression may not

be positive if A is negative. The negative values of

2
(2126;]2 +§) will give complex values of the

amplitude which indicates the non-propagation of

wave in the plasma. For a real solitary wave the
2

. A .. .
expression ( +E) should be positive. It is

22502
16C?

225U°
the values of 4 and C give some idea about the
solitary wave solutions. If C is very smaller than A
,the solitary wave solution takes the form

possible if ( ) > (%) for 4 < 0. Moreover,

U, 8C? _16C?
RN YTy 754U

{1=3sech®(1/8,))}]sech®(1/8,)

_3uy

sech(y/o.

5)

(39)

If Cis very small and if it is negligibly small then
the solution becomes,

3U
o, =7sech2(;(/52) (40)

Which is the value of the electrostatic potential of the
solitary waves in a plasma having isothermal
electrons.

Considering the charge fluctuation of dust particles
in plasma ie. D#0 having isothermal two-



temperature electrons, the solutions for the solitary
waves is obtained by Paul et al. [43,44] given by

@5 =@, sech’0, + Dr (41)

1
3¢

transformation parameter.

Where, ¢, , 0=f(), ¢ is a

Moreover, in the case when A4 is very small as
compared to C the solution of the ion acoustic
solitary wave in plasma having no charge fluctuation
becomes

2

64C2

054U

2

cosh(;(/62)><sech2(;(/252)]><sech4(;(/252)
(42)

where the terms of %6 are neglected.

As a special case, when A4 is negligibly small the
above solution becomes

2
| = 225U2 sech4(;(/262) (43)
64C
This is solution of the solitary wave in a plasma

having non-isothermal electrons described by the K-
dV equation (25) , neglecting the charge fluctuation
parameter D for the attachment coefficients.

Considering the fluctuation charge of dust particles

through attachment coefficients, i.e. when D#0,
quasi-soliton solution of ion acoustic wave in
gravitating plasma having nonisothermal electrons is
given by (30).

6. RESULTS AND DISCUSSION

From the modified K-dV equation (25) and its
solution (28) and (30) it is seen that ion acoustic
solitary waves will be excited in an unmagnetized
self-gravitating dusty plasma having nonisothermal
two-temperature electrons for constant dust charges
and also for variable dust charges. In a dusty plasma
with constant dust charge the amplitude of the solitary

waves is given by @, =(225/64)(A* / C*) which

shows the dependence of amplitude on i) the
densities and temperatures of  two-temperature
electrons , ions and dust particles, ii) the masses of
ions and dust particle and iii) the charge of dust
particles. But the width of solitary wave given by

5 =(8B/A)"* depends only on the parameters of

&5
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ions and dust particles. But, the width of solitary
waves does not depend on the density, temperature
and nonisothermal parameter of electrons. On the
other hand it is seen that the attachment coefficients
and the gravitational effects are involved in D in
fourth term of K-dV equation (25) and these
parameters will significantly influence the soliton
properties including soliton amplitude, speed, width
as well as its stability. For the dust charge variation
due to attachment coefficient of ions , the amplitude
of ion-acoustic solitary wave will grow or decay
exponentially.

In dusty plasma, weak nonisothermal electrons have a
different role on the excitation of solitary wave, In
this case, solitary wave has sec h - type profile
instead of sec /'’ —type. The amplitude is
2
[ (O ANI21D g
15U 225U2 3U

widthis o=2(B/U)/2

given

by

%0

It is seen that amplitude depends on all the parameters
in dusty plasma related to electrons, ions and dust
particles including the gravitational effect. But, the
electrons have no contribution on the width of
solitons.

However, the plasma parameters of electrons, ions
and dust particles are seen to be present in the
expressions of amplitude and width of the solitary
wave in a very complicated way in gravitating dusty
plasma with ordinary-nonisothermal and weak-
nonisothermal two-temperature electrons.. It is very
difficult to see the effect of these plasma parameter
separately on the amplitude and width of the solitary
wave. A close observation shows that for the
increase of temperature and nonisothermal parameter
of two-temperature electrons the amplitude of the
solitary wave will be decreased and the width will be
increased. On the other hand, the effects of
gravitational forces of ions and dust particles on the
amplitude and width are seen to be more significant
than other parameters in the dusty plasma. The
amplitude will be drastically reduced due to the
gravitational effect, but the width will be increased for
the gravitational forces of mainly due to dust
particles. In fact, numerical analysis will give clear
physical implications of the gravitational potential,
dust density, ion temperature, non-isothermal two-
temperature electrons on the ion acoustic solitary
waves in a dusty plasma. Inclusion of drift motion of
plasma leads to two distinct modes of wave
propagation- one having comparatively high phase
speed called as ‘Fast mode’ and the other with lower
phase speed called as ‘Slow mode’. For numerical



analysis of amplitude and width of solitary wave in
dusty plasma with drifting of ions and dust particles,
one should carefully choice “Fast-mode” or Slow-
mode” of the phase velocity for their investigation.

The attachment coefficients and the gravitational
effects are involved in the modified K-dV equation;
these parameters will influence the soliton properties
including soliton amplitude, speed, width as well as
its stability. The stability of solitary wave in a
gravitating dusty plasma is important for
understanding various nonlinear wave processes in the
plasma. It is found that stability of solitary wave
depends on the sign of the coefficient D of the fourth
term D ¢ in the modified KdV equation. It is seen

that the attachment coefficient, non-isothermal
parameter of two-temperature electrons and
gravitational effects are present into the factor D in a
complicated way. The stability of the solitary
structure will therefore be determined by the relative
magnitudes of these effects.

7. SUMMARY
REMARKS

AND CONCLUDING

In this paper, we have theoretically studied the ion-

acoustic solitary waves in self-gravitating  dusty
plasma consisting of positive ions, weak-
nonisothermal  two-temperature  electrons  and

negatively charged dust particles with fluctuating
charges and drifting ions by using the reductive
perturbation method. Most important achievement in
the paper is that instead of coupled nonlinear
equations as obtained by earlier authors we have
obtained an uncoupled nonlinear equation for the
study of ion acoustic solitary waves in a self-
gravitating dusty plasma. However, we have not
analyzed our theoretical results numerically for a real
dusty plasma of the astrophysical objects.

Our analysis is advantageous for solving the
nonlinear equation for getting the solution of solitary
waves. The results obtained by previous authors for
ion acoustic soliton in gravitating plasma with one
component electrons can be easily recovered from our
investigation.

In our study, it is seen that because of the extra
electron the solitary wave in plasma shows a different
role played as a result of the nonlinearity and the
dispersive effect of the plasma. The multiple
electrons in plasma exhibit a steepening tendency in
solitary waves and therefore the solitons may not exist
ultimately. Moreover, because of the appearance of
large amplitude ion acoustic waves in plasmas, the
solitons move with faster velocity, causing the
soliton to break into many more solitons. These
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phenomena are exhibited in the isothermal plasma ,
whereas the nonisothermal plasma does not have
any such singularity. However, the plasma with a
small percentage of nonisothermality may introduce
such singularity. A close observation indicates that
for the increase of temperature and nonisothermal
parameter of two-temperature electrons the amplitude
of the solitary wave will be decreased and the width
will be increased. On the other hand, the effects of
gravitational forces of ions and dust particles on the
amplitude and width are seen to be more significant
than other parameters in the dusty plasma. The
amplitude will be drastically reduced due to the
gravitational effect, but the width will be increased for
the gravitational forces of mainly due to dust
particles.

Possible applications of our present study are to
understand the nonlinear wave processes in
astrophysical plasma because the dusty plasmas exist
in various environments like cometary tails, planetary
rings, asteroids, magnetosphere, lower ionosphere,
interstellar and circumstellar clouds [50-56].

Instead of dusty plasma one may consider
gravitational effect in a heavy-ion plasma [57-60] and
study the heavy-ion acoustic solitary waves shock
structures for constant charge of heavy-ion. It is to
be remembered that the dynamics of dusty plasma and
heavy ion plasma are completely different. The charge
and the mass of dusts in dusty plasma are very large
than the heavy ions in dust-less electron-ion plasma.
So, the gravitational effects of heavy ions on the
solitary waves and double layers (or shock waves)
would be insignificant.

We like to mention here that our present investigation
is based on the plasma dynamics of non-degenerate
plasma. But, in recent years there has been a great
interest on the investigation of various collective
processes in quantum-dusty plasmas. Quantum effects
may become important in a variety of environments
when the plasma temperature is low and density is
high. The dispersion caused by strong density
correlation due to quantum fluctuations can play
important role. For a quantum plasma de-Broglie
wavelength is comparable to the dimensions of the
system.

Recently, the quantum effect in dusty plasma has been
considered by many authors for the study of linear
and nonlinear propagation of waves [61-69]. So
considering both the self-gravitation and quantum
effect in dusty plasma, nonlinear propagation of dust-
acoustic and ion-acoustic waves can be studied from
which more interesting results will be obtained for the
applications in dense astrophysical plasma.



Some Special Remarks:

In a dusty plasma both dust- acoustic and ion-
acoustic solitary waves are excited in presence
of drift motion . It is true that drift motion of
dust particles are slower than the positive ions
in dusty plasma. But, the motion of dust
particles has important roles on linear and
nonlinear propagation of waves in dusty
plasma because both fast-mode and slow-
mode are generated due to drift motion.

In our paper we have considered an
unmagnetized three-component plasma
consisting of warm ions, warm micron-sized
massive negatively charged dust grains and
non-isothermal two-temperature electrons. We
have assumed that the dust particles are
mainly charged by the attachment of ions to
dust grains. Initially, electrons are attached to
dust particles at a faster rate than the ions
because the electrons have lighter mass and
faster motion than the ions. As a result the dust
particles get negatively charged. Once the dust
particles have enough negative charge the
chance of an electron being attached to the
negatively charged dust grain becomes very
much smaller than the chance of an ion being
attached to the dust grain. Ultimately, the
charge fluctuation of dust grains is due to the
attachment of positive ions only. But, the dust
particles remain negatively charged which is
varying due to attachment of ions to the dust
particles. After a long period of time, the dust
particles become neutral in charge and finally
become positively charged due to continuous
attachment of positive ions. In present paper,
we have considered the case when the charge
of the dust particles are negative before going
to be neutral due to attachment of positive
ions. However, when the dust particles become
positively charged the mathematical analysis
for the study of ion acoustic solitary waves
would be same.

In dusty plasma, it is assumed that the electron
current and ion current are the causes of
charge fluctuation of dust particles [70]. The
variation of dust charge is given by

My
Mo
where, 17 = (e|l,,|/ O/ T, +1/ @,], C s the

capacitance of dust grain, @, =1, —e¢/.0, T is the

dg,,

dt

nel

n

IeO

+1n0,, =

e0
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ion temperature and eg 0 is the equilibrium floating

potential.

Since, in our paper we have assumed that all electrons
are already attached to dust particles i.e. there is no
free electron for attachment and only ions are being
attached to dust particles causing dust charge
variation.

dQ,,

So, [e =0, n =0 and
0 n dt

=0.

Therefore, attachment of ions is the only source for
dust charge fluctuation. So, inclusion of attachment
coefficient of ions in the continuity equation sand the
momentum equations is justified.

Since the electrons are inertia- less, the question of
inclusion of sink- term in the continuity equation of
electron does not arise.
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Abstract: Using the integral form of governing equation in terms of pseudopotential, the effect of higher-order nonlinear
and dispersive effects on the dressed solitons (DS) and double layers (DL) of ion-acoustic waves has been theoretically
studied in an ultra-relativistic degenerate (URD) plasma consisting of cold inertial ions, degenerate two-temperature
electrons and negatively charged dust particles. The solution of DS in such plasma is obtained up to second-order
approximation. The profiles of DS are drawn and discussed for different values of density and temperature of this plasma.
The DS is compressive in the plasma for different values of density and temperature of degenerate electrons, and its
amplitude is much larger than that of the first-order (KdV) solitons. The DS is compressive with wave-like structure for
some value of the temperature of degenerate electrons, and its amplitude is lower than that of the KdV solitons. Moreover,
the solution for the DS near-critical state is obtained and discussed graphically. Near-critical state, the temperatures of
URD electrons have important roles in the DS. The solution of DL in the plasma has also been obtained and graphically
discussed. Both compressive and rarefactive DL will be excited in URD two-temperature-electron plasma for different
values of the electron density. But, only rarefactive DL would be excited in this plasma for different values of the electron
temperature. The results are new and these would be applicable in space plasma.

Keywords: Dressed solitons; Double layers; Ion-acoustic wave; Ultra-relativistic degenerate plasma; Two-temperature

electrons

1. Introduction

The solitary waves (SW) and double layers (DL) of ion-
acoustic waves (IAW) have been studied by various
authors considering different types of plasma (negative ion
plasma, positron plasma, quantum plasma, dusty plasma,
etc.) having different parameters (ion temperature, non-
isothermal electrons, two-temperature electrons, nonther-
mal electrons, superthermal electrons, Tsallis distributed
electrons, etc.) to fit their results in various physical situ-
ations in the laboratory and astrophysical plasma. How-
ever, two-temperature electrons in the plasma have special
kind of effects in exciting the SW and DL of IAW. It has
been found that a small percentage of the cooler component
of electrons leads to effect qualitatively different from
those obtained for a plasma having only one-temperature

*Corresponding author, E-mail: drsnpaul @ gmail.com
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electron species. Goswami and Buti [1] and some other
authors [2—-8] have investigated the SWs and DLs and other
aspects of ion-acoustic waves in plasma having two-tem-
perature electrons.

However, from the experimental observations of various
authors [9-11], it is found that theoretically predicted
values of the amplitude, width and velocity of SW do not
obey the experimental results. To remove the discrepancy
between the theoretical and experimental results, a large
number of authors have studied and analyzed the inclusion
of higher-order perturbation corrections into the Korteweg—
deVries (KdV) solitons, and the resulting solution has been
termed as dressed solitons (DS). Initially, Ichikawa et al.
[12] have first examined such higher-order effects by the
reductive perturbation method (RPM) for SW in a plasma
consisting of cold ions. Later, the temperature of ions in the
plasma has been considered by Lai [13] and has investi-
gated the higher-order effect on the SW of IAW. Subse-
quently, Kodama and Taniuti [14] have reconsidered this

© 2021 TACS
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problem and have shown by the method of renormalization
how to eliminate the secular terms appearing in higher-
order terms of the expansion. Later, several authors have
considered the effect of higher-order nonlinearity for
investigating the DS of IAW in nondegenerate plasma and
obtained interesting results [15-20].

Considering quantum (degenerate) plasma, Chatterjee
et al. [21] have used the RPM for the study of DS of IAW
in a dense quantum plasma whose constituents are elec-
trons, positrons and positive ions. Later, Roy and Chat-
terjee [22] have investigated the DSs in an unmagnetized
two-species electron—ion quantum plasma by using the
RPM. They have derived a higher-order inhomogeneous
(KdV-type) differential equation for the second-order cor-
rection and have obtained the nonsecular solution by the
use of renormalization procedure. Moreover, they have
applied a new technique to obtain the particular solution of
the higher-order inhomogeneous equation which is found
to be simpler compared to the technique used by previous
investigators. Subsequently, Wang et al. [23] have pre-
sented a theory for the DS of quantum ion-acoustic waves
(QIAW) in unmagnetized plasmas composed of positive
and negative ions and weakly relativistic beams of electron
considering higher-order corrections. They have investi-
gated the properties of the QIAW using a quantum
hydrodynamic (QHD) model from which a KdV equation
has been derived using the RPM. They have also derived an
equation including higher-order dispersion and nonlinearity
corrections, and the effect of the physical parameter has
been discussed for the importance of these corrections.

On the other hand, propagation of waves in relativisti-
cally degenerate (RD) and ultra-relativistic dense (URD)
plasma has been studied by various authors following the
works of Chandrasekhar [24, 25]. Using Sagdeev potential
approach, Esfandyari-Kalejahi et al. [26] have investigated
arbitrary amplitude SWs in electron—positron-ion plasma
having ultra-relativistic or nonrelativistic degenerate elec-
trons and positrons and have numerically investigated the
matching criteria of existence of such solitary waves. Later,
Shah et al. [27] have investigated the effect of trapping for
the formation of solitary structures in RD plasma. Masood
and Eliasson [28] have studied electrostatic solitary waves
in quantum plasma having RD electrons and cold ions.
Subsequently, Roy et al. [29] have investigated the DSs in
a dense plasma composed of URD electrons and positrons,
and inertial cold mobile ions, and negatively charged static
dust particles by using the RPM. Later, using the QHD
model and degenerate electron pressure Chandra et al. [30]
have studied electro-acoustic solitary waves in RD quan-
tum plasma with two-temperature electrons. It has been
shown that the degeneracy parameter significantly influ-
ences the conditions of formation and properties of solitary
structures. However, in a dense plasma consisting of URD

electrons and positrons, cold and mobile inertial ions, and
negatively charged static dust particles, Paul et al. [31]
have investigated the modulation instability, envelope
solitons and rogue waves of ion-acoustic waves using Fried
and Ichikawa method [32].

From the discussions, it is seen that two-temperature
electrons have important roles on the excitation of K-dV
solitons, DL and DS of IAW in the plasma. Moreover,
URD electrons have a significant effect on the nonlinear
propagation of waves in plasma. But, no investigation has
yet been reported on the DS in a dense dusty plasma with
URD two-temperature electrons obeying the equation of
state. So, in this paper, we are interested to study the DS
and the DL of IAW in a dense dusty plasma with cold ions
and URD two-temperature electrons with static negatively
charged dust particles. To solve the problem we have used
the integral form of governing equations in terms of
pseudopotential. The effects of higher-order nonlinear and
dispersive effects have been considered for obtaining the
DS in URD two-temperature-electron plasma. It is to be
mentioned that our mathematical technique has been used
by several authors to investigate the effects of higher-order
nonlinear and dispersive terms on the propagation of ion-
acoustic solitary waves in nondegenerate plasma [33-35].

2. Formulation

We consider four-component plasma consisting of iner-
tialess URD two-temperature electrons, cold inertial ion
fluid and negatively charged static dust particles. The
degenerate pressure of electrons has been expressed in
terms of density by using the ultra-relativistic limit of
Chandrasekhar [24, 25]. The nonlinear dynamics of the
electrostatic wave in such URD dense plasma is described
by the following equations:

%+a—i(nsus)=0 (m
% + u; % == aa_f (2)
Nec %’C’ - %ﬁec 62%53 =0 (3)
Nen aa—z? - %ﬁeh 62%3 =0 (4)
6627? = OlecMec + OepMen — N + Uy (5)

where the subscript ‘s’ (= e, i, p) denotes for electron, ion
and positron; velocity ug is normalized by ion-acoustic
speed C; = (moc?/e)"/?, density n, is normalized by the
equilibrium ion density, the electrostatic potential ¢ is
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normalized by m.c*/e, space variable x and time variable t
are normalized by (mec?/4nnipe?)’? and ion plasma period

(CUpi)_l§ Wpi = (47[711'062/"11')]/2;
Aee = »cn;c/g» Olen = j-cnel.Z(S)a ic = h/meca
ﬁec = KO(xeca ﬁeh = Kanh; KO - (h_/mec)a (6)

Oee = (Meco/Ri0)s ten = (Meno/Mi0), ota = (Zanao/nio)

Moo, Meno are the equilibrium densities of electrons at
low and high temperature; n; is the equilibrium density of
positive ions; Z; is the number of negative charges of dust
particles. Other parameters have their usual meanings.

The charge neutrality condition is

Oee + Oloe +0g = 1, i€ tlpe + 0ty = 1 — 0ty (7)

In absence of dust particles, oy = 0, i.e.,0c + o = 1.

For a solitary wave solution, we assume that the
dependent variables depend on a single independent vari-
able & = x — V1, where V is the phase velocity of a solitary
wave. Then from Eqs. (1)—~(3), we obtain after using the
boundary conditions n; — 1,¢ — 0 as £ — o0

1 ¢\’ ¢\’
o= e e = (1 4+ 1+ )
1_2_(/’ ( 3ﬁec> ( 3ﬁeh
V2
(8)

where f5,. and f5,;, are the temperature of degenerate elec-
trons at low and high temperatures.
Now using (8) in (4) we get

62
a_é(f: Ao + Ay ” + Asgp? )
where
-O(ec Oleh 1
AN =|—+—— —] 10a
ﬁec ﬁeh V2 ( )
[ Olec Oleh 3
A = - 10b
S R AT e
Olec Olen 5
A = - 10c
YT T 27p, 2V (10
An integral of (9) satisfying the conditions
dp/dX — 0, ¢ - 0as ¢ — £ oo is
efdp\> 1, , 1, 5 1, ,
—|—=) ==A —A -A 11
2<dX> PR S I (1)

where we have stretched the ¢-coordinate according to the
relation

X =%, (12)

In (11) and (12), ¢ is a smallness parameter. € is positive
and e <1 (ie., O<e<]).

For obtaining the solutions of higher-order nonlinear
equations, we now follow the works of Refs. [33-35] and
make the following perturbation expansions for electro-
static potential ¢ . and phase velocity V of the wave as

(13a)
(13b)

0 =M +20@ 1 0@ 4. .... 7
V=Vo+evl) 4 2v® 4 SyB® ... ..

where V) is the linear phase velocity of ion-acoustic wave.
In (13a) and (13b), the terms with ¢, ¢2, ¢, etc., represent
the perturbed values of respective parameters.
Moreover, using the expansion of V given by (13b), we
have expanded A, A; and A; of Eq. (9) in power series of
¢ and get the following equations:

A =8 el + 267 + 5

e = 00 400 4 267 . (14)
Ay =80 4 a5 4 oo
where
s =o,
o\ =2p3vv ),
2
37 = 202VV® 193 (1 — 49, V2 (VD)
oY =23VoV )+ 253(1 — 4y, V2V Y@
+ i vo(2yivs — (V)
3
0
8 =1 =30,
s =693 vV,
5% =6 3V ® 4353 (1 — 6y, V2) (VD)2
5
0
3 =1, =30
& =155} vo(vUY,
y _& OCeh y, = Aec O‘eh y Uec + Oleh
YT B B TR 3 P T g g
(15)

Substituting expansions (15) in (11), we get the
sequence of equations for the ¢)’s and the equation for
@) at each order becomes a first-order inhomogeneous
differential equation for i > 1.

For linear
Therefore,

dispersion  relation,



I Paul et al.

Olec Oen 1

Zee y 2y, 16a
ﬁec Beh Vg ! ( )

ﬁecﬁeh

(aecﬁeh + aehﬁec‘) (]6b)

ie. Vo == e

3. Solitary wave solutions
3.1. First-order equation and its solution

In the first order, i.e., in the lowest order which is at the

order of €, we obtain the following equation for ().

2
l d(/)(1> :lé(U(p(l)z
2\ dx 21

The solution can be written as

1 .
+§5<20)(p(]> (17)

de™ \/5 1
- 4 M3y, — ( 2 18
o = £\/30"BYo — o) (18)
The solution of which is the first-order KdV solitons
) = fi sec h*n (19)
where
6V,>
fi=———2 vl (20a)
(2y, — 3V, 4)

1
V73v(l) 2
0= (") x (200)
2
fi is the first-order amplitude. @(!) vanishes at infinity,
and it attains a maximum value at m =0 giving the
amplitude of first-order solitary wave fi, fi = oo (say).

(2y, = 3VyHVafi

v —
6

(21)

The first-order width D; of the solitary wave is

1

) 3
D; = <W) n (22)

where 1#, is the positive root of the equation
tanh® i, = 0.58.
The Mach number correct up to first order is given by
v 29, = 3Vy vy
YT R A G 1 St /ROl (23)
Vo 6

It is important to note that the perturbed part V(') of the
expansion for V in (13b) remains unspecified and hence the
amplitude of the solitons, fj, can be changed by varying
v,

3.2. Second-order equation and its solution

At the second order, we get the following equation for ¢(?)
using (16) and (22)

d(p(l)d(p(z) _ 6(1> (1) _|_6(21)(p<1>2 (p(2>

dx 1dX .
N 4
=507 43 Lol 4100 (24)
2 e
Differentiating (24) with respect to ¢'!) we get
d*o!V I 0 (1)
= 5(1 )¢(1) Jr(sg >qo(1) (25)

By the use of this relation and by introducing the
independent variables given by (22) Eq. (23) can be written
as

2 3
dp® o) @ _ o @gl) 208 ol
A AT BRI TAZ O

50 V"

3 4
— 26
2oV i1 (26)

Multiplying both sides of (26) by the integrating factor
1 / @511) and then integrating we obtain the following

solution @?) that vanishes at infinity and that attains a
maximum at n = 0.
6V 6
2 2707 "1
4V, VD 1 sec h>n tan hn
8P 8 96V vy
o9 % 7% YoV -~ 2
+6VyV <4V0V(1> + > + 1 sec h°n
278 vavy

(27)

Owing to the presence of the first term in the above
expression, the ¢® / o) does not remain finite at
1 — %00.. So for a uniformly valid expansion of @) the
coefficient of this term must be equal to zero. Therefore we

get 5(12) = 0 which gives

3V, v’
2

v — _

(28)

Removing the secular term, the solution of (27) is
obtained as

2 = [/ + £ tank?y] sec h*y (29)

where
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1 _
PR L. A 1 /ST
250 (27, —3V5?)
2 [y, 1, 5o
W L (O
f2 551) |:3 2 +2fl 3
36

VE(2y, — 3Vy*)?

3
24— (29, — 5V 0| VE(V(D)?
|: +2(2,y2_3v(;4)( y3 0 :| 0( )

ol B RN Vs -5
’ 2 50 2 2v,3v 8 vy
1
(30)
The amplitude of second-order correction term of (29) is
36

3
= 2 + 2 —SV’(’} V2(vy?
~ V8(2y2—3V54)2{ 2, 37,9 o N [l
(30a)
The second-order width D, of the SW is
2V3
D, = VTlO) P (31)

where 7, is the positive root of the following equation,

(f3/f2) tanh® ny — [1 + 2(f3/f2)] tanh® n, + [(f3/f2) + 0.58]
=0

(32)
3.3. Corrected higher-order solution up to second order
(dressed solitons)
Using (19) and (29) the solitary waves correct up to second
order become
0y =" + ¢? = fi(1 + fs tanh® ) sec h*n
Where7f4 :fl +f27f5 :f3/f4
+

The amplitude of corrected second-order SW (or DS) is

f4a
6v(H 6V;2
fa=15 4 {1 + ° 4
Vi (29, =3V ?) (2y, =3V5*) (34b)
3 5
24— (y, ==V 9 by, v
{ Tl T2 )} ’
The Mach number of second-order correction term is
M v 35
=g (3)

The Mach number of DS is

v oy

M=1+—4—
Ty v

where V(1) is given by ( 21).

4. Special case: dressed solitons near-critical state

In the critical state, the nonlinear coefficient vanishes, i.e.,
5&0) = (0. Under this condition, the SW will not be excited
in plasma. But, the near- critical value of phase velocity V,
(i.e., when 6 ~ 0), the SW will be excited with sechn
profile instead of usual sech’y profile. To study the SW
near-critical state when 5&0) = 0, the following perturbation
expansion for ¢ should be used,

¢ = 81/2([)(1) + F(P(2> + 33/2(p(3> 4o (37)

where € is a smallness parameter, 0 <e<1.
Substituting (12), (13b) and (37) in (9) and equating the
coefficients of & from Lh.s. and r.h.s. we get

1/de™\* 1 1) 4 0 (17 1 0) (1
2<dX =50+ 60 o + 2o (38)

Near-critical state when 5(20) ~ 0, Eq. (38) is reduced to

dp\ > . .
(_dX =51l +25{ " (39)

Equation (39) has the solution for SW in the form
oV = A, sec hn (40)
where A is amplitude of first-order SW near-critical state,

20" 4v,?
o =~ s VY (41)
Bl (y3 —2.5V,°)

1
TN P

In near-critical state, 5%0) =~ 0; so, from (15) we obtain

A =

1 =571=0 (42)
where
Olec Ueh Olec Oeh

v ot = T
! ﬁec Beh ? 3ﬁfc 3ﬁ§h

Using the values of y; and 7y, in (42), we obtain the
following quadratic equation for the near-critical value of

density of URD electrons at (320) ~ 0,



I Paul et al.

o

2 |:(ﬁeh + 9aehﬁec):| o — (2 — 30(6;,)0(3;,/3‘236 -0
“ 3Ben “ 262,
(43)

From (43) we obtain two values of the density of URD
electrons at the low temperature given by

teer = B+ (B? +40)' (44a)
ter = B — (B +40C)'? (44b)
where
B |:(ﬂeh + 9O‘ehﬁec):| C— (2 — 30t ) oen B2,

3Ben 7 2%,

From (44a) and (44b) the critical values of density o
and o, of electrons at the low temperature may be
obtained, if other plasma parameters, €.g., %p, B, Bop» ar€
known.

Similarly, at near-critical state, values of the tempera-
tures f3,. of URD electrons at low temperature for the
excitation of SW of TAW may be obtained from the
quadratic equation of f§,. using Eq. (42).

Now, to find the higher-order correction in solitons at
near-critical state of second-order Eq. (24) we equate the
coefficient €5/2 and obtain the following equation,

doV de? — oW

dx dx 11
3 3

+§5<2'>q,<1> + o0 @

0 2 0 2
oo 1 80 1@ 4 o) (17 4O

(45)

Assuming 5&0) ~ 0 for near-critical state, we solve
Eq. (45) for obtaining the second-order correction term
o
® = [A; sec hn + tanh 1] sec hy (46)

given by

where A, is the amplitude of second-order correction term
at near-critical state,
28y 4pvv®) 4vy v

Ay=—2% S 47
U e R A 7 B

Using (40) and (46) the corrected solution of DS of AW
at near-critical state is obtained as

Qrc = q)(cl) + q)£2 = [A + A; sec hny + tanh 7] sec iy

5. Double layers

The solution of DL of IAW in URD two-temperature-
electron plasma can also be obtained from Eq. (9). To
obtain the solution of DL, we make an approximation

taking the coefficients of ¢* of Eq. (9) as A3 where ¢ is
smallness parameter, 0 <¢<1.

Moreover, we substitute a new scaling with different
perturbation expansions for V and ¢ given by

V="Vy+&vl 42y (49a)
and
X=¢g (49b)

where € is a smallness parameter, 0 <e<1.
Using (49a) and (49b) in Eq. (9), we get after integration

82

do\? 1 1 1
s I 2 _ 3 e 4
5 ( ) Arg” +3000" + 7 ehs9 (50)

dx 2

Now using Aj, A, and Az of (9) in (50) and equating the
coefficient of &¢* on both Lh.s. and r.h.s. we obtain

1 (dp\" 1 1 I
3 (%0 ) =33 @0 45800 + 1o

2\ dx 2
(51)
Now, Eq. (51) is written in the form
2
1 d(p(1> (1)
Z =0 52
5 (%) e (52)

where

1 1 1
w(o) = =33 (o) =38 (p")’ = 78 (o))"
(53)

Equation (52) describes the motion of a pseudoparticle
of unit mass with velocity do(!)/dX and position ¢(!) in a
potential well (o). The first term of Eq. (53 ) can be
regarded as the kinetic energy of the pseudoparticle,
whereas the second term is the potential energy of the same
particle at that instant.

For the solutions of DL, (")) must satisfy the fol-
lowing boundary conditions:

(i) y(¢") = 0,dy/de') = 0and d*/de* <Oatp = 0,

(54a)
(i) Y (") = 0,dy/dp") = 0and d*y /de")’ <0 at V)
= ol (#0),
(54b)
(iii) for 0 < |(p(1)’< |(p§;)| (54¢)

When the above conditions are satisfied, (p(1> =01is an
unstable equilibrium position. The pseudoparticle is not

reflected at (1) = (ps,f) because the pseudoforce and the
pseudovelocity have vanished. Instead, it goes to another
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state producing an asymmetrical DL with a net potential

drop (pﬁ,p.
Applying boundary conditions (54a) and (54b) in (53)

we obtain

20 2(p, — 1.5V

(pm:______i_ (55
3 ago) 3(y3 — 2.5V, 6) )
and
1 6(0) 1?2/ (1 1)\2
V(o) === (o)) — o) (56a)
. Y — 2.5V, 2
e y(pl) = — L= 2V0D) (7 (o _ 02 (sgh)

4
The solution of (52) for DL satisfying (55) is obtained as

(1)
m 0 1
op =2 <1 — tanh[/ (0} /s(p;>)x]) (57a)
. =15V
HE P = TR, 25,9
(1 tannly (s = 25%3) /3010 1)
(57b)
The width of DL is given by
1/2
6(0)
WDL =2 + (5821)
o]
1/2
—2.5V;°
ie. Wp, =2 M (58b)
8(@571)

It is seen that the width of DL depends on the
parameters of URD two-temperature-electron plasma. It
is important to note that the DL in plasma can only exist for

positive value of 5g0), ie., ago) > 0. To satisfy this
condition, the plasma parameters should have some
critical values. Using (15) we get the critical value of the
density of URD electrons at low temperature,

Olen
i) (59)

Soe > [2702.(2.5V, ¢ —

From Eqgs. (55) and (57b) it is observed that the nature of
DL (compressive or rarefactive) depends on the sign of the
coefficient of the quadratic nonlinear term. Moreover, from

(55) it is evident that for positive values of 5&0) the
rarefactive DL is formed since 5§0) is positive. On the other

hand, if 5<20> is negative, the compressive DL will be
excited. The nature, amplitude and width of the DL depend
on the plasma parameters such as the density and

temperature of electrons of URD

electron plasma.

two-temperature-

6. Results and discussion

We have studied the DS and the DL of IAW in dense dusty
plasma having URD two-temperature electrons considering
higher-order nonlinear and dispersive effects by carrying
out calculations up to second order. The secularity condi-
tions at each order give corrections to the velocity of the
SW at the corresponding higher order. It is shown that
higher-order nonlinear and dispersion terms have signifi-
cant contributions to the formation of DS in the plasma
under consideration. To find the DS we have first obtained
the first-order SW (KdV solitons), then second-order cor-
rection to the KdV solitons and finally the corrected sec-
ond-order SW ( i.e., the DS). From (19), (29) and (33) it is
seen that the density and the temperature of URD two-
temperature electrons have significant contribution to
excite the DS. Considering a model URD plasma, we have
numerically estimated the respective amplitudes and have
drawn the profiles of KdV solitons, second-order correction
to the KdV soliton and finally the DS in the plasma. The
effects of plasma parameters on the DS are graphically
shown in Figs.(1)-(4).

To understand the nature of DS in URD two-tempera-
ture-electron plasma, the profiles are drawn taking different
values of density and temperature of degenerate electrons.
In Fig. 1 to Fig. 4 the structures of KdV solitons and DS
are shown with the variation of density and temperature of
ultra-relativistic degenerate two-temperature electrons (di-
mensionless) for fixed values of other plasma parameters.

i) Effect of o,
In Fig. 1(a), the profile of KdV solitons (¢(")) is shown
for different values of degenerate electron density ()
at low temperature for fixed values of the plasma
parameters f,. =0.1, f,, =05, o;=001. It is
observed that rarefactive KdV solitons would be
excited in the plasma and the amplitude will increase
with the increase of .. In Fig. 1(b), the structure of
second-order correction to KdV solitons (¢?)) is
shown for the same plasma. It is observed that
second-order correction term ¢ is compressive in
nature and the amplitude is large for the large values of
density of degenerate electrons at low temperature.
Figure 1(c) shows the profiles of the DS (dressed
solitons) (¢,) for degenerate electron density o, = 0.1,
for fixed values of the plasma parameters f,. = 0.1,
B =05, o4=0.01. It is seen that the DS is
compressive in nature and the amplitude of DS is
much larger than that of the KdV solitons. The
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Fig. 1 (a) (colour online) The profiles of KdV solitons (qom) for
different values of density (o) of degenerate electrons for fixed
values of the plasma parameters f,. = 0.1, ., = 0.5, ay = 0.01; the
graphs a and c correspond to a,. = 0.1, 0.2 and 0.3; (b) (colour online)
the profiles of second-order correction (qo(z)) to the KdV solitons for
different values of density (o) of degenerate electrons for fixed
values of the plasma parameters f,. = 0.1, ., = 0.5, oy = 0.01; the
graphs a, b and ¢ correspond to o,. = 0.1, 0.2 and 0. (c) (colour
online) The profiles of the dressed solitons (¢,) for density o, = 0.1
of degenerate electrons for fixed values of the plasma parameters
Poe = 0.1, B, = 0.5, oy = 0.01; the graphs a, b and c represent the
KdV solitons ((p“)), second-order correction ((p(z)) and dressed
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0.1 02 03 0.4 05 06

ec

solitons (¢, = (p(]) + (p(z) (d) (colour online) Variation of the ampli-
tude of KdV solitons for different values of density (o.) of
degenerate electron for fixed values of f,. =0.1, B, =05,
oy = 0.01. (e) (colour online) Variation of the amplitude of dressed
solitons for different values of density (c,..) of degenerate electrons
for fixed values of f,. = 0.1, B, = 0.5, oz = 0.01. (f) (colour online)
Variation of the Mach number with density (o) of degenerate
electrons for fixed values of 3. = 0.1, f8,, = 0.5, oy = 0.0; curves (a),
(b) and (c) represent the Mach number of the KdV solitons (M),
second-order correction of solitons (M,) and dressed solitons
(M = M, + M,), respectively
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«Fig. 2 (a) (colour online) The profiles of KdV solitons (qo“)) for
different values of temperature (f,.) of degenerate electron for fixed
values of the plasma parameters a,. = 0.1, 8, = 0.6, oz = 0.01; the
red, blue, green and magenta graphs represent f,. = 0.01, 0.02, 0.1
and 0.2. (b) (colour online) The profiles of the second-order
correction ((p(z)) to the KdV solitons for different values of
temperature (f5,.) of degenerate electrons for fixed values of the
plasma parameters o, = 0.1, 8, = 0.6, oy = 0.01. The graphs a, b, ¢
and d represent f,. = 0.01, 0.1, 0.15 and 0.2; (c) (colour online) the
profiles of dressed solitons (¢,) for the temperature f,. = 0.01 of
degenerate electrons for fixed values of the plasma parameters
oee = 0.1, B,, = 0.6, 2y = 0.01; the graphs a, b and ¢ represent the
KdV solitons (go“)), second-order correction (q)(z)) and dressed
solitons (¢, = </)<l> + (p(z)); (d) (colour online) the profiles of dressed
solitons for the temperature f,, = 0.5 of degenerate electron with
fixed values of o, = 0.1, ,;, = 0.6, oy = 0.01; curves (a), (b) and (c)
represent KdV solitons (¢(!), second-order correction (¢p®) and
dressed solitons (¢, = qo(l) + 90(2)); (e) (colour online) variation of
the amplitude of KdV solitons for different values of temperature
(B,.) of degenerate electrons with fixed values of o, = 0.1, f,, = 0.6,
oy = 0.01. (f) (colour online) Variation of amplitude of dressed
solitons for different values of temperature (f,.) of degenerate
electrons with fixed values of o, =0.1, f,, =0.6, oy =0.01. g
(colour online) Variation of the Mach number with temperature (f,.)
of degenerate electrons for fixed values of o, =0.1, f,, = 0.6,
oy = 0.01; curves (a), (b) and (c) represent the Mach number of the
KdV solitons (M,), second-order correction of solitons (M,) and
dressed solitons (M = M| + M,), respectively

variation of amplitude of the KdV solitons and the DS
in URD two-temperature electrons are shown in
Fig. 1(d) and Fig. 1(e). It is observed that for the
increase of o, the amplitudes of rarefactive KdV
solitons and the compressive DS are decreasing.
Figure 1(f) shows the variation of Mach numbers of
the KdV solitons (M), second-order correction to KdV
solitons (M,) and DS ( M = M, + M,) is described for
different values of ., in URD plasma for fixed values
of the plasma parameters S, =0.1, f,, =0.5,
og = 0.01. It is observed that the Mach number of
dressed solitons (M) is greater than that of KdV
solitons (M)).

ii) Effect of f,.

Similarly, the effect of temperature (f8,.) of URD elec-
trons at low temperature on the KdV solitons is shown in
Fig. 2a in the plasma for fixed values of other parameters
o = 0.1, B,, =0.6, oy =0.01. It is observed that both
compressive and rarefactive SW may be excited in the
plasma depending upon the values of f3,.. For f,. = 0.01
and 0.02, the SW will be compressive and the amplitude is
large for the large value of f,., but when f,. = 0.1 and 0.2
the rarefactive SW will be excited and amplitude is
increased with the increase of f3,.. The profiles of second-

order correction @ are shown in Fig. 2b for different
values temperature of degenerate electrons f3,. for fixed
values of the plasma parameters o, = 0.1, f,, = 0.6 are
g = 0.01. It is observed that second-order corrections ¢(?
to KdV solitons are compressive in nature and amplitude is
large for the large values of f3,.. At low value of f,,, it is
compressive with wave-like behavior.

The profiles of DS are shown in Fig. 2¢c, d in URD two-
temperature-electron plasma for the values of f,. = 0.01
and f3,. = 0.5 for fixed values of o, = 0.1, f,, = 0.5 and
og = 0.01. It is observed that structure of DS is more
interesting for low values of (f5,. = 0.01)

than large values of f,. = 0.5.

The variation of the amplitude of the KdV solitons and
the DS in URD plasma having two-temperature electrons is
shown in Fig. 2e, f. It is observed that for the increase of
B.. the amplitudes of compressive DS are increasing for the
low value f3,. and the amplitudes are decreasing for the
large values f3,.. Figure 2g shows the variation of Mach
numbers of the KdV solitons (M;), the second-order cor-
rection to KdV solitons (M,) and the DS (M = M| + M;)
with the temperature of degenerate electrons (f,,.) for fixed
values of a,. = 0.1, 8, = 0.6, oy = 0.01. It is observed that
the Mach number (M) of DS is greater than that of the KdV
solitons (M).

Special Cases:

Dressed solitons near-critical state

Effect of o,. In near-critical state, the nonlinear coef-

ec’

ficient vanishes, i.e., (5&0) ~ 0, the profiles of KdV solitons
() are shown in Fig. 3a for different values of o, in
URD two-temperature electrons for fixed values of
Pec = 0.1, B, = 0.5, ag = 0.01. It is observed that in near-
critical state the KdV solitons are compressive and the
amplitude increases with the increase of o,.. The second-
order correction to the KdV solitons ¢ is shown in
Fig. 3b for different values of .. for fixed values of the
parameters of same plasma. It is observed that the nature of
second-order corrections to the KdV solitons (¢(?)) may be
compressive and rarefactive and the amplitude is large for
the large values of «,.. At near- critical state, the DS in
URD two-temperature electrons is shown in Fig. 3c for the
electron density o, = 0.1 with fixed values of f8,. = 0.1,
P =05 and oy =0.01. It is seen from Fig. 3d that
amplitude of the DS is lower than the KdV solitons.
Effect of f3,. The temperatures of URD two-temperature
electrons also have important roles of the nature of DS at
near-critical state. Let us first see the effect of f5,. on the
KdV solitons. In Fig. 4a, the structures of KdV solitons are
shown for different values of f3,. in plasma for fixed values
of o, =0.1, B, =0.5 and oy = 0.01. It is seen that the
KdV solitons are compressive in nature and the amplitude
of it decreases with the increase of f5,.. At near-critical
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(a) —_——

0.6

Fig. 3 (a) (colour online) The profiles of first-order KdV solitons
(¢c) near-critical state for different values of density (o) of
degenerate electron with fixed values of f,. =0.1, f,, =0.5,
oy = 0.01; curves (a), (b) and (c) represent three values of
oec = 0.1, 0.2 and 0.5, respectively. (b). (colour online) The profiles
of second-order correction to KdV solitons (¢,.) near-critical state of
degenerate electron density (o) for fixed values of f,. =0.1,
Pop = 0.5, 0qg = 0.01; curves (a), (b) and (c) represent three different
values of o, = 0.1, 0.2 and 0.5, respectively. (c) (colour online) The

state, the higher-order corrections (¢,.) to the KdV soli-
tons for different values of f3,,. are shown in Fig. 4b in same
plasma. It is observed that the correction term ¢, may be
compressive and rarefactive in nature. Moreover, the
amplitude of @, is small for the large values of f5,.. The
DS at near-critical state in URD two-temperature electrons
is shown in Fig. 4c for f5,. = 0.1 with fixed values of
o =0.1, B,,=0.6 and o; = 0.01. It is seen that the
amplitude of DS is lower than the first-order SW. In this
regard, it is necessary to state that the DS will be excited in

the URD plasma at near-critical state (5<20) ~ 0), when the
density «,, will have two critical values o,.; and o, given
by (48a) and (48b). The variations of o,.; and a,., with f3,.
for fixed values of f,, = 0.6 and o; = 0.01 are shown in
Fig. 4(d)-1,-2. It is seen that with the increase of f3,. both
®ee1 and oo are increased.

Double Layers in URD plasma

(d)

<=

01c

02¢c

0.0 T T T
0.2 04 0.6 0.8

ecl

profiles of the dressed solitons near-critical state for degenerate
electron density o, = 0.1 with fixed values of f8,. = 0.1, f,, = 0.6,
og = 0.01; curves (a), (b) and (c) represent the KdV solitons (¢;¢),
second-order correction (¢,.) and dressed solitons (@,c = @|¢ +
@>¢)- (d) (colour online) Variation of amplitude of first-order KdV
solitons and dressed solitons near-critical state for different values of
degenerate electron density (o) for fixed values of f,. = 0.1,
P =05, 04 =0.01. Curves a and b represent @oi. and @y,
respectively

The solution of DL of IAW in URD two-temperature-
electron plasma is obtained from Eq. (9) which is given by
(57b), and the amplitude and width are given by (55) and
(58b), respectively. It is to be noted that there are some
critical values of a,. and f,, for the excitation of the DL in
URD plasma. The variation of critical value of a,, with f3,.
is shown in Fig. 5a for excitation of DL for the fixed values
of f,, = 0.6, oy = 0.01 in URD plasma.

Effect of o, Using the limiting values of critical o, and
f,. the profiles of DL in URD two-temperature-electron
plasma are drawn for different values of «,. and f,.. In
Fig. 5b it is shown that the formation of both compressive
and rarefactive types of DL is possible to be excited in the
URD plasma understudy for different values of o, with the
fixed values of f8,. = 0.01, 8, = 0.5, oy = 0.01. It is found
that the amplitude of rarefactive DL is increasing with the
increase of o,.. The variation of width of DL with ¢, for
different values of f,. of URD electrons for the fixed
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Fig. 4 (a) (colour online) The profiles of first-order KdV solitons
(¢¢) near-critical state for different values of temperature (f,.) of
degenerate electrons with fixed values of «, =0.1, f, =0.5,
oy = 0.01; curves (a), (b) and (c) represent three different values of
P = 0.1,0.2 and 0.5, respectively. (b) (colour online) The profiles of
second- order of solitons (¢,) near-critical state for different values
of temperature (f3,.) of degenerate electrons with fixed values of
oee = 0.1, B,, = 0.5, oy = 0.01; curves (a), (b) and (c) represent three
different values of f,. = 0.1, 0.2 and 0.5, respectively. (c) (colour
online) The profiles of dressed solitons near-critical state for the

values of f5,, = 0.5 and o, = 0.01 is depicted in Fig. Sc. It
is seen that the width of DL increases with the increase of
o, but it decreases with the increase of f3,,.

ec

temperature f3,. = 0.1 of degenerate electrons with fixed values of
oee = 0.1, B, = 0.6, 0y = 0.01; curves a, b and c represent the KdV
solitons (@), second-order correction (¢,c) and dressed solitons
(@ac = @1c + @yc), respectively. (d) (colour online) Variation of
critical value of electron density o,.; with electron temperature f3,. in
ultra-relativistic degenerate plasma for fixed values of f,, = 0.6,
og = 0.01. (e) (colour online) Variation of critical value of electron
density o, with electron temperature f,. in ultra-relativistic
degenerate plasma for fixed values of f,, = 0.6, oy = 0.01

Effect of f,. In Fig. 6a the profiles of DL of IAW are
shown for different values of f5,. with the fixed values of
o = 0.1, f,, =0.5 and oz = 0.01 in URD two-tempera-
ture-electron plasma. Figure 6a shows that only rarefactive
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Fig. 5 (a) (colour online) Variation of critical value of degenerate
electrons density (o) with degenerate electron temperature ( f3,.) for
fixed values of f,, = 0.6, ay = 0.01 for excitation of double layers.
(b) (colour online) The profiles of double layers for different values of
degenerate electron density (o) with fixed values of f,. = 0.01,
Pon = 0.5, ag = 0.01; curves a, b, ¢ and d represent four different

DL is excited in the plasma and the amplitude of rarefac-
tive DL is increased with the increase of f3,.. The variation
of width of DL with f,, is shown in Fig. 6b for different
values of o, with the fixed values of f8,, = 0.8, oy = 0.1. It
is observed that width of DL decreases with the increase of
f.c, but it increases with the increase of a,,.

7. Conclusions

In this paper, we have theoretically studied the DS and the
DL of IAW in a dusty plasma composed of URD two-
temperature electrons, cold ions and negatively charged
dust particles. Starting from an integrated form of the
system of governing equations in terms of the pseudopo-
tential considering higher-order nonlinear and dispersive
effects, the DS and the DL have been theoretically studied
using the approach based on the expansion of the Sagdeev
potential up to second order and the RPM. Most important
and significant results in this paper on the DS and the DL in

T
0.02

0.03

o
ec

T
0.04 0.05

values of o, = 0.0011, 0.0022, 0.0033 and 0.0044, respectively. (c)
(colour online) Variation of the width (Wp,) of double layers with o,
for different f,. of degenerate electrons with fixed values of
Pon = 0.5, g = 0.001; curves (a), (b) and (c) represent three different
values of f5,. = 0.010, 0.011 and 0.012, respectively

cold ion and dense dusty plasma having URD two-tem-
perature electrons are:

The rarefactive first-order SW (KdV solitons) would be
excited for different values of o,. in URD two-
temperature-electron plasma, and the amplitude of
KdV solitons will increase with the increase of o,..

In URD two-temperature-electron plasma, the second-
order correction to the KdV solitons is compressive in
nature for different values of o,. and the amplitude of
KdV solitons is large for the large values of a,.

The DS is compressive in URD two-temperature-
electron plasma for different values of o,. The
amplitude of DS is much larger than that of the KdV
solitons.

Both compressive and rarefactive KdV solitons would
be excited in URD two-temperature-electron plasma
depending upon the values of f,.. For the values of
f.. =0.01 and 0.02, the KdV solitons will be com-
pressive and the amplitude is large for the large value
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Fig. 6 (a) (colour online) The profiles of double layers for different
degenerate electron temperature (f5,.) for fixed values of o, = 0.1,
Pop = 0.5, 0qg = 0.01; curves (a), (b) and (c) represent three different
values of f,. = 0.1, 0.2 and 0.3, respectively. (b) (colour online)
Variation of the width (Wp,) of double layer with f3,. for different o,
of degenerate electrons with fixed values of f,, = 0.8, ay =0.1;
curves (a), (b) and (c) represent three different values of o,. = 0.01,
0.03 and 0.06, respectively

of f,., but for f,. = 0.1 and 0.2 the rarefactive KdV
solitons will be excited and the amplitude is increased
with increase of f3,,.

The structures of DS are found interesting with the
increase of temperature of electrons. The DS is
compressive with wave-like structure, and its amplitude
is lower than that of the KdV solitons.

The second-order corrections to KdV solitons are
compressive having wave-like structure for low value
Of ﬂEC'

e In near-critical state, the KdV solitons are compressive
and the amplitude increases with the increase of o.
The DS is also compressive, and its amplitude is lower
than that of the KdV solitons.

In near-critical state, the temperatures of URD elec-
trons have important roles on the nature of the SW. It is

seen that the KdV solitons are compressive and its
amplitude decreases with the increase of f,.. The DS is
also compressive, and the amplitude of DS is lower
than that of the KdV solitons.

e [t is possible to excite both compressive and rarefactive
DL of IAW in URD two-temperature-electron plasma
for different values of o,.. The amplitude of the
rarefactive DL will be increased with the increase of
oec. Moreover, the width of DL increases with the
increase of a,., but it decreases with the increase of f3,..

Only rarefactive DL would be excited in URD two-
temperature-electron plasma for different values of §,., and
the amplitude of DL will be increased with the increase of
P, The width of DL decreases with the increases of f,..,
but it increases with the increase of o,..

It is important to be mentioned that most of the authors
have studied the DS by the use of renormalization proce-
dure in RPM. But, in the present paper, we have used the
integral form of governing equations in terms of pseu-
dopotential. The advantage of this method over the RPM is
that instead of solving a second-order inhomogeneous
differential equation at each order one has to solve a first-
order inhomogeneous equation at each order except at the
first. This technique has been successfully used by some
authors [33-35] for investigating the effects of higher-order
nonlinear and dispersive terms on the propagation of ion-
acoustic SW in nondegenerate plasma systems. In this
paper, we have also investigated the DS in URD two-
temperature electrons near-critical state. It is necessary to
be mentioned that using the renormalization procedure in
RPM previous authors have studied the DS in plasma but
not considered the situation in near-critical state. In our
present investigation, we have considered the density of
dust particles is low and is much smaller than the density of
URD electrons. In dense dusty plasma, the dust particles
would play significant roles on the nature of KdV solitons
and the DS. The space plasmas are known to have multi-
species composition with two-temperature electrons. So,
our results on the DS and the DL may be useful for the
study of nonlinear propagation of waves in understanding
many phenomena in space plasma environments where the
effects of URD electrons are important.
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Abstract

Nonlinear propagation of ion acoustic waves has been studied in unmagnetized quantum
(degenerate) plasma in the presence of an ion beam using the one-dimensional quantum
hydrodynamic model. The Korteweg-de Vries (K-dV) equation has been derived by using
the reductive perturbation technique. The solution of ion acoustic solitary waves is obtained
from the K-dV equation. The theoretical results have been analyzed numerically for different
values of plasma parameters and the results are presented graphically. It is seen that the for-
mation and structure of solitary waves are significantly affected by the ion beam in quantum
plasma. The solitary waves will be compressive or rarefactive depending upon the values of
velocity, concentration, and temperature of the ion beam. The critical value of ion beam den-
sity for the nonexistence of solitary wave has been numerically estimated, and its variation
with velocity and temperature of ion beam has been discussed graphically. The results are
new and would be very useful for understanding the beam-plasma interactions and the for-
mation of nonlinear wave structures in dense quantum plasma.

Introduction

The most general class of nonlinear wave structures is solitary waves or soliton having approx-
imately self-consistent wave amplitudes and phases. Solitons are important and extensively
studied because a whole class of nonlinear differential equations encountered in plasma phys-
ics, solid-state physics, particle physics, hydrodynamics, nonlinear optics, and biology are seen
to support the solutions of solitary waves. In the last few years, solitary waves in plasma have
been studied theoretically and experimentally by various authors. Washimi and Taniuti (1966)
first theoretically studied ion acoustic solitary waves (IASWs) in cold collisionless unmagne-
tized plasma deriving the K-dV equation using the reductive perturbation technique. The sol-
itary wave in plasma was observed experimentally by Ikezi (1973), Lonngren (1983) and
others. A lot of theoretical works on the nonlinear propagation of ion acoustic (IA) waves
have been done by various authors incorporating different parameters in the plasma example,
ion temperature (Tagare, 1973), two-temperature electrons (Ghosh et al., 2008), resonant elec-
trons (Schamel, 1973), gravitation (Paul et al., 2017), negative ion (Chattopadhyaya and Paul,
2012), positrons (Paul et al., 2012), nonthermal electrons (Gill et al., 2004), kappa-distributed
electron (Baluku and Hellberg, 2012), Tsallis-distributed electrons (Bala et al., 2017), etc. and
have shown that these plasma parameters have considerable impact on the excitation of soli-
tary waves. However, in recent years, there is considerable interest in the nonlinear propaga-
tion of waves in a plasma consisting of electron/ion beams. The studies of the propagation of
waves in beam plasma are important in magnetospheric and solar physics (Goldman, 1983;
Hoffmann and Evans, 1968). The nonlinear structure of a plasma may change considerably
in the presence of electron/ion beams. An important property of an electron beam plasma
is that it can change the propagation characteristic of the Trivelpiece-Gould (TG) solitons
(Krivoruchko et al., 1975). The effects of an ion beam on the motion of solitons in an ion
beam-plasma system has been studied by Gell and Roth (1977). The effects of ion beams
are more important on the excitation of ion acoustic solitary waves in plasma. Abrol and
Tagare (1979) obtained a modified K-dV equation for an IASW in an ion-beam-plasma sys-
tem with cold ions, beam ions, and nonisothermal electrons. They investigated the effect of the
resonant electrons, both trapped and free electrons, of the plasma-ion to beam-ion mass ratio
and of the beam-ion concentration on the amplitude and width of the solitary wave. Later,
many authors (Karmakar et al., 1988; Das and Singh, 1991; El-Labany, 1995; Huibin and
Kelin, 2009; Zank and McKenzie, 1998; Das et al. 2011; Misra and Adhikary, 2011; Das,
2012; Das and Deka, 2015) have studied solitary waves in ion beam plasma and have obtained
some fascinating results which are important in different situations in laboratory and space
plasma. Recently, Kaur et al. (2017) have investigated the nonlinear propagation of ion
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acoustic solitary waves (IASWs) in an unmagnetized plasma com-
posed of a positive warm ion fluid, two-temperature electrons
obeying kappa-type distribution, and penetrated by a positive
ion beam. They have used the reductive perturbation method to
derive the nonlinear equations, namely K-dV, modified K-dV
(mK-dV), and Gardner equations. The characteristic features of
both compressive and rarefactive nonlinear excitations from the
solution of these equations are studied and compared in the con-
text with the observation of the He" beam in the polar cap region
near solar maximum by the Dynamics Explorer 1 satellite. It is
observed that the superthermality and density of cold electrons,
number density, and temperature of the positive ion beam cru-
cially modify the basic properties of compressive and rarefactive
IASWs in the K-dV and mK-dV regimes. It is further analyzed
that the amplitude and width of Gardner solitons are appreciably
affected by different plasma parameters. The characteristics of
double layers (DLs) are also studied in detail below the critical
density of cold electrons. The theoretical results may be useful
for the observation of nonlinear excitations in laboratory and
ion beam-driven plasmas in the polar cap region near solar max-
imum and polar ionosphere as well in Saturn’s magnetosphere,
solar wind, pulsar magnetosphere, etc., where the population of
two-temperature superthermal electrons is present. More recently,
Kaur et al. (2018) have investigated the propagation characteristics
of dust acoustic solitary and rogue waves in an unmagnetized ion
beam plasma with electrons and ions following the kappa-type
distribution in nonplanar geometry. The reductive perturbation
method is employed to derive the cylindrical/spherical K-dV
equation, which is further transformed into a standard K-dV
equation by neglecting the geometrical effects. Using new stretch-
ing coordinates, the nonlinear Schrédinger equation has also been
derived from the standard K-dV equation to study the different
order rational solutions of dust acoustic rogue waves. The impact
of various physical parameters on the characteristics of dust
acoustic solitary waves is elaborated specifically in nonplanar
geometry. Further, the effects of ion beam and superthermality
of electrons/ions on the characteristics of rogue waves are studied.
It is predicted that the results obtained may be useful in compre-
hending a variety of phenomena in Earth’s magnetosphere polar
cap region where the presence of positive ion beam has been
detected and also in other regions of space/astrophysical environ-
ments where dust along with superthermal electrons and ions
exists.

However, in recent years, researchers are very much interested
to study the propagation of waves in a quantum plasma because
quantum effects become important in a variety of environments,
such as in intense laser-solid density plasma interaction experi-
ments, dense astrophysical and cosmological environments, ultra-
small electronic devices, and metal nanostructures. The recent
developments in nanoscience (Manfredi et al., 2009), biophoton-
ics (Barnes et al., 2003), fiber optics (Agrawal, 1989), quantum
confinement (Ang et al, 2003), ultracold plasmas (Killian,
2007), etc., the study has gained momentum in a totally new
direction. The quantum effects are also important in laboratory-
produced ultra-dense plasmas (Kremp et al, 1999) and laser-
based inertial fusion experiments (Azechi, 2006) as well as the
interior of Jovian planets, neutron stars (Shapiro and Teukolsky,
1983), and white dwarfs (Madelung, 1927), etc., where the density
is very high. Quantum plasmas show numerous nonlinearities
which are absent in classical plasmas. This has led to the investi-
gation of waves in quantum plasma more important than ever.
There have been many modes of waves in plasmas like ion
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acoustic waves (IAWSs), electron acoustic waves, dust acoustic
waves, dust ion acoustic waves, electron plasma waves, and
shock waves. Using the Quantum Hydrodynamic (QHD)
model, Haas et al. (2003) has studied the importance of the
role of quantum diffraction in a linear and nonlinear regime.
They adopted an equation of state pertaining to a zero-
temperature Fermi gas for the electrons by disregarding pressure
effects for the ions. By an appropriate rescaling of the variables,
they identified a nondimensional parameter H, proportional to
quantum diffraction effects. The system is shown to support linear
waves, which, in the limit of small H, resemble the classical IAWs.
In the weakly nonlinear limit, the quantum plasma is shown to
support waves described by a deformed K-dV equation which
depends in a nontrivial way on the quantum diffraction parameter
H. In the fully nonlinear regime, the system also admits traveling
waves which can exhibit periodic patterns. The works of Haas
et al. (2003) have encouraged a large number of authors to
study the nonlinear propagation of acoustic waves (e.g., solitary
waves and modulation instability) in quantum plasma. We have
here mentioned some of the important works on solitary waves
in quantum plasma. Ali and Shukla (2006) have considered a one-
dimensional QHD model for a three-species quantum plasma to
derive the K-dV equation incorporating quantum corrections and
studied the nonlinear properties of dust acoustic solitary waves.
They examined the quantum mechanical effects numerically
both on the profiles of the amplitude and the width of dust acous-
tic solitary waves. It is found that the amplitude remains constant
but the width shrinks for different values of a dimensionless elec-
tron quantum diffraction parameter H. Subsequently, Ali et al.
(2007) have investigated the linear and nonlinear properties of
the TAWs by using the QHD equations together with the
Poisson equation in a three-component quantum electron—posi-
tron—ion plasma. They have derived the linear dispersion relation,
the K-dV equation, and an energy equation containing quantum
corrections. They have also performed the computational investi-
gations to examine the quantum mechanical effects on the linear
and nonlinear waves. It is found that both the linear and nonlin-
ear properties of the IAWs are significantly affected by the inclu-
sion of the quantum corrections. Later, Misra and Bhowmik
(2007) have considered a nonplanar spherical geometry to study
the nonlinear properties of ion acoustic (IA) waves in an elec-
tron-ion quantum plasma with the effects of quantum correc-
tions. Using the QHD model and standard reductive
perturbation method, they derived the K-P equation having a var-
iable coefficient and examined numerically the importance of
quantum mechanical effects on the compressive and rarefactive
solitons. It is found that H plays a significant role in the formation
of compressive and rarefactive solitons. A critical value of H is
also found which depends on the phase velocity of the wave
and the ion to electron Fermi temperature ratio, for which the sol-
iton formation ceases to exist. Subsequently, Mushtaq and Khan
(2007) have studied ion acoustic solitary wave with weakly trans-
verse perturbations in quantum electron-positron-ion plasma
using the QHD model. They have derived the linear dispersion
relation in the linear regime and the K-P equation in the nonlin-
ear regime. It is found that compressive solitary wave can propa-
gate in this system. The quantum effects are also studied
graphically for both the linear and nonlinear profiles of ion acous-
tic wave. Using the energy consideration method, conditions for
the existence of stable solitary waves are obtained. It is found
that stable solitary waves depend on quantum corrections, posi-
tron concentration, and direction cosine of the wave vector.
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Later, Sah and Manta (2009) have investigated the nonlinear wave
structure of electro-acoustic waves (EAWSs) in a three-component
unmagnetized dense quantum plasma consisting of two distinct
groups of electrons (one inertial cold electron and other inertia-
less hot electrons) and immobile ions. Using one-dimensional
QHD and the standard reductive perturbation technique, they
derived the K-dV equation governing the dynamics of EAWS.
Both compressive and rarefactive solitons along with periodical
potential structures are found to exist for various ranges of
dimensionless quantum parameter H. The quantum mechanical
effects are also examined numerically on the profiles of the ampli-
tude and the width of electro-acoustic solitary waves. It is
observed that both the amplitude and the width of electro-
acoustic solitary waves are significantly affected by the parameter
H. Akbari-Moghanjoughi (2010) has investigated large-amplitude
IASW in a degenerate dense electron-positron-ion plasma con-
sidering the ion temperature as well as electron/positron degener-
acy effects. It is shown that the ion temperature effects play an
important role in the existence criteria and allowed a
Mach-number range in such plasmas. He has also pointed out
the fundamental difference in the existence of supersonic IASW
propagations between degenerate plasmas with nonrelativistic
and ultra-relativistic electrons and positrons. Chandra et al.
(2012) have theoretically studied the linear and nonlinear propa-
gation of electron plasma wave in a two-component unmagne-
tized dense quantum plasma with streaming of ions both
analytically and numerically using one-dimensional QHD. It
has been shown that the quantum effect modifies the linear dis-
persion character of the electron plasma waves in the presence
of streaming motion and makes the possibility of two distinct
modes. They have also derived the K-dV equation and have
shown that both compressive and rarefactive solitary waves
would be excited in the model plasma on some critical values
of the quantum diffraction parameter. Dip et al. (2017) have
investigated higher-order nonlinearity of the EAWs, specifically
IA waves in an unmagnetized, collisionless, quantum electron-
positron—ion plasma. They derived the mK-dV equation. The
plasma system is supposed to be formed of positively charged
inertial heavy ions, inertialess electrons and positrons to analyze
the solitary waves (SWs), and the standard Gardner (SG) equation
to analyze the higher-order SWs as well as DLs. The basic features
(namely, amplitude, width, phase speed, etc.) of the IA SWs and
DLs are examined. The comparison between the mK-dV SWs
and SG SWs is also made. It is found that the amplitude,
width, and phase speed of the IA SWs and DLs are significantly
modified by the effects of both Fermi temperatures as well as pres-
sures and Bohm potentials of electrons and positrons.

However, the propagation of ion acoustic and EAWs in quan-
tum (degenerate) plasma having electron beam or jon beam
would give fascinating results which are not studied yet critically,
though many authors studied the wave propagation in nondegen-
erate/classical plasma (Yajima and Wadati, 1990; Mondal et al.,
1998; El-Labany, 1995; Zank and McKenzie, 1998; Bailung
et al., 2010; Saberian et al., 2013; Danehkar, 2018). So, in the pre-
sent paper, we are interested to study the nonlinear propagation of
ion acoustic waves in a quantum plasma consisting of warm ion
beams. Using the reductive perturbation method, we have derived
the K-dV equation and have obtained the solution of ion acoustic
solitary in the quantum plasma having nonrelativistic ion beam.
The effects of ion beam parameters, that is ion beam density,
ion beam temperature, and ion beam velocity, on the solitary
waves are critically discussed with graphical representation. The

quantum diffraction parameter H has a significant role in the
width of solitary waves in the quantum plasma. For H<2 and
H > 2, the width may be increased or decreased depending upon
the values of ion beam parameters.

Basic equations

We consider that the quantum plasma is unmagnetized and col-
lissionless and it consists of positive ions, beam ions, and inertia-
less electrons. All species of the plasma are assumed to follow the
Fermi-Dirac statistics. The positive ions and positive beam ions
are considered to be singly ionized. Ion acoustic wave is a low-
frequency wave, in which the restoring force comes from the pres-
sure of inertialess electrons and the ion masses provide the driv-
ing force to maintain the wave. The electrons are considered
inertialess by assuming that the phase velocity of ion acoustic
wave is much less than the Fermi velocity of electron and much
greater than the Fermi velocities of positive and beam ions. We
assume that the plasma particles behave as a one-dimensional
Fermi gas at zero temperature and therefore the pressure law is:

m; V2
pi = R P (D

) 2 J
3ny,

where j = e for electrons, j =i for ions, and j = b for beam ions; m;
is the mass; Vi = /2kp Trj/m; is the Fermi speed, Ty; is the Fermi
temperature, and kg is the Boltzmann constant; #; is the number
density with the equilibrium value nj. wp = /4mnge?/m. is the
electron plasma oscillation frequency and Vg, is the Fermi ther-
mal speed of electrons.

The normalized equations governing the plasma dynamics are:

b ome H2O[ 1 Py
0=—" e —— | ——= )
ox x 2 0x|./ne 0x?
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t ox
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It is to be mentioned that the following normalization has been
used in the above equations:

XWpi n; Uj
, = top, @ — , ny — —and u; —
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and H = % wpe/2kpTg. is a nondimensional quantum parameter
proportional to the quantum diffraction and is equal to the
ratio between the plasma energy # wp. (energy of an elementary
excitation associated with an electron plasma wave) and
the Fermi energy kpTre; ¥ = teo/njo is the ratio of unperturbed
electron density and ion density; p=my/my is the ratio of
positive ijon and beam ion masses and o;y, = Tgp/Tge is the
ratio of ion (beam) Fermi temperature to electron Fermi
temperature.

K-dV equation

In order to investigate the behavior of IA, we make the following
perturbation expansions for the field quantities n., 1y, 1y, Ue, U
uy, and ¢ about their equilibrium values:

_ne_ _neO_ _nel_ _ne2_
Ue 0 Uel Uep
nj Nio ni1 Nip
Ui =| 0 +e| uj +&? Uiy + ... 8)
np Nbo Np1 Nb2
Up Ubo Upi Ub2
L ¢ L O L & L &,

where neo=7%, npo=1-—7, and n;y=1 which are obtained from
the equilibrium condition of densities after normalization.

To get the desired K-dV equation describing the nonlinear
behavior of ion acoustic waves, we use the standard reductive per-
turbation technique (Washimi and Taniuti, 1966). We introduce
the usual stretching of the space and time variables:

E=ge'(x— Vot) and 7= g3/t 9

where V,, is the phase speed normalized by electron Fermi speed
Vg and € is a smallness parameter measuring the dispersion and
nonlinear effects.

Using Eq. (9), Eqs (2)-(7) are written in terms of the
stretched coordinates & and t and then the perturbation expan-
sions (8) are substituted. Solving the lowest-order equations in
e (ie, €¥?), we obtain the linear long-wave phase speed V), in

terms of plasma parameters after using the boundary
conditions:
1 (1 =X
X— - = 10
VZ=a; [(Vp— o) — o1 — XV (10
Simplifying Eq. (10), we obtain the following equation:
aVy =26V, +aVi+20V, +6 =0 (11)

Indrani Paul et al.

where

=1

c=by)/2

¢ = —[b1 — by — bs + (1 — x)1/x
a = [ba(by — 1)]/2x

co = —[bs(by + D]/x

by = [ugy — op(1 — x)*]
by = 2uy

blz()'i

Equation (11) is a bi-quadratic equation in V}, and it gives four
values of phase speed of the ion acoustic wave in quantum plasma
(real or imaginary). The four values of V|, from the above
bi-quadratic equation are obtained as follows:

1
=56 +d) + V(dr + ) — 4y + )
1
=5l +d) = Vidi + ) — 4 + i)
] (12)
Vo =515 = d) + v/ (di — ) — 4y — dy)
1
Vp = E[(C3 di) — /(dy — ¢3) — 4(d, — ds)
where
df:c§—62+2d2
dids = c1 + c3d,
= d% — ¢
1 13 1 13
d2 :|:E (d4 + (di — ds)] +|:5 (d4 — 1/ (di — d5)i| +gC2

1 1
dy = —Cz(Co +ac)+—— 108 E(Cocz - cOc§ - Cf)

4 2
d5 729 |:3(C0 + C1C3) + - C2:|

From Eq. (12), the phase speed of IAW in quantum plasma in
the presence of ion beam can be studied analytically and numer-
ically, and the effects of plasma parameters on the phase speed
would be understood.

Now, to derive the K-dV equation, we use the stretching coor-
dinates given by Eq. (9). Taking the terms of €*'*, we obtain from

Egs (2)-(7),

9, Mes nag H?>Pn
0=2%2_ e Z o 13
g M0 T e Ty g (13)
0 d ou; d
al fi2 ti2 + = (myu;) =0 (14)
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Differentiating Eq. (18) with respect to & once more, we get

0
—(1—x)g—§

33<P1_ One  np
e N a

19)

Putting the first-order values of n.y, #;1, 11, U1, Upy in terms of
07 in Eqs (13)-(18) and then eliminating nes, #;5, Hp2, Uens Uins Upos
0y, the following K-dV equation in quantum plasma having ion
beams has been obtained from (19):

adb,
— 4+ A
. + Ad,

3
0y, P

GIS Sy 20

where

characteristic of such solitary wave structure. The coefficients A
of the nonlinear term and coefficient B of the dispersion term
thus play a crucial role in determining the solitary wave structure.

To find the steady-state solution of the K-dV equation [Eq.
(20)], the independent variables & and t are transformed into
one variable n=&—U t where U is the normalized constant
speed of the wave frame. Applying the boundary conditions: as
N— to0; (i) @; = 0, (ii) (dei/dn) = 0, (iii) (d*¢,/dn*) = 0, the
solution is obtained as

P1 = P Se€c W (2)

(21)
where the amplitude ¢, and width A of the solitary structure are
given by:

3 4B
U L

A U (22)

Po =

For the positive value of A, the solitary wave will be compres-
sive and the negative value of A will generate the rarefactive soli-
tary wave. Since A is independent of H, the amplitude of the
solitary wave will remain the same for any value of H. On the
other hand, the width of the solitary wave depends on H and
other plasma parameters G;, Gy, #pg, Upo> M-

Results and discussions

We have numerically analyzed the behavior of ion acoustic soli-
tary waves in quantum plasma in the presence of an ion beam
from the K-dV equation [Eq. (20)] and its solution is given by
Eq. (21). It is seen that the structure of solitary waves depends
on the nonlinear coefficient (A) and the width depends on dis-
persion coefficient (B). The characteristics of solitary waves
depend on the various plasma parameters, namely, velocity
(upo), concentration (my,), and temperature (o,) of the ion
beam. For the numerical estimation we have considered a model
quantum plasma and have used the value of quantum diffraction

xXi(ai — VA(VE = 0)’ (V2 — poy)’

A=
(V2 = 00(VE = 0u)2xVp(os — V2 — (1/0)(VE = 00) = 2uVp(VZ — o]

(20a)

w(oi + 3V§)(V12) — poy) + xpA(poy, + 3VE) (o5 — Vf, - (1/X))(VP2, - O'i)2

—_ (V; — 0)(VE — pop)[2xpVp(o; — V; - (1/X))(V§ —0y) — 2V, (V2 — poy)]

5 (H? — 4)(V2 — 01)"(VE — poy)
T AlRx V(o — V2 — (1/X0)VE — 01) — 2V, (VE — poy)
(20b)

where V}, =V, — uyo and the parameters y, o, Gy, X, Ubo, H, and
V,, are defined earlier.

It is known that the solitary wave structure is formed due to
the balance between the dispersive effect and the nonlinear effect.
The relative strength of these two effects determines the

diffraction (H) from Hass et al. (2003) and Chandra et al
(2013); and for ion beam velocity from Kaur et al. (2017). The
results obtained from numerical estimation for the variations of
A and B, the structure and width of solitary waves are given below.

Variation of the coefficients of the nonlinear term and the
dispersive term

It is seen from the K-dV equation [Eq. (20)] that the coeffi-
cient A of the nonlinear term depends on the plasma
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parameters, that is W, o;, oy, ), Upo but diffraction parameter H
has no effect on A; whereas the coefficient B of dispersive term
depends on the plasma parameters including quantum diffrac-
tion parameter H. Thus, the nonlinear and dispersion coefti-
cients get modified by the ion beam, quantum diffraction
effect, and the quantum statistical effect through electron-
ion Fermi temperatures. The nonlinear coefficient A has
been numerically estimated for a model quantum plasma for
plasma parameters related to ion beam and is graphically
shown in Figure la-1lc.

Figure 1a shows the variation in the nonlinear coefficient (A)
with ion beam temperature (o,,) for different values of ion beam
density () in a quantum plasma having fixed values of other
parameters as 6;=0.01, uy=0.5, H=0.1, V,=1.6, p=1 (H*
ion beam).

It is seen that the nonlinear coefficient (A) becomes negative
or positive depending on the values of ion beam temperature.
The negative values of A indicate that the solitary waves are rar-
efactive and, for positive values of A, the solitary waves will be
compressive. The nonlinear coefficient A decreases up to the cer-
tain value of ion beam temperature (o, ~ 1.2) and then it is sud-
denly increased to a maximum positive value and finally it
decreases slowly with the increase of ion beam temperature keep-
ing a positive value.

Similarly, the variation of A with ion beam velocity (1) for
different values of velocity ion beam density (1) is shown in
Figure 1b in a quantum plasma with fixed values of other param-
eters as H=0.1. V,=1.6, 6;=0.1, 6,=0.1, p=1.

It is seen from Figure 1b that the nonlinear coefficient (A)
becomes negative or positive depending on the values of ion
beam velocity. Therefore, the solitary waves will be rarefactive
(compressive) when A <0 (A>0). It is interesting to see that
the nonlinear coefficient A decreases up to the certain value of
ion beam velocity (uy,o= 1.3) and then it is suddenly increased
to a maximum positive value and finally it starts to decrease
with the increase of the ion beam velocity keeping a positive
value. Moreover, the nonlinear term is seen to increase with the
increase of the ion beam density (r).

The variation in the nonlinear coefficient (A) with ion beam
velocity (up) for different ion beam temperatures (op,) can be
understood from Figure 1c for a quantum plasma having fixed
values of 6;=0.01, n,0=0.5, H=0.1, V,=1.6, u=1.

It is observed that the nonlinear coefficient A becomes
positive or negative depending upon the values of ion
beam velocity and ion beam temperature. The positive values
of A indicate that the solitary wave will be compressive and
the negative value of A means the rarefactive solitary will be
excited.

Similarly, the dispersion coefficient (B) is numerically esti-
mated for a quantum plasma and its variation with the quantum
diffraction parameter H and the parameters related to the ion
beam are graphically shown in Figure 2a-2c.

Figure 2(a) shows the variation of B with ion beam velocity
(upp) and H in a quantum plasma having fixed values of o;=
0.1, 0y = 0.1, typ=0.5, V, = 1.6, p= 1.

It is seen that B is significantly affected by H. The coefficient B
is negative and it increases with ion beam velocity for H <2 and B
=0 for H=2. But, B is positive and it decreases with ion beam
velocity for H> 2.

In Figure 2b, the variation of B with ion beam temperature for
different values of H is shown for a quantum plasma having fixed
values of 6;=0.01, upo=0.5, np9=0.5, V, =12, p=1.

Indrani Paul et al.

a)
=
@
2
ﬁg -
§ 1
5
Z . 1
09 1?0 1!1 112 1?3 1!4 1.5
lon Beam Temperature
b)
T T T |I || T
l Illln
.-E IIII"\ Il\a
2 o\b‘« B
g — cd |
] ™ b- \."‘-.
"",'II |
10 I 15
lon Beam Velocity
c)
ol |3:6,=02 | ‘
b:g,=03 d Ilc a |
£ af |Ci5706 I| |
x d: =038 I |
3] % ‘ b _
PIasENNLY
= | % b [— |
£ 20+ d CI‘ |Ia
S |
Z . J
0] l
0?4 I DfB . 0!8 . 1!0 . 1!2 I 14
lon Beam Velocity

Fig. 1. (a) Variation of Nonlinear coefficient with ion beam temperature (o) for dif-
ferent value of ion beam density (n,o) in quantum plasma with fixed values of plasma
parameters ¢;=0.01, U0 =0.5, V, =1.6, u=1 (H* ion beam). (b) Variation of nonlinear
coefficient with ion beam velocity (uyo) for different value of ion beam density (ny) in
quantum plasma with fixed values of plasma parameters V, =1.6, 6;= 0.1, 6, = 0.1, u =
1 (H" ion beam). (c) Variation of nonlinear coefficient with ion beam velocity (uy,o) for
different value of ion beam temperature (c},) in quantum plasma with fixed values of
plasma parameters o; = 0.01, nyo= 0.5,V,=1.6, p=1 (H" ion beam).

In this case also, B is negative and it increases with ion beam
temperature for H<2 and B=0 for H=2. But, B becomes posi-
tive and it decreases with ion beam temperature for H > 2.
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The variation of B with nyy and H is shown in Figure 2¢ in a
quantum plasma having fixed values of 6;=0.01, 6, =0.1, 1y =
0.5, V=12, p=1.

It is seen that B is negative for H <2 and it increases with the
increase of nyo. The coefficient B=0 when H=2. For H > 2, the
diffraction coefficient B is positive and it decreases with the
increase of ny.

lon acoustic solitary waves

To understand the nature of ion acoustic solitary waves, the pro-
files of solitary waves are drawn in the quantum plasma in the
presence of an ion beam for different values of velocity, density,
and temperature of the beam. In Figure 3a, the structure of soli-
tary waves is shown with a variation of u;, in the quantum plasma
having parameters (dimensionless) o;=0cp,=0.1, n1pg=0.5, V=
1.6, u=1.

It is observed that both compressive and rarefactive solitary
waves may be excited in the quantum plasma depending upon
the values of uyg. For upg=0.1 — 1.2, the solitary wave will be rar-
efactive and the amplitude will decrease with the increase of u,
but for uyo=1.3 and 1.4, the compressive solitary wave will be
excited and the amplitude will increase with the increase of up.

The effect of ion beam density on solitary waves is shown in
Figure 3b in the quantum plasma with fixed values of o;=0.01,
6, =0.1, upy=0.5, V=12, p=1.

It is seen that the values of ny decide to excite the compressive
or rarefactive solitary waves. For low values of ny (=0.1, 0.2, and
0.3), the solitary waves are compressive and the amplitudes are
increased with the increase of ny, but for large values of ny,
(0.7, 0.8), the solitary wave will be rarefactive in nature and the
amplitudes are decreased with the increase of nyy.

In Figure 3c, the structure of solitary waves for different values
of ion beam temperature (o) is shown for a quantum plasma
having fixed values of 6;=0.01, 71,0=0.5, upo=0.5, V,=1.6,
=1.

It is seen that both compressive and rarefactive solitary waves
may be excited in the quantum plasma and these are dependent
on the values of o,. For o,=0.0, 0.2, 0.25, the solitary waves
are compressive and the amplitude increases with the increase
of o,. But when ¢, =0.3 and 0.35, the rarefactive solitary waves
are excited and the amplitudes are decreased with the increase
of cp.

Since the width is very important for the study of solitary
waves in quantum plasma, we have drawn the profiles of width
for different values of ion beam parameters. From Eq. (22), we
see the width of solitary depends on H and other plasma param-
eters G, Gp, Mpo» Upo-

In Figure 4a, the variation in width with o, for different values
of H is plotted for a quantum plasma having fixed values of c; =
0.1, 0y =0.1, myp=0.5, V, = 1.2, p = 1.

It is seen from Figure 4a that the width of solitary waves
decreases with the increase of ion beam temperature and it
becomes zero at o, ~ 0.58. Moreover, the widths are decreased
with the increase of H when H < 2. But the widths are increased
with the increase of H when H > 2.

In Figure 4b, the variation of widths with ion beam velocity
(upo) for different values of H are depicted for a quantum plasma
with fixed values of 6;=0.1, 6, =0.1, up=0.5, V,=1.2, u=1.

It is observed from Figure 4b that the width decreases
with the increase of ion beam velocity and it becomes zero at
Upo ~ 1.3. When uy, <1.3, the width decreases with the increase
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Fig. 2. (a) Variation of dispersion coefficient with ion beam velocity (upo) for different
value of quantum diffraction parameter (H) in quantum plasma with fixed values of
plasma parameters ;=0.1, o,=0.1, nyr=0.5, V,=1.6, p=1 (H" ion beam). (b)
Variation of the dispersion coefficient with ion beam temperature (o) and quantum
diffraction parameter (H) in quantum plasma with fixed values of plasma parameters
6;=0.01, upo=0.5, npo=0.5, V=12, p=1 (H* ion beam). (c) Variation of the disper-
sion coefficient with ion beam density (ny,) and quantum diffraction parameter
(H) in quantum plasma with fixed values of plasma parameters having c;=0.01,
0p=0.1, Upp=0.5, V=12, p=14 (H" ion beam).

of H when H < 2 and it increases with the increase of H when
H > 2. But, when uy,( >1.3, the width increases with the increase
of H.
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Fig. 3. (a) The profiles of compressive and rarefactive solitary waves in quantum
plasma with variation of ion-beam velocity (upo) with fixed values of plasma param-
eters 6;=0p=0.1, npp=0.5, V,=1.6, u=1 (H" ion beam), U=0.1. (b) The profiles of
compressive and rarefactive solitary waves in quantum plasma with variation of
ion-beam density (n,o) with fixed values of plasma parameters ¢;=0.01, 6, =0.1,
Ubo=0.5, Nbo=0.5, V,=1.2, u=1 (H" ion beam), U=0.1. (c) The profiles of compres-
sive and rarefactive solitary waves in quantum plasma with variation of ion-beam
temperature (o) with fixed values of plasma parameters c;=0.01, Up=0.5, Nye=
0.5, Vp=1.2, p=1 (H" ion beam), U=0.1.

The variation in the width of solitary waves with ion beam
density (nyo) for different values of quantum diffraction parame-
ter (H) is shown in Figure 4c with fixed values of plasma param-
eters 6;=0.01, 6, =0.1, upp=0.5, V, =12, u=1
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Fig. 4. (a) Variation of width of solitary wave with ion beam temperature (o) and
quantum diffraction (H) in quantum plasma with fixed values of plasma parameters
6;=0.01, n,p=0.5, Upp=0.5, V=12, u=1 (H* ion beam). (b) Variation of width of sol-
itary waves with ion beam velocity (upo) for different value of quantum diffraction
parameter (H) in quantum plasma with fixed values of plasma parameters ¢;=0.1,
op=0.1, Npp=0.5, V=12, u=1 (H* ion beam). (c) Variation of width of solitary
waves with ion beam density (ny,) for different value of quantum diffraction param-
eter (H) in quantum plasma with fixed values of plasma parameters ;=0.01, 6,,=0.1,
Upo=0.5, V=12, u=1 (H" ion beam).

Figure 4c shows that the width of solitary waves decreases with
the increase of ion beam density. Moreover, the width decreases
with increase of H when H <2 and it increases with the increase
of H when H > 2.
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It is important to point out that the solitary wave will not exist
when the coefficient of the nonlinear term of the K-dV equation
[Eq. (20)] vanishes for some critical values of the plasma param-
eters W, G;, Op, X, Upo, and H. Assuming A = 0, we obtain

X[(oi — V))of — uVb)’ — plpoy, — 3VE)(os —

= (07 = 3V)(0p — pVp) — plpoy, — Vi)

V)]
@)

From Eq. (23), the critical values of the plasma parameters can
be obtained for the nonexistence of the solitary waves in the quan-
tum plasma. The critical value of ion beam density (Ny) is

[(0i = 3V))(0f — mVR) — wlpoy, — V)]
[(0: — V2) (o2 — pVb)* — wpoy, — 3V (o — V2)]
(24)

Npe =1~—

Again, for some critical values H, V,, and V4, the solitary wave
will be non-dispersive if the coefficient Ba 0 in K-dV equation
[Eq. (20)]. In this case, H=2, or V,, = \/oj, or V}, = /L0y,

The variation of critical ion beam density (Ny,.) with ion beam
velocity and ion beam temperature is shown in Figure 5.

It is observed that Ny does not depend on H and increases
slowly with the increase of u, and after a certain value of uy,
it is suddenly increased to attain a maximum value. Then, N,
decreases rapidly with the increase of uyy. Moreover, Ny is
small for large values of wuy.

But, the solitary waves near the critical density of ion beam in
the quantum plasma can be obtained through the derivation of a
modified K-dV equation using different stretching coordinates

E=(x—Vp)and T = &3t (25)

The solution of the modified K-dV equation near critical ion
beam density will be represented by Paul ef al. (1996) and Mondal
et al. (1998)

P1c = Poc SeC ]’l('T]/A,) (26)

Critical lon Beam Density
&
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Fig. 5. Variation of critical value of ion beam density with ion velocity (ny) for differ-
ent ion beam temperature (op) in quantum plasma with fixed values of plasma
parameters V,=1.6, 6;=0.1, u=1 (H* ion beam).

where ¢, and A" are the amplitude and width of solitary wave
near critical ion beam density. Moreover, double-layer (shock-
like) solution of ion acoustic wave in the quantum plasma near
critical ion beam density may be obtained from the nonlinear
equation combining the K-dV equation and the modified K-
dV equation (Paul et al, 1996; Mondal et al., 1998; Kaur et al.,
2017),

0 = 2411 — tanh(n/A")]

> (27)

where ¢oq and A" are the amplitude and the width of DLs.

Summary and conclusions

In this paper, we have used the one-dimensional QHD model to
investigate ion acoustic solitary waves in a dense quantum plasma
in the presence of ion beam. For the study of the nonlinear behav-
ior of ion acoustic waves, the K-dV equation has been derived by
using the reductive perturbation technique. It is seen that the for-
mation and structure of solitary waves are significantly affected by
the presence of ion beam in quantum plasma. Ion acoustic soli-
tary waves in the quantum plasma may be compressive or rarefac-
tive depending upon the values of ion beam parameters, that is
velocity, density, and temperature of the ion beam. Our results
may be useful for understanding the beam-plasma interactions
and the formation of nonlinear wave structures in dense quantum
plasma. The model includes a quantum statistical effect through
the equation of state and quantum diffraction effect through the
parameter H. It is known that quantum effects in plasma become
important when thermal de Broglie wavelength becomes much
larger than the average interparticle distance. In most practical sit-
uations, quantum effects for the ions may be neglected because of
their heavier mass than the electrons.

To the best of our knowledge, no work on the ion acoustic sol-
itary waves in degenerate plasma in the presence of ion beam has
been reported till now. In our analysis, the explicit form of solitary
waves in the quantum plasma is obtained from the K-dV equa-
tion and the structure of solitary waves is graphically discussed
for different values of density, velocity, and temperature of the
ion beam.

Our main findings are:

i) Both compressive and rarefactive solitary waves may be
excited in the quantum plasma depending upon the values
of ion beam parameters but the quantum diffraction has
no role in it.

ii) Compressive solitary wave will be excited for ion beam veloc-
ity upo=1.3 and 1.4, and amplitude will increase with the
increase of uyg; but the solitary wave will be rarefactive for
ion beam velocity upo=0.1-1.2 and the amplitude will
decrease with the increase of uy.

iii) For low values of ion beam density (n,0=0.1, 0.2, and 0.3),
the solitary waves will be compressive and the amplitudes are
increased with the increase of beam density; but for large val-
ues of nyg (0.7, 0.8), the solitary wave will be rarefactive and
amplitude decreases with the increase of beam density.

iv) Compressive solitary waves will be excited for ion beam tem-
perature o, = 0.0, 0.2, 0.25 and the amplitude increases with
the increase of op; but for o, =0.3 and 0.35, the solitary
waves will be rarefactive in nature and amplitude decreases
with the increase of o,
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v) For the numerical estimation of A, B, and the electrostatic
potential of solitary waves, we have considered H" ion
beam and the value of u=1(u=m;/my). For He" beam (u
=1/4) and Ar" beam (u=1/40), numerical estimation can
be made and in these cases, the structure of solitary will be
different. From numerical estimation and graphical repre-
sentation of solitary waves, it is seen that the solitary waves
will be always rarefactive.

vi) The quantum diffraction parameter H plays important roles
in the width of solitary waves in the quantum plasma. For H
<2 and H>2, the width may be increased or decreased
depending upon the values of ion beam parameters.

However, with reference to laboratory and space plasma, inter-
esting results would be obtained on the propagation of electro-
static waves in a bounded system like plasma-filled waveguides.
The boundaries in such a system may add additional effects.
The wave with no dispersion in an unbounded system may
become dispersive in the bounded system; and the stable wave
of an unbounded system may become unstable in bounded geom-
etry (Ghosh et al., 2014; Paul et al., 2016). Moreover, relativistic
effect in plasma is important in many practical situations, for
example, in space-plasma phenomena (Vette, 1970), the plasma
sheet boundary of Earth’s magnetosphere (Grabbe, 1989), Van
Allen radiation belts (Shprits et al., 2013), and laser—plasma inter-
action experiments (Marklund and Shukla, 2006). Following the
works of Das and Paul (1985) in nondegenerate plasma, ion
acoustic solitary waves in degenerate (quantum) plasma have
been studied by Sahu (2011). Assuming the relativistically degen-
erate plasma, the nonlinear propagation of electrostatic solitary
has been studied by Mamun and Shukla (2010) and others
(Akbari-Moghanjoughi, 2011; Masood and Eliasson, 2011).
Later, Chandra et al. (2013) have considered two-temperature
electrons in a relativistically degenerate plasma and have theoret-
ically investigated the electro-acoustic solitary waves. It has been
shown that the relativistic degeneracy parameter significantly
influences the conditions of the formation and properties of sol-
itary waves. Recently, Hossen and Mamun (2014) have studied
theoretically and numerically the nonlinear propagation of mod-
ified EAWSs in an unmagnetized, collisionless, relativistic degener-
ate quantum plasma through the derivation of the nonplanar K-
dV equation which admits a wave solution for the solitary wave
profile. More recently, Paul et al. (2019) have considered an ultra-
relativistic degenerate dense electron-ion-positron plasma for the
study of envelope solitary waves and rogue waves and have
obtained significant results which can be further studied in the
presence of an electron beam or ion beam following the concept
of the present paper.

Some works on the nonlinear propagation of ion and electron
acoustic waves in a fully relativistic quantum plasma with ion
and electron beams are in progress and these will be reported
later.
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Modulational instability of high frequency surface
waves on warm plasma half-space

Basudev Ghosh, Sailendra Nath Paul, Chandra Das, and Indrani Paul

Abstract: Modulational instability of high frequency surface waves on a plasma half-space is investigated taking into ac-
count finite temperature effects. The second harmonic generated through nonlinear self-interaction of the waves is found to
carry a fraction of the surface wave energy into the bulk of the plasma. This is found to influence the modulational instabil-
ity mechanism. To describe the nonlinear evolution of the wave, a nonlinear Schrodinger equation is derived in which the
coefficient of the nonlinear term becomes a complex quantity. From this evolution equation we derive the condition of insta-
bility and show that high-frequency surface waves on a warm plasma half-space are modulationally unstable.

PACS Nos: 52.35.Mw, 52.35.—g, 52.35.Sb

Résumé : Nous étudions 1’instabilité de modulation des ondes de surface de haute fréquence d’un demi-espace de plasma,
en tenant compte des effets de température finie. Nous trouvons que la seconde harmonique, générée par une auto-interaction
non linéaire, transporte une fraction de 1’énergie de 1’onde de surface vers l'intérieur du plasma et observons que ceci
influence le mécanisme d’instabilité de modulation. Afin de décrire 1’évolution non linéaire de 1’onde, nous dérivons
une équation d’onde non linéaire de Schrodinger, dans laquelle le coefficient du terme non linéaire devient une quantité
complexe. A partir de cette équation, nous déterminons les conditions d’instabilité et montrons que les ondes de surface
de haute fréquence sur un demi-espace de plasma chaud ont une instabilit¢ de modulation inhérente.

[Traduit par la Rédaction]

1. Introduction

In recent years considerable interest has been aroused in
the study of the nonlinear behaviour of surface waves in
bounded plasmas [1-16]. This is due to the fact that the sur-
face wave modes promise a wide range of applications in
many fields, such as plasma heating by large amplitude
waves, laser—plasma interactions, plasma diagnostics, micro-
wave electronics, plasma technology, plasma spectroscopy,
nanotechnology, and surface science. Nonlinear behaviour of
surface waves on a cold plasma half-space has been studied
by a number of authors. Its frequency spectrum extends from

o =0 to w/ \/5 where o, is the electron plasma frequency.
These waves have both electrostatic and electromagnetic
characters with the former dominating at the upper limit of
the frequency spectrum [17]. Gradov and Stenflo [18] con-
sidered electrostatic nondispersive surface waves on a cold
homogeneous plasma. On the other hand, Yu and Zhelyazkov
[19] included electromagnetic effects to provide finite disper-
sion at a frequency range where surface waves are usually
treated electrostatically. Recently, Ghosh et al. [20] made a
detailed electromagnetic treatment of the nonlinear behaviour
of surface waves on a cold plasma half-space throughout the
whole spectrum of its existence. Inclusion of thermal effect
broadens the surface wave’s frequency spectrum [21] and
makes the electrostatic surface waves dispersive even for ho-
mogeneous plasma. It can provide finite dispersion necessary

for the formation of surface wave solitons. So, it remains in-
teresting to make detailed analysis regarding the nonlinear
behaviour of surface waves taking into account the thermal
motion of electrons. In the present paper, we make detailed
analysis of the nonlinear behaviour of high frequency surface
waves on a plasma half-space taking into account the thermal
motion of the electrons. By the method of multiple scales
[22] we derive a nonlinear Schrodinger equation whose non-
linear term is found to be complex. From this equation insta-
bility criteria are found and it is shown that high frequency
surface waves on a warm plasma half-space are modulation-
ally unstable. The instability growth rate is found to increase
with increase of wave number and temperature. The quadratic
nonlinearities in the system equations are found to generate
second harmonics a part of which decays, as well, exponen-
tially away from the surface while the other part carries a
fraction of the surface wave energy into the bulk of plasma.
So, the instability will have to grow in competition with the
continuous energy extraction by the second harmonics.

2. Basic equations

We are interested in the nonlinear behaviour of surface
waves at the upper frequency range of their existence where
they may be treated as electrostatic [17]. So the basic equa-
tions governing the propagation of such high frequency elec-
trostatic waves in hot electron plasma are the following:
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%+N0V u=—V-(nu) (1)
ou_ e Gy Ve Vn=—(u-V)u 2)
ot me No+n B

V2¢ = 4men (3)

where n is the perturbation in the uniform density N, of the
electrons, u is the fluid velocity of electrons, Ve2 is the mean
square thermal velocity, ¢ is the electric potential, and other sym-
bols have their usual meanings. lons are assumed to form a uni-
form neutralizing background (which is correct when @ > wy,).
We also assume that w > k V.. The plasma is assumed to
occupy the half space x > 0 and be bounded by a vacuum.
For vacuum (x < 0) we use the well-known Laplace’s equation

Vi, =0 (4)

where the subscript v corresponds to vacuum.

The boundary conditions to be used are the continuity of
electric potential and normal electric displacement across the
plasma—vacuum interface. As we are considering warm
plasma, the normal component of the fluid velocity of elec-
trons may be assumed to be zero on the interface [23].

3. Nonlinear analysis

Following the usual procedure [24, 25] we make the fol-
lowing Fourier expansion of the field quantities as

=Wy + Z [Wyexp(isy) + W, exp(—isy)] (5)

where ¥ = kz — ot (0w and k are, respectively, linear fre-
quency and wavenumber); & is a smallness parameter; W,
W,, and W; are functions of x, & = e(z — Cyot); T = &% (C, =
dw/dk, the group velocity); and W stands for the field quanti-
ties n, uy, u,, ¢, and @,.

Substituting (5) into (1)-(4) and equating on both sides the
coefficients of exp(i), exp(2i), and terms independent of i
we get three sets of equations that we call I, II, and III. To
solve these equations we make the following perturbation ex-
pansion for the field quantities W;, W,, and W,, which are
denoted by W; (j = 1, 2, 0):

W, = ij(l) + SW;Z) + 82V17j(3> I (6)

Solving the lowest order equations obtained from I after
substituting (6) we get

(1) _ o 2y —yx 2 —kx
¢ y(wi — @?) (ke +ywre ™)
A — aeNok(yz — kz) —
1 yme (@ — o)
() deeok oy ke
Uy Me (wg o 0)2) (e € )
(1) _ aewk —yx —kx
Uy ey (@? — ) (@ =) (ke ye )
¢ = e (7)
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where w and k satisfy the following linear dispersion relation:

y(2a)2 — wg) = wik (8)
where
2
2 2 e — W
=k
14 + V2

w, 1s the electron plasma frequency, and « appearing in (7)
represents the amplitude of the wave field and is a function
of £ and 7. We seek an evolution equation for .

At low temperatures (8) gives approximately

o= (14 e (9)
\/_ \/_a)e
This clearly shows that the effect of thermal motion of the
electrons is to broaden the frequency spectrum of high fre-
quency surface waves in semi-infinite plasma.
Similarly, solving the lowest order equations obtained from

IT and III we get the following solutions for the second har-
monic and zeroth harmonic quantities, respectively:

3
¢él) _ 0{2 (Coeiyzx + Z Cjepjx>

J=1

2
it = % l (v3 + 4K*) Coe™** + ZC (

4k2) W‘]

Jj=23
2 2 3
1 ore 4o V2 iy,x . —pix
M)(d) = — Zwme <w—g C()e X 4 l;p]D]C Pi )
2
Iy _ >e€ 8wk inx 4 ok Dje 10
Uy Zwme < (,() + ]Zl: i€ ( )

and

4
¢(()1) = c{(x*azk2z Aje P

j:1

o *ark?
2 E 2A e Pt
Pj

4me
ux() =0
ot arek?y? - pox pex
ugf :7mea)§cg (—e™P* — e 4 2e ) (11)
where
p1=2k p2=2y p3=y+k
40 — ? ,
2 e 2 (S
= — 4k =—
Y2 Vez D4 Ve
c ak> (a) )(Zw +w )
* 6w w2V?2
= — ark*y(y — k)(3y + 5k) = ew’w?

V2(y + 3k) (P% + V%) mey? (wg — w2)2
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(4a)2 — 30)§)C2 . k2 (y2 — kz)az

w? 20?2

[0 = (p3 = 4K°) V2] Cs L Rylk—ya

@] 08
Cy +p3Cs3  idw?y,C
C1:D1:—p22 p3 3y szo
P1 P1wg
Co— 2p2Dy + 2p3(D3 — Co) — (p1 +p3)Cs
0= ; 2.2
p1— zy2(1 — 8w /a)e)
A= 27/2 A, — a)gk2 — yz (a)g — 2a)2)
TV T (w2 — 42 V2)
pap °
Ay=—2" and Ay=-Y 4 (12)

22 _ 2
Ve — g =1

Solution for the second harmonic field quantities shows
that a part of it decays in the usual way away from the inter-

293

face while the other part represents a wave propagating ob-
liquely away from the plasma—vacuum interface, carrying a
fraction of the surface wave energy into the bulk of the
plasma.

Now, collecting the coefficients of &3 from both sides of T
and substituting perturbation expansion (6) we get equations
for the first harmonic quantities in the third order, which can
be put in the following matrix form:

_ o -
—iw N() a ikNO 0
L N
Ny Ox meOx | | uly) M,
ikVe 0 —iw iz _p2 uld || My
No 8x22 ¢ My
0
—4 0 0 — —k?
i e p
x>0 (13)
and
P 2\ 40
@—k ¢)V1 :le x<0 (14)
where

on{H on{? ou® 0
= =200 20 20D (a0l Oy + i) — k() + )+ Ol ¢ )
) oD : :
My = = ¢ O ) — k() + 20 — )
Ve O 0p) 4 iy _ Ve 0 (nf 7m0
R ) 252 ()
M; = — 3“91) +C 3“9 _ V_e25”22> i&/’@ ) 8“%) Tty 3”?1)* + u(l)ﬁug)
; Jt £ 08 Ny 0t m, OF o ox 29 9
ikV? ikV?2
kPl -l ) 4 5 () ) B (i)
0 0
Now we multiply (13) by the row matrix [f}, f5, f3, f4] and
Pol) Py integrate the resulting equation with respect to x between the
M, =— ¢; —2ik ¢ limits O to oco. Similarly, we multiply (14) by the function f,
23 23 and integrate the resulting equation with respect to x between
and the limits —co to 0. On adding the two equations thus ob-
tained we get the following equation:
2p(1) 2)
My = O _ oy 9% (15) x 0
08 0§ 4
/,;ijdx + /flevldx =0 (17)
The boundary conditions to be used at x = 0 are =% o
93 gl . .
¢(13) _ ¢(V31) PN and u)(?l) -0 (16) where we have chosen the functions f; and f,; to satisfy the

ox ox

following equations and boundary conditions:
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_ 5 P -
—iw Ve 0 ZikVe —4me
N() ox N() f] 0
fNog —iw 0 0 2 0
ox =
ikNo 0 —iw 0 fs 0
o o ik 2 L Lo
me OX M. Ox?
x>0 (18)
o? )
(8)(2]{>f\,1 =0 x<0 (19)

Atx =0, fy = fo1, OflOx = Of1lox, f, =0

fi—0 as x—oo and f,; »0 as x— —oco (20)

The solutions of (18) and (19) satisfying boundary condi-
tions (20) are the following:

-
fa= m (yo’e™ — kage™)
fur =A™ (21)

where A is some arbitrary constant independent of x.

It will be shown subsequently that (17) leads to the desired
nonlinear Schrddinger equation. The linear parts of M; and
M, involved in (17) contain first harmonic quantities in the
second order, which we have yet to determine. To deal with
these quantities we follow the procedure adopted by Blener-
hassett [26]. According to this procedure we take the help of
a similar but linear problem with a slightly different wave-
number k' = k + ¢ and frequency o’ = w(k + ¢). The prob-
lem is defined by the following equations:

_ P -
—ia)’ N() - ik’N() 0
ox
veo .. o, _ed |[f] [0
Ny Ox me Ox F, 0
k' V—ez 0 i’ ek Fs| |0
No Me Fy 0
—4ge 0 0 o’ k'
i Ox?
x>0 (22)
82
(W - k’z)Fvl =0 x<0 (23)
X

and the boundary conditions
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OF, OFy
F,=F, —= Fr,=0 at x=0
¢ : Ox ox : a
F;—0 j=1234 as x— o0
Fyy —0 as x— —o0 (24)

To solve this problem we make the following perturbation
expansions:

£y = Y+ oFf? £ 26+
Fo =F) +eF? 1 2F 1 ...
1dC,

! — C 22778 L 25
o =w+eCy+¢ >k + (25)

Substituting these expansions in (22)—(24) and then equat-
ing on both sides the coefficients of like powers of & we get
a sequence of equations and boundary conditions for the ele-
ments F j(l) and FY) (1 =1, 2, 3). Tt is found that the elements
FV and F{}) satisfy the same set of equations and boundary
conditions as those satisfied by the elements
AW = [nf), ul}), ull), (V] and ¢}). So we can make the fol-
lowing identification:

FOZ A FD = o) (26)
If we set

R S T e

ol = —ig—‘;xﬁ i

then we find that the elements 1/f]<-2> and 2 satisfy the same
set of equations and boundary conditions as those satisfied
by the elements X{? and X7 So we can make the following
identification:

wj@) —x®@ y?) = x (28)

' vl T vl

Setting Fj(3> = ocl//J(.3) and Fszl) = aw‘(ﬁ) we find that wl(.3)
and g[/f,? satisfy (13), (14), and boundary conditions (16) as
satisfied by the quantities Aj(-3) and (pﬁ) with the exceptions

that the quantities M; and M, are replaced by N; and N,
which are given by

1dC, 1
=i - mux 4 3954

2 dk

o 15504

Ny = 2kX) + éAg”

and

Noy = 26X+~ of) (29)
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Following the same procedure as adopted in deriving (17) .@ @ - . 2 s
we obtain the following equation from the equations and ! ot +r 0gr (@1 - i) (31)
boundary conditions satisfied by y{*) and wffl): :
J where P, Q, and Q, are given by
00 0
wV? 4+ 3kVIC, — 4C?
/ /f}lvjdx + /flevldx - O (30) = z(ezwz _ ;2 _ kzvz) -
Jj=1 0 o e e
wkV? I I
Operation (17) + i(PPa/0E?) (30) and some straightforward €y = 202 — 2 — K2V2 0= L 0> = A
integrations and algebraic manipulations give the following ¢ ¢
desired nonlinear Schrodinger equation: in which
S ezk3(y2 _ k2)3
b dm2y*o(w? — o?)
Ekw’y [k(yz —k?) N (3y° — k* — vkp3) N 43 — 3% + yk(k — 2y) N vk* 4 2y%k (k — 3y%)
m2(w? — ?)C, P2 p3 P2+ p3 p1+p3
30312 4 . 20, .
B cok > ];[yl Py Vs +p,y4}
m2y (0} — ?) V25 pitp2  pitpr pitps
30312 4 , 2, A
. cok ZAjjg{yHrpjysz v’pi Y3 +p,y4}
m2y(w? — ?) V2T pi+p>  pitp1 pitp3
3 2 2
e X1+ pixa +pixs  Xa+pixs +pixe\ 4o’
. ZDJ/ 2k2]/2 + . - - ! +_2(C0rYr - Coiyi)
2mew | 4= pj+p2 pj+p3 w;

2
e

. ewy(p? + v3) (CorRi + CoiRy) Lo {4w2(C0rYi + CoiYy)
) =

Mmew? 2m.w 13

_Pip2

L=2y" Ik —y* (32)
p3
where
k vk (20? — w?
yi= 2y2k - wg(yz + kz); Y2 = %
2 2 2
yp3(wik — o™y wlyk
y3:¥ y4:e—y_p2k_y2
[0 w
21.(.2 2 2
wk(y”+k wsk
== ():oz ) = :02)/ 73 = )/<3k2 + )/2)
k(w? — &?
U =yp3 25=V2+7y ( s g x) = 4k

X2 = pn/()/z + kz) X3 = k(2)/2 — kz)

xy =21y (y* =3k = 2vk) x5 =y (K —y*) = 3yk’ps

xo = y(K* — y* — yk)

+D11{2k21/2 +

(X1 + p1x2 JFP%XS)
p1+p2

(x4 + p1Xs +p?x6)H
P1+D3

R P2 + 21 npstuy’
L) 2 2 2
-+ vt D3

+ 25

_ V(@ —pza)  va(z3 — p3za)

Y vs +p3
D/l =Dy, D; =D, Dé =Dy Dy = Dy, +iDy;
CO = Cor + iCoi
v Va(x1 —xopy — x373) | v2(¥a — paxs — v3x)
’ Vs +p3 Vs +p3
y = Xip2 V3(x2 — x3p3) | xap3 + ¥3(xs — xeps)
-

Y3+ D3 Y3 + 03

+ 2Ky (33)

4. Modulational instability criteria

To find the criteria of modulational instability we substi-
tute in (31)
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a=ap(l +a)e"exp i(—Aa)t + 5) (34)

where o, and § are real constants, Aw is the amplitude de-
pendent frequency shift; @ and 6 are real functions of & and
T and represent perturbations in amplitude and phase, respec-
tively.

For simplicity we shall confine our calculations to the ini-
tial stage of nonlinear evolution. With this in mind we substi-
tute (34) into (31) and then equating real and imaginary parts
we get

oa 0% _

E + Pa—%_z + 20050 =0 (35)

—8—§+P82—a—2g afd =0 (36)
ot OE* o

where we have chosen Aw &~ Q10 and § ~ Qya2.
Assuming & and 7 dependence of @ and 6 to be of the
form exp i(l§ — £27) we get from (35) and (36) two algebraic

equations in @ and 5, from which we get for nontrivial solu-
tion,

2 = ~iQ:0f + \/~ 0l + E(PP +2PQic})

The first term on the right-hand side is small and is due to
the oscillatory part of the second harmonics moving ob-
liquely away from the interface. For a uniform plasma wave
train to be modulationally unstable we require PQ; < O.
Then we can write

Q= i[—Qzag +\/ Qe + 2P0y o3 — P21t (37)

The growth rate of instability, 1§2I, attains a maximum
value corresponding to the wave number of perturbation (I,
given by

2 = ]% o (38)

Using this value of /,, the corresponding maximum growth
rate of instability during the initial stage of nonlinear evolu-
tion is obtained as

gm =3[ \/O1 + 0 — 0] (39)

5. Results and discussions

Numerical calculation shows that PQ; < 0 for all values of
k. So we conclude that high frequency electrostatic surface
waves on a warm plasma half-space are modulationally unsta-
ble. Also it is found that Q, > 0 and IQ¢l > Q,. So, (39) in-
dicates that the energy extraction by the second harmonics
slightly slows down the growth rate of the instability. The
growth rate of the instability as given by (39) has been calcu-
lated for different values of the dimensionless parameter
kVi/w,. The result is shown graphically in Fig. 1. Obviously
the modulational instability growth rate increases with in-
crease in thermal velocity of electrons and also with the
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Fig. 1. Dependence of maximum (normalized) initial growth rate
(gm/a%) on electron thermal velocity (V) and the wavenumber (k).
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increase of the wave number k. In fact, thermal motion of
the electrons introduces a number of effects. As evident
from approximate dispersion relation (9) thermal motion
broadens the frequency spectrum of surface waves. Surface
waves in cold homogeneous plasma are nondispersive. Dis-
persion relation (9) shows that inclusion of temperature
makes the wave dispersive even in a homogeneous plasma.
Thus, it can also provide finite dispersion necessary for the
formation of high frequency surface wave envelope solitons.
Solutions (10) for the second harmonics show that the in-
clusion of temperature effect makes a part of the second
harmonics generated through nonlinearities to carry a frac-
tion, though small, of wave energy away from the interface
into the bulk of the plasma.

As pointed out in the previous section, (39) gives only the
initial growth rate. During the later stage of evolution the in-
stability growth rate might be somewhat smaller than ex-
pected from (39) because the instability will have to grow in
competition with the continuous energy extraction by the sec-
ond harmonic.

We would like to point out here that the preceding analysis
could be extended to the whole electromagnetic spectrum of
the surface waves by including electromagnetic effects.
Physically, however, such extension may not result in any
new result as the instability growth rate is largest at high val-
ues of wave number, where surface waves behave electrostati-
cally. Our treatment for spatially homogeneous plasma may,
however, be extended to include the effects of inhomogene-
ity. Such an extension may become important in many cases.
For example, when a sufficiently strong laser beam interacts
with a plasma, the plasma undergoes strong density profile
modification due to light pressure near the surface.

Finally we would like to mention that the results presented
in the present paper may be of special interest in the surface
physics of semiconductors and metals where ions are practi-
cally immobile and the boundary is almost rigid.
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Abstract

Ion acoustic double layers in a multicomponent plasma consisting of positive ions, negative ions, and nonthermal electrons filled
in a cylindrical waveguide have been theoretically investigated using pseudopotential technique. The expression of Sagdeev
potential for the ion acoustic wave in such a plasma has been derived, and the conditions for the existence of double layers are
obtained. The effects of the boundary of cylindrical waveguide and nonthermal electrons on the Sagdeev potential have been
graphically discussed. From the nonlinear equation, the solution for double layers of small amplitude ion acoustic waves is
obtained, and the structure of double layers is analyzed as function of the plasma parameters. It is seen that finite geometry of
bounded plasma, nonthermality of electrons, density of negative ions, and stream velocity of positive and negative ions have
significant contribution on the structure of double layers. The double layers may be compressive or rarefactive in plasma

depending upon the values of the plasma parameters.
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1 Introduction

In the last few years, ion acoustic solitary waves (SWs) and
double layers (DLs) have been theoretically studied by various
authors considering different parameters in plasma, e.g., ion
temperature, two-temperature electrons, positrons, beam ions,
and magnetic field. But, the presence of negative ions [1-3]
and nonthermal electrons [4-8] in plasma is found to be most
interesting on the formation of SWs and DLs. It is noted that
most of the works are done in an infinite or unbounded plas-
ma. But, the studies of SWs and DLs in the bounded plasma
are important for the laboratory experiments [9—14].
Considering a cylindrically bounded plasma composed of ions
and ion beams along with multiple-temperature electrons, Das
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etal. [15] have derived the Korteweg-de Vries equation for the
study of ion acoustic SWs using the perturbation method. It
has been shown that the interaction of isothermality on the
propagation of radially ingoing ion acoustic waves in various
plasmas exerts a drastic modifying effect on the existence and
behavior of SWs. Later, Das and Singh [16] have studied the
nonlinear propagation of ion acoustic waves considering a
generalized multicomponent plasma bounded by cylindrical
and spherical geometries. They have shown that at critical
density of negative ions where the nonlinearity of the
Korteweg-deVries (K-dV) equation vanishes, ion acoustic
SWs are described by a modified K-dV (mK-dV) equation.
Near the critical density, neither the K-dV nor the mK-dV
equation is sufficient to describe fully the ion acoustic waves,
and thus, it is essential to derive further the mK-dV (fmK-dV)
equation in the vicinity of this critical density. Using a reduc-
tive perturbation theory, Labany et al. [17] have studied cylin-
drical ion acoustic SWs in a warm plasma with negative ions
and multiple-temperature electrons. Subsequently, the effect
of higher order nonlinearity and finite geometry has been con-
sidered by Ghosh and Das [18], and it has been shown that the
effect of higher order nonlinearity is to increase the amplitude
and to decrease the width of ion acoustic SWs compared with
the values predicted by first-order theory. Moreover, higher
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order nonlinearity and finite boundary effects give rise to W-
shaped ion acoustic SWs. Recently, Kaur [19] has numerically
investigated the cylindrical and spherical ion acoustic SWs in
a plasma composed with ions, Tsallis distributed electrons and
positrons. They have also studied numerically the effect of
nonextensivity and nonplanar geometry on the amplitudes
and width of the potential structures of ion acoustic SWs.
Very recently, using the reductive perturbation method, Sahu
and Roy [20] have studied the nonlinear propagation of elec-
tron acoustic waves in an unmagnetized dissipative quantum
plasma in unbounded planar geometry and bounded nonpla-
nar geometry. It is found that a nondimensional parameter, the
ratio of equilibrium density of cold to hot electron compo-
nents, has crucial role on the formation of both compressive
and rarefactive SWs. It is also found that electron acoustic
SWs in nonplanar geometry significantly differ from the pla-
nar geometry.

It is to be mentioned that the works of above authors on the
SWs in unbounded plasma have been done using the pertur-
bation method. But, Sayal and Sharma [21] have analyzed
theoretically the ion Langmuir plasma oscillations in a plasma
filled in a cylindrical waveguide using fluid equations and
using effective potential method. It is shown that propagation
of such modes is possible because of the finite radius of the
cylindrical waveguide. Moreover, in the nonlinear regime,
small as well as large amplitude compressive SWs may be
formed in the bounded plasma. Later, Sayal and Sharma
[22] have theoretically investigated soliton formation in an
electron beam propagating in a plasma-filled cylindrical
waveguide. Using pseudopotential technique, Bhattacharya
etal. [23] have studied ion acoustic SWs in a multicomponent
bounded plasma containing positive ions, negative ions, and
nonthermal electrons. It is seen that when one considers non-
thermal electrons and negative ions, both compressive and
rarefactive solitons will be excited. But, in absence of negative
ions, SWs will not exist in the bounded plasma for any value
of nonthermal parameter of electrons. Later, Mondal et al. [24]
have theoretically studied linear and nonlinear propagation of
ion acoustic waves in a multicomponent plasma consisting of
electrons, positive ions, and negative ions bounded in a cylin-
drical waveguide. The effect of nonlinearity on the ion acous-
tic wave is investigated through the derivation of the effective
potential. It is shown that dimensions of the cylindrical system
containing plasma have a positive influence on the stability of
ion acoustic waves.

However, the DLs in the bounded plasma system have not
been studied by any authors till now. Since the negative ions
and the nonthermal electrons have important contributions on
the excitation of ion acoustic SWs in plasma, we are interested
here to study theoretically the DLs in a multicomponent plas-
ma bounded in finite geometry. We have used pseudopotential
method to derive the nonlinear equation and obtained the DL
solution in bounded multicomponent plasma. The profiles of
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Sagdeev potential and DLs are drawn and discussed for dif-
ferent values of nonthermal parameter of electrons, concentra-
tion of negative ions, and finite geometry of the bounded
plasma.

2 Basic Equations

We consider a perfectly conducting cylinder of radius R filled
uniformly with a collisionless, unmagnetized, non-relativistic
plasma and having an infinite axial uniform magnetic field.
This plasma consists of cold positive ions, negative ions, and
nonthermal electrons. It is assumed that the ions have stream-
ing velocities along the axis of the cylinder taken to be x-axis.
The plasma particles are assumed to move only along the axis
of the waveguide, which we choose as x-axis of an (r, 0, x)
cylindrical coordinate system. So, there will be no interaction
with the corresponding empty waveguide modes that have
only transverse electric field components (H-modes), and we
shall consider only the E-modes. The set of equations
governing the dynamics of such a bounded plasma can be
written in non-dimensional form [21, 24]:
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V, is the transverse Laplacian, and the subscript “s” stands for
positive ion and negative ion, s =1 for positive ions, s =j for
negative ions; ng, u,, m, are, respectively, the density, velocity,
and mass of positive ions and negative ions; 7, is the number
density of electrons, ;= 1,9,= — 1, O;=1, Q;=0=m;/m;
the velocities are normalized by (KzTJm,)', the densities
by equilibrium ion density, the electrostatic potential ¢ by
(KpTle), all length by the Debye length (KgT/4mnee*)"%:;
Kpis the Boltzmann constant.
We assume the boundary conditions

Ng—Ns0, Us U0, ¢_)O at |x|_)°( (5)

The charge neutrality condition of the plasma is n;,=1 +
n;o, where n;y and njy are the equilibrium densities of positive
ions and negative ions.

Now we consider the electron distribution which includes
the population of nonthermal electrons. A nonthermal plasma,
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cold plasma, or non-equilibrium plasma is a plasma which is
not in the thermodynamic equilibrium, because the electron
temperature is much hotter than the temperature of heavy spe-
cies (ions and neutrals). As only electrons are thermalized, their
Maxwell-Boltzmann velocity distribution is very different than
the ion velocity distribution. When one of the velocities of a
species does not follow a Maxwell-Boltzmann distribution, the
plasma is said to be non-Maxwellian. In many astrophysical
and space plasma scenarios, plasma particles are not in thermo-
dynamic equilibrium but have long-range interactions. The sys-
tems with long-range interactions are believed to exhibit non-
Maxwellian distributions. External forces acting on plasma or
interaction of wave particle may lead to the formation of non-
Maxwellian distributions. The presence of highly energetic
plasma particles may also destroy the equilibrium state of plas-
ma. Nonthermal distribution of electrons with excess energetic
particles can be modeled by the Cairn’s distribution [25, 26].
Cairns et al. [25, 26] have considered a plasma with nonthermal
electrons and cold ions and have shown that it is possible to
obtain both compressive and rarefactive SWs. This nonthermal
model can explain the ion acoustic structures with density de-
pression in the magnetosphere observed by Freja [27] and
Viking [28] satellites. In fact, the study of non-Maxwellian
plasma is crucial to the understanding of space, astrophysical,
and laboratory plasma dynamics.

The nonthermal electron distribution function is chosen as

[25, 26]
ol )
(6)

where ¢ is the normalized electrostatic potencial,
V. =+\/KgT./m, and m, is the mass of a electron.

From (Eq. 6), the normalized electron density n. is obtained
as

ne = (1-6¢ + B¢ exp(¢) (7)

where 3 = 5 +3p

[ measures the deviation from thermalized state and p de-
termines the number of nonthermal electrons in the plasma.
(=0 corresponds to the Boltzmann distribution of electrons.

)

(1+3p)

fe(V) =

27rV§

3 Nonlinear Equation and Double Layer
Solution

Now we assume that the radial behavior of the perturbed
quantities is described by the lowest power of Bessel function.
Following Mondal et al. [24], we take the perturbed quantities
in the form of Jo(k,r)f(x, £), where f(x, ) = Ny(x, 1), Uy(x, 1), - -~

and &, = po,/R. Integrating the nonlinear equations over  from
0 to R after multiplying with rJo(k, r)we get
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To obtain the expression of Sagdeev potential from Egs.
(8)—(10), we use the transformation 7 = x — Mt where M is the
velocity ion acoustic wave. Then, from Egs. (8)—(10), we ob-
tain
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From (10) and (12), we get
N, = 0 - (14)
_ ___ 209 2
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Therefore, the Poisson Eq. (10) becomes
& g
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where Vis the Sagdeev potential [29].
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Now, expanding the r.h.s of Eq. (15a) in the power series
of ¢ and taking the terms up to > for small amplitude ion
acoustic wave, we obtain

2

%:A1@+A2@2+A3@3+ """ (17)

where

Ar= {(2@ +%} (18a)
)1 304(Q2n,-0*nj0)

e o
) 1+3p 5a(Q3ni0—njo)

A3 = { 6 + Q3(M—u0)6 (18C)

and

Ujo = Ujo = Uo, Pi=1 1/%/: -1,0:=1, Qj=Q:mj/mi~
Now, integrating (15a), we get

%(j—‘i)z+v@)=o (19)

In deriving Eq. (19), we have used the boundary conditions
© — 0, dpldn — 0 and d*@ldi — 0.

Equation (19) describes the motion of a pseudoparticle of
unit mass with velocity dyp/dn and position ¢ in a potential
V(). The first term on the left hand side of Eq. (19) can be
regarded as the kinetic energy of the pseudoparticle. Since the
kinetic energy is always nonnegative, it follows that V(¢) <0
for the entire motion, zero being the maximum value of V().
Equation (19) shows that V() is the force on the particle at
the position ¢. Equation (19) may also be regarded as an
anharmonic oscillator equation, provided that we interpret ¢
and 7) as space and time coordinates, respectively. For the DL
solution of Eq. (19), the Sagdeev potential V(¢) should be
negative between ¢ =0 and ¢,,, where ¢, is some extremum
value of the potential ¢, called the amplitude of the DLs. The
DL solutions must additionally satisfy the following boundary
conditions:

(i) V(e) =0,V (p) =0and V' (p) < 0p =0 (20)
(i) V() = 0,V (p) =0and V'(¢) < 0 ¢

= Pmax (#0) (21)
(iii) V(g) < 0,for 0 < || < |¢,] (22)

When the above conditions are satisfied, ¢ =0 is an
unstable equilibrium position. The pseudoparticle is not
reflected at ¢ =, because the pseudo force and the
pseudo velocity vanish. Instead, it goes to another state
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producing an asymmetrical double layer with a net po-
tential drop o,),.

Applying the boundary conditions (21) and (22) in (17), we
find that

Om = —242/3A3 (23)
and
V(e) =26 (pue) (24)

The DL solution of (17) satisfying (22) is obtained as

op = %wm <1tanh {, / (A3/8<pm> nD (25)

The thickness of the DLs is

w=2

/810, (26)

It is seen that the nature, amplitude, and width of DLs
depend on the plasma parameters, i.e., on nonthermal param-
eter (), density of negative ions (n), drift velocity (1) of
ions, and finite geometry () of bounded plasma through the
coefficients A, and A;.

It is to be noted that Eq. (23) relates the amplitude ¢,, of
DLs to the ratio between the coefficients A, and A; of the
quadratic and cubic terms on the right hand side of Eq. (17).
The DLs can only exist for positive value of As, i.e., for plas-
ma parameters satisfying the following conditions for 3, «,
and

1, 10a(Qngnp)
B> {3 + Q3(M—uo)6 (27a)
or
O (1 +38)(M—uo)°
g { 30(QPno-ry) } (275)
or
nj > Q° (M_uSO)é{niO +%} (27¢)

where M — uyy > 0.

From Egs. (25) and (23), it follows that since A5 is positive
for the existence of DLs, the sign of A, will determine the
nature of the DLs. If A, is positive (negative), a rarefactive
(compressive) DL is formed. Since A, is independent of 3, the
nature of DLs, whether compressive or rarefactive, remains
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invariant under changes in 3. However, the density of negative
ions has effective role on the nature of DLs in the plasma.
There is a critical value of negative ion for compressive and
rarefactive DLs.

For compressive DLs, A, is negative, i.e.,

OM-u)* [1 3npa
i — 28
o > [ 30 2 Mw) (282)
and for rarefactive DLs, A, is positive, i.e.,
- 0’ (M—uo)2 1 n 3njpe (28b)
n —
& 3a 2" (M-u)?

It is evident that there is a critical value of negative ion
density (n;oc) for the occurrence of compressive and
rarefactive DLs in the bounded plasma,

o QZ(M—L[())Z 1 37’1,‘00[
njoc = l 30 {§+ (M—uo)z}]

when M — uy > 0.
The value of noc can be numerically estimated if the values
of other plasma parameters Q, (3, o, M, uy, etc., are known.

(29)

4 Results and Discussions

We now investigate numerically the ion acoustic DLs in a
multicomponent cold drifting plasma composed of positive
ions, negative ions, and nonthermal electrons filled in a cylin-
drical waveguide. Our analysis reveals that both compressive
and rarefactive DLs exist in the plasma under consideration
for selected ranges of the plasma parameters. To see the nature
of DLs in the bounded plasma, we have considered different
types of negative and positive ions, e.g., (O, Ar") ions, (CI',
He") ions, and (O™, H") ions which exist in space and also can
be produced in laboratory. Moreover, we consider a plasma
having physically admissible values of 3, i.e., 0 <3< 4/3.

4.1 Sagdeev Potential in the Bounded Plasma

The nature of Sagdeev potential V is important for the exis-
tence of DLs in the bounded plasma. So, we have drawn the
profiles of V for different values of v and 3 with fixed values
of other plasma parameters n;o, M, u;o, Q.

4.1.1 The effect of a
To start with, we have plotted the Sagdeev potential V shown

in Fig. 1 (a), (b), and (c) for different values of « of the
bounded plasma having (O, Ar") ions for fixed values of

other plasma parameters. It is seen from Fig. 1 (a) that
Sagdeev potential V for different values of « of the bounded
plasma for fixed values of 3=0.14, njy=0.12, uo=0.1, and
M=198 are V>0 for « =2.02, V=0 for «=2.12, and V<0
for «=2.22, 2.32. So, the DLs are formed in the bounded
plasma having (O, Ar") ions when o =2.12.

Figure 1 (b) shows that Sagdeev potential V for different
values of o parameter of bounded plasma for fixed values of
B=0.1,n=0.12, 4y=0.1, and M =2 are V>0 for o =2.12,
V=0 fora=222,and V<0 for «=2.1, 2.2. So, the DLs are
formed in the bounded plasma having (O™, Ar") ion when o =
2.22.

From Fig. 1 (c), it is seen that Sagdeev potential V for
different values of o parameter of the fixed values of n;, =
0.2015, 3=5.065,M=4,and ug=0.1 are V>0 fora= — 4.5,
V=0fora=—5.88,and V<0 foraa= —7.26, — 8.64. So, the
DLs are formed in the bounded plasma having (O™, Ar") ions
when o= —5.88.

4.1.2 The effect of 8

The effect of nonthermal parameter (3 of electrons on the
Sagdeev potential V in the bounded plasma having (O, Ar")
ions for fixed values of other plasma parameters are shown in
Fig. 2 (a), (b), and (c). In Fig. 2 (a), it is observed that the
Sagdeev potential V for different values of (3 for fixed values
of =22, n,=0.12, M=1.98, and uy=0.1is V>0 for 3=
04,V=0for 3=0.3,and V<0 for 3=0.2 and 5=0.1. So, the
DLs are formed in the bounded plasma having (O™, Ar") ions
when 5=0.3.

Figure 2 (b) shows that the Sagdeev potential V for differ-
ent values of [ in the bounded plasma for fixed values of a =
2.1, njp=0.12, M=1.98, and uy=0.1 is V>0 for (5=0.48,
V=0 for 3=0.36, and V<0 for 5=0.24 and 3=0.12. So,
the DL is formed in the bounded plasma having (O, Ar")
ions when 3=0.36.

It is seen from Fig. 2 (c) that the Sagdeev potential V for
different values of (3 in the bounded plasma for fixed values of
a=-238, njp=0.12, M=4.6, and uy=0.1 is V>0 for 3=
3.434 and $=3.851, V=0 for $=3.017, and V<0 for =
3.183 and #=2.6. So, the DLs are formed in the bounded
plasma having (O, Ar") ions when 5=3.017.

4.2 Profiles of Double Layers in the Bounded Plasma
4.2.1 The effect of a

The effects of finite geometry of bounded medium (a) on the
DLs in plasma having (O™, Ar") ions and (CI, He*) ions have
been numerically estimated, and the profiles are drawn keep-
ing fixed values of other plasma parameters. It is seen from
Fig. 3 (a) that the DLs are rarefactive in plasma having (O,
Ar") ions, and the amplitudes are increased with the decrease
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of a. But, Fig. 3 (b) shows that DLs in plasma having (Cl,
He*) ions may be compressive or rarefactive depending on the
values of .. The DLs are compressive for o =—2.10, — 1.99,
and rarefactive for a=—1.88, —1.77. The amplitudes of
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<« Fig. 1 (a) (color online).The profiles of Sagdeev potential for different

values of parameter « of the bounded plasma having (O, Ar") ions for
fixed values of 3=0.14, n,,=0.12, 4y =0.1,and M =1.98. Curves a, b, c,
and d refer to four different values o =2.32, 2.22, 2.12, and 2.02,
respectively. (b) (color online). The profiles of Sagdeev potential for
different values of parameter o of the bounded plasma having (O, Ar")
ions for fixed values of 3=0.1, n;y=0.12, 1y =0.1, and M =2. Curves a,
b, ¢, and d refer to four different values o =2.4,2.3,2.2, and 2.1, respec-
tively. (c) (color online). The profiles of Sagdeev potential for different
values of parameter « of the bounded plasma having (O, Ar*) ions for
fixed values of n;,=0.2015, 3=15.065, M =4,and uy=0.1. Curves a, b, c,
and d refer to four different values o« =—4.50, —5.88, —7.26, and — 8.64,
respectively

compressive DLs are decreased with the decrease of o, and
for rarefactive DLs, the amplitudes are increased with de-
crease of a.

4.2.2 The effect of 8

The effects of  of nonthermal electrons on the DLs in
plasma having Q=0.4 (O, Ar") and Q=16 (O, HY)
have been numerically estimated, and the profiles are
drawn keeping fixed values of other plasma parameters,
i.e., dimension of finite geometry of bounded plasma,
Mach number, ion stream velocity, and concentration
of negative ions. It is seen from Fig. 4 (a) that the
DLs are rarefactive in plasma having (O, Ar") ions,
and the amplitudes of DLs are increased with the in-
crease of 3 for fixed values of a=—2, M=2, uy=0.2,
njo=0. But, Fig. 4 (b) shows that the DLs in plasma
having (O, H") ions are compressive, and the ampli-
tude of DLs is increased with the increase of [.

4.3 Width of Double Layers in the Bounded Plasma

It is well known that the width of DLs in plasma is important
for the experimental studies. So, we have numerically estimat-
ed the width of DLs using Eq. (26), and the variation of width
of DLs is graphically discussed for different parameters of the
bounded plasma system.

4.3.1 The effect of a

The wvariation of DL width with negative ion density
(njo) for different values of « is shown in Fig. 5 (a)
and (b) for the plasma having (O, Ar") ions and (CI,
He*) ions. It is seen from Fig. 5 (a) for the plasma
having (O, Ar") ions that the DL width decreases with
the increase of njo up to a critical negative ion density
njo1; then, it increases steadily with the increase of njo,
Moreover, the DL width is larger for large value «. The
DL width in plasma with (Cl", He") ions is shown in
Fig. 5 (b). It is observed that the DL width decreases
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with n;, but for small o, = —1.77, the DL width
increases with 7n;, and attain a maximum value at neg-
ative ion density njo;; then, it decreases with the in-
crease of n;. Moreover, the DL width is large for small
value of a.

<« Fig. 2 (a) (color online). The profiles of Sagdeev potential for different

values of nonthermal parameter (3 of electrons in the bounded plasma
having (O™, Ar") ions for fixed values of o =2.2, nyo =0.12, M =198,
and ug =0.1. Curves a, b, ¢, and d refer to four different values 5 =0.1,
0.2, 0.3, and 0.4, respectively. (b) (color online). The profiles of Sagdeev
potential for different values of nonthermal parameter (3 of electrons in the
bounded plasma having (O~, Ar") ions for fixed values of v = 2.1, nj =
0.12, M =1.98, and uy, =0.1. Curves a, b, ¢, and d refer to four different
values 3=0.12, 0.24, 0.36, and 0.48, respectively. (¢) (color online). The
profiles of Sagdeev potential for different values of nonthermal parameter
of electrons 3 in the bounded plasma having (O, Ar") ions for fixed
values of @ =—2.8, njp =0.12, M =4.6, and uy =0.1. Curves a, b, c,
and d refer to five different values 5 =2.183, 2.6, 3.017, 3.434, and
3.851, respectively
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Fig. 3 (a) (color online). The profile of double layers for different values
of o in the bounded plasma having (O, Ar") ions for fixed values of njo =
0.03, M =2, uy =0.15, and B =0.5. Curves a, b, ¢, and d refer to four
different values ov =—2.10, —1.99, — 1.88, and — 1.77, respectively. (b)
(color online). The profiles of double layers for different values of o in the
bounded plasma having (CI", He") ions for fixed values of ny0 =0.03,
M=2,uy=0.15,and =0.5. Curves a, b, ¢, and d refer to four different
values « =—2.10, — 1.99, — 1.88, and — 1.77, respectively
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Fig. 4 (a) (color online). The profiles of double layer for different values
of nonthermal parameter 3 in the bounded plasma having (O, Ar") ions
for fixed values of v =—4, M'=2, 1y =0.2, and nj, =0.1. Curves a, b, c,
and d refer to four different values 5=0.1, 0.3, 0.5, and 0.8, respectively.
(b) (color online). The profile of double layers for different values of
nonthermal parameter 3 in the bounded plasma having (O, H*) ions
for fixed values of a =—4, M =2, uy =0.2, and n;o =0.1. Curves a, b,
¢, and d refer to four different values 3= 0.1, 0.3, 0.5, and 0.8 respectively

4.3.2 The effect of

Similarly, the variation of DL width with negative ion
density (n;o) for different values of nonthermal parameter
of electrons () is shown in Fig. 6 (a) and (b) for the
plasma having (O™, Ar") ions and (Cl~, He") ions. In
Fig. 6 (a), it is seen that the DL width decreases with
increase of n;, up to a negative ion density n;o,; then, it
increases with the increase of n;, up to a certain maximum
value of DL width at negative ion density n;y, , after that,
the DL width decreases and attains certain values at neg-
ative ion density n;03; then, it increases with the increase
of njo. Moreover, at n;o; the DL width is smaller for larger
value of 3, at n;03; the DL width is smaller for larger value
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Fig. 5 (a) (color online). Variation of width of double layers with
negative ion density n;, for different values of c in the bounded plasma
having (O, Ar") ions for fixed values of M =2, 3=0.1, and 1 =0.2.
Curves a, b, ¢, and d refer to four different values o =—2.10, — 1.98, —
1.86, and — 1.74 respectively. (b) (color online). Variation of width of
double layers with negative ion density for different values of « in the
bounded plasma having (C1™, He") ions for fixed values of M =2, 3=0.1,
and u=0.2. Curves a, b, ¢, and d refer to four different values o =—2.10,
—1.98, —1.86, and — 1.74, respectively

of 3, and at is observed from Fig. 6 (b) that the DL width
increases with increase of 7y, and the DL width is larger
for larger value of j.

5 Summary and Conclusion

Considering the multicomponent plasma composed of cold
positive ions, negative ions, and warm nonthermal electrons
bounded in a finite geometry cylindrical tube, we have theo-
retically studied the excitation of ion acoustic DLs in the plas-
ma. It has been shown that the formation of DLs in the bound-
ed plasma depends on the plasma parameters, i.e., finite
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Fig. 6 (a) (color online). Variation of width of double layers with
negative ion density for different values of nonthermal parameter /5 in
the bounded plasma having (O™, Ar") ions for fixed values of M=2, o=

—4, and uy=0.2. Curves a, b, ¢, and d refer to four different values 3 =

0.1, 0.5, 0.8, and 1.2 respectively. (b) (color online). Variation of width of
double layers with negative ion density for different values of 3 in the
bounded plasma having (O, H") ions for fixed values of M=2, a =—4,
and uo=0.2. Curves a, b, ¢, and d refer to four different values 5 =0.1,
0.5, 0.8, and 1.2, respectively

geometry of the bounded medium, nonthermal parameters of
electrons, density of negative ions, and stream velocity of
ions. Numerical estimation is made taking different types of
positive and negative ions in the plasma, and the profiles of
DLs are drawn. The DLs in the bounded multicomponent
plasma may be compressive or rarefactive depending upon
the values of the plasma parameters.

Our main findings are:
+ The DLs are rarefactive in plasma having (O, Ar") ions

and the amplitudes are increased with the increase of a.
But, the DLs in plasma having (CI", He*) ions may be

compressive or rarefactive depending on the values of a.
The DLs are compressive for a =—2.10, —1.99, and
rarefactive for a=—1.88, — 1.77. Moreover, the ampli-
tudes of compressive DLs are decreased with the decrease
of «, and for rarefactive DLs, the amplitudes are increased
with the decrease of a.

 The DLs are rarefactive in plasma having (O, Ar") ions,
and the amplitudes are increased with the increase of 3.
But, the DLs in plasma having (O, H") ions are compres-
sive, and the amplitude of DLs is increased with the in-
crease of (3.

+ The DL width in plasma having (O, Ar") ions decreases
with the increase of ;o up to a critical negative ion density
njo1; then, it increases steadily with the increase of 7.
Moreover, the DL width is larger for larger value of a.
In plasma with (CI", He") ions, the DL width decreases
with 7y, but for small o, «= —1.77, the DL width in-
creases with 7y and attains a maximum value at negative
ion density 7,9, then it decreases with the increase of 7.
Moreover, the DL width is larger for smaller values of a.

e The DL width in plasma having (O, Ar") ions decreases
with the increase of 1y up to a negative ion density no;;
then, it increases steadily with the increase of no up to
certain maximum value at negative ion density 7y, , after
that, the DL width decreases and attains certain values at
negative ion density 73; then, it increases with 7. At
njo1, the DL width is smaller for larger values of 3, at
njo3; the DL width is small for large value 3. But, in a
plasma with (CI”, He") ions, the DL width increases with
the increase of 7,0, and the DL width is larger for larger
values of .

Finally, we would like to point out that the type of plas-
ma considered in the present work exists in space and also
can be produced in the laboratory. Following our present
analysis, ion acoustic DLs can be studied in the bounded
plasma having different types of electrons, namely, two-
temperature electrons, superthermal electrons, and Tsallis-
distributed electrons, and also in dusty plasma. In the pres-
ent study, we have not considered the temperatures of pos-
itive ions and negative ions and the static magnetic field in
the plasma. Considering these parameters more interesting,
results may be obtained which would give new information
on the DLs in the bounded plasma. The DLs in plasma
have been observed experimentally [11-14]. But, there is
no information about experimental observation on the DLs
in a bounded multicomponent plasma having nonthermal
electrons. So, our theoretical results may not be verified/
compared with the experimental observations.

To study the ion acoustic double layers in bounded multi-
component plasma, we have used the pseudopotential tech-
nique. Using cylindrical coordinates and perturbation method,
one can study ion acoustic double layers in the bounded

@ Springer



Braz J Phys

plasma following Das et al. [15], Labany et al. [17], and also
Paul et al. [30] and Mondal et al. [31], using Cartesian coor-
dinates. We shall study this problem in the near future.

Acknowledgments The authors are thankful to the referee for his valu-
able comments which helped to modify the paper in the present form.

References

11.

12.

13.
14.

S. Watanabe, J. Phys. Soc. Jpn. 53, 950 (1984)

M.K. Mishra, R.S. Tiwari, J.K. Chawla, Phys. Plasmas 19, 062303
(2012)

K. Kumar, M.K. Mishra, AIP Adv. 7, 115114 (2017)

R.A. Cairns, A.A. Mamun, R. Bingham, P.K. Shukla, Phys. Scr.
T63, 80 (1996)

B. Ghosh, S.N. Paul, C. Das, I. Paul, S. Banerjee, Braz. J. Phys. 43,
28-33 (2013)

B. Ghosh, S. Banerjee, S.N. Paul, Indian J. Pure Appl. Phys. 51,
488-493 (2013)

I. Paul, S. Chandra, S. Chattopadhyay, S.N. Paul, Indian J. Phys. 90,
1195-1205 (2016)

S. Chattopadhyay, Sri Lanka J. Phys. 20, 1-16 (2019)

K.E. Lonngren, Plasma Phys. 25, 943-982 (1983)

Y. Nakamura, H. Sugai, Chaos Solitons Fractals 7, 1023—-1031
(1996)

S. Torvén, Formation of double layers in laboratory plasmas, Wave
Instabilities in Space Plasmas (1979), pp. 109-128

N. Hershkowitz, Review of recent laboratory double layer experi-
ments. Space Sci. Rev. 41, 351-391 (1985)

M.A. Raddu, Phys. Rep. 178, 25-97 (1989)

C. Charles, Plasma Sources Sci. Technol. 16, R1-R25 (2007)

@ Springer

15.
16.
17.
18.
19.

20.
21.
22.
23.
24.
25.
26.
217.
28.
29.
30.

31.

G.C. Das, K.I. Singh, B. Karmakar, Can. J. Phys. 67(6), 609-613
(1989)

G.C. Das, K.H. Ibohanbi, Singh, Aust. J. Phys. 44(5), 523-534
(1991)

S.K. EL-Labany, S.A. EL-Warraki, W.M. Moslem, J. Plasma Phys.
63(4), 343-353 (2000)

B. Ghosh, K. Das, J. Plasma Phys. 40, 545 (1988)

S. Kaur, Spherical and cylindrical ion-acoustic solitary waves in
electron-positron-ion plasmas, Ph.DThesis-2017, Punjab
Agricultural University

B. Sahu, D. Roy, Phys. Plasmas 24, 112705 (2017)

V.K. Sayal, S.R. Sharma, Phys. Scr. 42, 475 (1990)

VK. Sayal, S.R. Sharma, Phys. Lett. A 149, 155-158 (1990)

S.K. Bhattacharya, S.N. Paul, B. Chakraborty, Indian J. Phys.
77B(3), 327-334 (2003)

K.K. Mondal, S.K. Bhattacharya, S.N. Paul, FIZIKA A 13, 77-88
(2004)

R.A. Cairns, R. Bingham, R.O. Dendy, C.M.C. Nairn, P.K. Shukla,
A.A. Mamun, J. Phys, IV France 5, C6—C43 (1995)

R.A. Caims, A.A. Mamun, R. Bingham, R. Bostrom, R.O. Dendy,
C.M.C. Nairn, PK. Shukla, Geophys. Res. Lett. 22, 2709 (1995)
R. Bostrom, G. Gustafsson, B. Holback, G. Holmgren, H.
Koskinen, P. Kintner, Phys. Rev. Lett. 61, 82 (1988)

P.O. Dovner, A.I. Erikson, R. Bostrom, B. Holback, Geophys. Res.
Lett. 21, 1827 (1994)

R.Z.Sagdeev, in Reviews of Plasma Physics, ed. by M.A.
Leontovich (Consultants Bureau, New York, 1996), 4, p. 23

S.N. Paul, K.K. Mondal, A. Roychowdhury, FIZIKA B 5§, 73-84
(1996)

K.K. Mondal, S.N. Paul, A. Roychowdhury, IEEE Trans. Plasma
Sci. 26, 987-994 (1998)

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.



tion 4,

mo

®

N Check for
updates

ing,
28NS

Indian J Phys
https://doi.org/10.1007/s12648-020-01899-w

ORIGINAL PAPER

Effects of nonthermal electrons and ion beams on ion-acoustic double
layers in warm ion plasma

I Paul’, A Chatterjee? and S N Paul'**
1Depar[ment of Physics, Jadavpur University, Kolkata 700032, India

?East Kolkata Centre for Science Education and Research, P-1, B. P. Township, Kolkata 700 094, India

Received: 06 October 2019 / Accepted: 20 July 2020

Abstract: The effects of nonthermal electrons and ion beams on the ion acoustic double layers in warm ion plasma have
been studied using the pseudopotential technique. Sagdeev potential of ion-acoustic wave in the plasma has been derived
and the solution of ion acoustic double layers has been obtained. The critical value of nonthermal parameter of electrons for
existence of double layers is obtained and discussed. The profiles of double layers in the plasma are drawn taking different
values of density and temperature of ion beams, and the nonthermal parameter of electrons obeying the critical condition. It
has been shown that both compressive and rarefactive double layers are excited in the plasma depending on the values of
nonthermal electrons and ion beam parameters. The width of double layers is also graphically discussed. The results are

new and may be useful in understanding the acceleration processes of charged particles in space plasma.

Keywords: Ion acoustic wave; Nonthermal electron; Ion beam; Sagdeev potential; Double layers

1. Introduction

In recent years, there is a great deal of interest on the study
of nonlinear propagation of waves in plasma consisting of
electron/ion beams because of its importance in under-
standing the nonlinear electrostatic disturbances in mag-
netosphere and solar plasma [1, 2]. The nonlinear structure
of plasma is changed considerably in presence of electron/
ion beams. Krivoruchku et al. [3] have shown that an
electron beam in plasma can change the propagation of the
Trivelpiece-Gould solitons. Later, it is shown by Gell et al.
[4] that compressive solitary waves are excited in an
electron beam plasma system. However, the effects of ion
beams are also important to excite the ion acoustic solitary
waves (IASWs) in plasma. Abrol and Tagare [5] have
obtained a modified Koteweg-deVries (KdV) equation for
IASWs in presence of ion beams in plasma composed of
cold ions, beam ions and nonisothermal electrons. They
have critically discussed the effect of resonant electrons,
trapped and free electrons, plasma-ion to beam-ion mass
ratio and beam-ion concentration on the amplitude and

*Corresponding author, E-mail: paul.indrani@gmail.com;
drsnpaul @ gmail.com

Published online: 31 October 2020

width of IASWSs. Later, Karmakar et al. [6] have obtained
the solution of IASWs in ion-beam plasma with multiple-
electron-temperatures through the derivation of a modified
KdV equation. It is seen that the existence solitons and its
behaviour depends effectively on the ion beam as well as
on the multiple electron temperatures. The solitons might
be large amplitude with the addition of a small percentage
of ion-beam concentration or by the increase of electron-
temperatures. Subsequently, El-Labany [7] has used the
reductive perturbation method (RPM) for investigating the
IASWs in an ion beam plasma system consisting of warm
ions and isothermal electrons in presence of warm ion
beams. He has obtained the KdV and KdV-type equations
for first- and second-order perturbed potentials. For
obtaining the soliton solution, he has used the renormal-
ization method to remove the secular terms in nonlinear
equation. It is found that both the amplitude and the width
of solitons are strongly affected by the ion temperatures as
well as the velocity of ion beam. Das [8] have investigated
the effect of ion temperature on small-amplitude IASWs in
a magnetized ion-beam plasma in presence of electron
inertia. It is shown from the KdV equation that both
compressive and rarefactive solitons will exist in a mag-
netized plasma model consisting of ions, electrons and
positive ion beams. Both fast and slow modes are found to

© 2020 IACS
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exist due to the presence of ion temperature in the plasma.
Moreover, the amplitude of soliton decreases with increase
in temperature for the mass ratio of beam-ion to warm
plasma-ion greater than two. The amplitude becomes
maximum when the wave propagates parallel with the
direction of the magnetic field. The investigation further
revealed that though both compressive and rarefactive
solitons exist for slow-mode, only compressive soliton
exist for the fast-mode. Later, Das and Deka [9] have
considered relativistic electron beam for the study of small
amplitude IASWs in plasma composed of positive ion,
electron and electron beams. Using the RPM, they have
derived the KdV equation from which it is found that both
compressive and rarefactive solitons are excited in such
plasma. Kaur et al. [10] have investigated the propagation
characteristics of dust acoustic solitary and rogue waves in
an unmagnetized ion beam plasma with electrons and ions
following kappa-type distribution in nonplanar geometry.
The RPM is employed to derive the cylindrical/spherical
KdV equation, which is further transformed into the stan-
dard KdV equation by neglecting the geometrical effects.
Using new stretching coordinates, nonlinear Schrodinger
equation has also been derived from the standard KdV
equation to study the different order rational solutions of
dust acoustic rogue waves. The impact of various physical
parameters on the characteristics of dust acoustic solitary
waves is elaborated specifically in nonplanar geometry.
Further, the effects of ion beam and superthermality of
electrons/ions on the characteristics of rogue waves are
studied. It is predicted that the results obtained may be
useful in comprehending a variety of phenomena in Earth’s
magnetosphere polar cap region where the presence of
positive ion beam has been detected and also in other
regions of space/astrophysical environments where dust
along with superthermal electrons and ions exist. Recently,
Paul et al. [11] have studied nonlinear propagation of ion-
acoustic waves in unmagnetized quantum (degenerate)
plasma in the presence of an ion beam using the one-di-
mensional quantum hydrodynamic model. They have
derived the KdV equation using the RPM and have
obtained the solution of IASWs. The critical value of ion
beam density for the nonexistence of solitary wave is
numerically estimated and its variation with velocity and
temperature of ion beam has been discussed graphically. It
is seen that formation and structure of solitary waves are
significantly affected by the ion beam in quantum plasma.
The solitary waves on the quantum plasma may be com-
pressive or rarefactive depending upon the values of
velocity, concentration and temperature of the ion beam.
On the other hand, the nonthermal electrons in plasma
also give rise to many interesting characteristics in non-
linear excitation of IASWs and IADLs. The nonthermal
electron plasma (cold plasma or non-equilibrium plasma) is

a plasma which is not in thermodynamic equilibrium,
because the electron temperature is much hotter than the
temperature of heavy species (ions and neutrals). To
explain the observational results of the Freja [12] and
Viking [13] satellites it has been assumed by Cairns et al.
[14, 15] that the electron distribution to be nonthermal in
the magnetosphere [16]. Considering the presence of non-
thermal electrons in plasma several authors have theoreti-
cally studied the TASWs [17-19]. Gill et al. [20] have
studied the properties of IJASWs and IADLs in a plasma
consisting of warm positive and negative ions with dif-
ferent concentration of masses, charged states and non-
thermal electrons using small amplitude approximation.
The KdV and modified KdV equations are derived using
the RPM. Existence of IASWs and IADLs is explored over
a wide range of parameter space. The role of nonthermal
electrons characterized by finite value of nonthermal
parameter is also investigated. It is observed that for a
particular value of nonthermal parameter, there is a tran-
sition from compressive to rarefactive solitons. However,
when nonthermal parameter is increased beyond a critical
value, no IADLs are obtained. The significance of relative
ion masses is also investigated. Later, Bhattacharyya et al.
[21] have investigated the effects of non-thermal electrons
on the IASWs in a bounded plasma using Sagdeev poten-
tial technique (SPT) and have shown that both compressive
and rarefactive solitons would be excited for any value of
nonthermal electron parameter in plasma. Subsequently,
Das et al. [22] have studied the nonlinear behaviour of ion-
acoustic waves in a plasma consisting of warm adiabatic
ions and nonthermal electrons having vortex-like velocity
distribution function, immersed in a uniform and static
magnetic field using the RPM. They have obtained the
condition for the existence of DLs solution in such plasma.
Later, Paul et al. [23] have obtained exact analytical
solutions of the nonlinear equations governing the propa-
gation of IASWs in a plasma consisting of warm streaming
positive ions and nonthermal electrons with necessary and
sufficient conditions for the existence of IASWs. The
critical values of nonthermal parameter, ion temperature
and velocity of JASWs have been numerically evaluated
and discussed the dependence on the plasma parameters.
They have analysed the structure of the solitary waves as a
function of the nonthermal electron parameter which
measures the deviation from the thermalized state. Later,
Ghosh et al. [24] have used the SPT to investigate theo-
retically the effect of nonthermal electrons and warm
negative ions on IASWs in multicomponent drifting
plasma. Subsequently, the IADLSs in such plasma have been
theoretically investigated by Ghosh et al. [25]. The con-
ditions for the existence of IADLs which control the for-
mation and nature of DLs are obtained. The effects of
nonthermal electrons, negative ion concentration, and
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negative ion temperature on the formation and the structure
of TADLs are also investigated. Ghosh and Banerjee [26]
have studied the IASWs in collision less unmagnetized
plasma composed of nonthermal electrons and positrons,
warm drifting positive ions using the SPT. The nonthermal
parameters and temperatures are shown to play significant
roles on the formation and nature of solitary waves. It is
shown that the nature, amplitude and width of lower- and
higher-order solitons depend sensitively on these plasma
parameters. It is also found that stronger nonthermality
leads to shorter and wider solitons. The dependence of
Sagdeev potential profile on different plasma parameters
has also been examined. Paul et al. [27] have considered
higher nonlinear and dispersive effect for the study higher
order IASWs in plasma consisting of cold ions and non-
thermal electrons using the SPT and Bogoliubov—Mitro-
polosky method. It is seen that shape of higher-order
IASWs in such plasma are W-type. Using the SPT, Gao
et al. [28] have studied the TADLs and ion-acoustic super
solitons in a plasma with Maxwellian cold electrons,
nonthermal hot electrons, and fluid ions.

But, few authors have studied the double layers (DLs) in
an electron/ion beam plasma system. Taibany [29] have
studied electro-acoustic solitary waves and double layers
with an electron beam and phase space electron vortices in
space plasmas using the RPM. He has considered a plasma
composed of a cold electron fluid, hot electrons obeying
trapped/vortex-like distribution, warm electron beam, and
stationary ions. In the vicinity of the isothermal population,
a nonlinear evolution equation with mixed nonlinearity is
obtained. Its solution gives a (compressive/rarefactive)
soliton or a compressive double layer (DL) depending on
the system parameters. Later, Shan and Saleem [30] have
investigated IADLs in an unmagnetized and collisionless
plasma consisting of cold positive ions, g-nonextensive
electrons, and a cold electron beam. Small amplitude DLs
solution is obtained by expanding the Sagdeev potential
truncated method. The effects of entropic index ¢, speed
and density of cold electron beam on double layer struc-
tures are discussed. In ion beam plasma system, Reddy
et al. [31] have developed a general analysis for small
amplitude TADLs and IASWs, taking into account any
number of ion beams and their charges, together with cold
and hot electrons. For auroral plasma parameters, the
analysis predicts the excitation of fast and slow hydrogen
(as well as oxygen) beam-acoustic modes, which can be
either rarefactive DLs or rarefactive or compressive soli-
tons. Variations in the temperature and beam speed of the
hydrogen (oxygen) beam can lead to the conversion of
modes from originally rarefactive DLs to rarefactive soli-
tons and finally to compressive solitons. Fast and slow
hydrogen beam-acoustic modes are the first to be excited.
The excitation of fast and slow oxygen modes is usually

possible for larger values of beam speeds or beam tem-
peratures. The typical width and speed of the nonlinear
modes are in good agreement with the observations of DLs
and SWs by the S3-3 and Viking satellites. In a dusty
plasma, Das et al. [32] have studied the formation of large-
amplitude DLs in a plasma whose constituents are elec-
trons, ions, warm dust grains and positive ion beam using
the SPT. It is found that both the temperature of dust
particles and ion beam temperature play significant roles in
determining the region of the existence of double layers.
Later, Kaur et al. [33] have derived the KdV, modified
KdV and Gardner equations using the RPM and have
studied the acoustic Gardner SWs and DLs in a multi-
component superthermal plasma having the ion beams. The
characteristic features of both compressive and rarefactive
nonlinear excitations from the solution of these equations
are discussed. The results have been compared with the
observation of the He" ion beam in polar cap region near
solar maximum by the Dynamics Explorer-1 satellite. The
characteristics of DLs are also studied in detail below the
critical density of cold electrons. It is predicted that the
results may be useful for the observation of nonlinear
excitations in laboratory and ion beam driven plasmas in
the polar cap.

Recently, Paul et al. [34] have theoretically investigated
the TADLs in a multicomponent plasma consisting of
positive ions, negative ions and nonthermal electrons filled
in a cylindrical wave guide using the SPT. It is seen that the
finite geometry of bounded plasma, nonthermality of
electrons, density of negative ions, stream velocity of
positive and negative ions have significant contributions on
the structure of IADLs. The DLs may be compressive or
rarefactive in the plasma depending upon the values of the
plasma parameters.

From the works of above authors, it is seen that a lot of
theoretical works have been done on the IASWs in plasma
having ion beams and nonthermal electrons. But, IADLs in
nonthermal plasma having ion beams have not been studied
by any authors. So, we are interested here to study the
IADLs using the SPT in a multicomponent plasma com-
posed of warm positive ions and beam ions together with
nonthermal electrons. For solving the problem, we have
derived the expression of Sagdeev potential and have
obtained the nonlinear equation for the propagating ion
acoustic waves. The solution for IADLs is obtained and
graphically discussed for different values of density,
velocity and temperature of the ion beam, and nonther-
mality of electrons. The widths of the IADLs are also
discussed graphically.
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2. Formulation

We assume, a collision less unmagnetized plasma con-
sisting of warm positive ions, warm beam ions, and non-
thermal electrons. Moreover, we consider that the ion beam
velocity is constant in unperturbed state and ion beams are
in the direction of propagation of waves. The normalized
basic equations in unidirectional propagation for such
plasma in dimensionless form are:

%+a—i(nsus)=0 (1)
aa—lf+us%l;:+3ps%‘§=0 (3)
%f: net S Wiz (4)

where the subscript s=1 and b denote positive ions and
beam ions; ng,us,ps,ds are, respectively, the density,
velocity, pressure and temperature of positive ion and beam
ions. The concentration of nonthermal electrons is repre-
sented by ne, Qn = my/mj, Q; = 1, m; and my, are the mass
of positive ions and beam ions, ¥; = Y, = —1, Z; and Z,
are the charges of ions and ion beam and negative. For
single charged ions, Z; = 1, multiple charged ion beams
Zy, = Z, Z is the number of positive charges of ion beams.
The velocities are normalized by the ion-acoustic speed
(KgT./m;)""?, the densities by the equilibrium ion density
no, all lengths by the Debye length (KgTe /47‘51’1062)1/ 2 th
-1

ion plasma period ;" =

(m; /4nn062)1/ ? and the potential ¢ by (KgT./e) where, T,
is the temperature of electron, K is the Boltzmann con-
stant and other symbols have their usual meanings.

The nonthermal electron distribution function is chosen

as [14, 15]
v 2

¢

time variable by the

no

f(V) = (1+ 3a)/27V2

ol 4(32)

where o( > 0) is a parameter that determines the proportion
of the fast energetic electrons, v is the velocity of electrons

(5)

in phase space and is normalized by the average thermal

speed V. = \/KgT./m. and m, is the mass of electron.
The normalized density of nonthermal electron . is

ne = (1= Bo + po?) exp(e) (6a)
where f = 1 io;a (6b)

f measures the deviation from thermalized state. The
parameter f§ cannot exceed a certain range (0 < f < 1.3),
beyond which o is negative which is not physically
acceptable. When f — 0, Eq. (5) gives the Boltzmann
distribution of electrons.

For obtaining the solution of IADLs from Egs. (1) to
(4), we use the transformation y = x — V¢, where V is the
velocity of ion acoustic waves and we assume the boundary
conditions:

i — Nig, Ny — Mo, Ui — 0, Uy — Ubo, Pi — Pio, Pb

(7)

— DPho, @ — 0 at  |x| -

The charge neutrality condition in the plasma is
nip = 1 — Znyo.

By using Eq. (4) and the boundary conditions (7), we
get from Egs. (1) to (6)

d*¢ 2
i (1= B+ Bo*) exp(e)
Com |y P,
NPT io ¢
2
30ipio
— {(V— ip ) —2(/)}
Nio
Znt O 3 Y
nbo 2 GbPbo
DO ®= V — Upo + -
20w < b an0> 0?
2
v 30pPbo 2Z
_ e L2z
b Onpo 0 ?
(8)
d
- ©
do

where /() is known as the Sagdeev Potential and it is
given by
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Y(¢) = (1+36) — [(1+3B) — 30 + By’ exp(e)

T 3
. v+ iPio _2¢ _ V_
) .
n Nio

io

6+/30ipio — 3

[ 2 2
3 2z
3 <V—ubo+ g;pb") % —{(V—
O, "
6+/30bPvo 3 3
+ (v — o+ abpb") } =
ano

30'117 io
nio - ( 1 O)
e 300\ 2Z ’
b0 Ony, 0o
3
Vi . [300P0o
b0 Ony,o

Integrating (9), we obtain

% (d—(p>2+¢(<0) =0

o (1)

where we have used the boundary conditions ¢ —
0,dg/dy — 0 and d*>¢/dn?> — 0.

Equation (11) describes the motion of a pseudoparticle
of unit mass with velocity de/dny and position ¢ in a
potential /(). The first term of Eq. (11) can be regarded
as the kinetic energy of the pseudoparticle and where as the
second term is the potential energy of same particle at that
instant. Since the kinetic energy is always nonnegative, it
follows that y/(¢) <0 for the entire motion, zero being the
maximum value of /(¢). Equation (11) shows that dys/d¢
is the force on the particle at the position ¢. Equation (11)
may also be regarded as anharmonic oscillator equation,
provided that we interpret ¢ and x as space and time
coordinates, respectively. For the double layer solution of
Eq. (11), the Sagdeev potential () should be negative
between ¢ = 0 and ¢,,, where ¢, is some extreme value
of the potential ¢, called the amplitude of the DL. For the
double layer solutions, /(¢) must additionally satisfy the
following boundary conditions:

(i) ¥(¢) =0,dy/dp = Oand d*y/de”* <0 at ¢ =0,

(12a)
(ii) Y(@) =0,dy/dp = 0 and d*y/dg* <0 at ¢
= Pmax(# 0)
(12b)
(iii) Y(p)<0, for 0<|p|<|@nl (12¢)

When the above conditions are satisfied, ¢ =0 is an
unstable equilibrium position. The pseudoparticle is not
reflected at ¢ = ¢,, because the pseudoforce and the
pseudovelocity are vanished. Instead, it goes to another
state producing an asymmetrical double layer with a net
potential drop ¢,,.

3. Solution for the double layers

Now we expand the r.h.s of (8) and (10) in power series of
¢ and we obtain

2

—?:AMD +A20" + A30° + Agp* + A5’ + - - -

& (13)
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n% 3(711710 B 36ipio B
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A1 = 3 -1 -1 (1421)
B Z’m, Vot 3000 | Ve — 3ovpjo
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2Q% V/30bPbo ° Onio ° Onyo
And The small amplitude IADLs solution of (11) satisfying

1 1 1 1 1
e A 0 A0 — Aot — A0S — 2 A
¥ (o) 5A197 — 34207 — 7 A39" — 2 A7 — Asg

(15)
For small amplitude ion acoustic waves (¢ < 1), we take
the terms up to > of Eq. (13) to get the solution of IADLs

in plasma. Applying boundary conditions (12a), (12b) and
(12c), we obtain

24,
__ 16
P =34 (16)
And
A
V(0) =7 ¢ (on — o)’ (17)

(17) is obtained as
1
00 = 5 @n (1~ tanh[\/ (43 /8, )] (18)

The width of double layers is given by

As 1/2
WL = 2(%) (19)

It is seen that width of IADLs depends on the plasma
parameters, e.g. ion beam density, ion beam temperature,
ion beam velocity and nonthermal parameter of electrons.
Equation (18) relates the amplitude ¢, of the IADLSs to the
ratio between the coefficients A, and Az of the quadratic
and cubic terms on the right-hand side of Eq. (13). It is
important to be noted that the IADLs in plasma can only
exist for positive value of As, i.e. A3 > 0. To satisfy the
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condition, the plasma parameters should have some critical
values. The nonthermal parameter 5 must satisfy the
condition f§ < fic, P being the critical value of 8. For the
existence of IADLs, the parameter f~ obtained from (14c)
is

b= (5) o= - v}

310 {(v o — 62) O (V — tpo + o—z)*f’} - 1}

2030,

(20)
where 01 = 4/ 301])10/?110, 0y = 4/ 3Gbpbo/nb() and
nijo = 1— ano.

The parameter f3, for the existence of small amplitude
IADLs in plasma can be numerically estimated from (20),
if the values of other parameters of plasma are known.
Similarly, for the existence of IADLs when A3 > 0, the
critical values of ion beam density (71 ), ion beam velocity
(upoc) and ion beam temperature (oy,.) can be obtained from
(14c¢).

If IADLs are excited in plasma, it is very important to
see the nature of DLs (compressive and rarefactive). From
Egs. (16) and (18), it follows that the sign of A, determines
the nature of IADLs. If A, is positive (negative), a rar-
efactive (compressive) IADL is excited. Since A, is inde-
pendent of f3, the nature of IADLs (whether compressive or
rarefactive), remains invariant under change of values of f.
It is seen from (14b) that A, depends on the parameters nyg,
uyo and oy,. For compressive IADLs, A, <0, and for rar-
efactive IADLs, A, > 0. Expressions for the critical values
of 7u0(nboc)s Ubo(Upoe) and ap(one) for compressive and
rarefactive IADLs in warm plasma can be obtained from
(14b). In warm plasma, it is difficult to get the expressions
of npoc, Upoe and opc. For a cold plasma, o; = 0 and o, = 0,
the critical values of nyo. and wupo. for compressive and
rarefactive IADLSs are obtained from (14b):

_ OV = 3)(V — o)

Oc (21)
3[V4 — Q2(V — )]
and
3npo i
=Vl —¢—F———— 22
Up0 {V4—3+3nbo}1 (22)
When,

(1)  npo<npoe OF upy <uUpoe, positive potential (compres-
sive) IADLs will be formed,

(2) npo > nppe OF Upo > Upoe, Negative potential (rarefac-
tive) IADLs will be excited.

The critical values of ion beam density (nyy.) and ion
beam velocity (upo.) for the excitation of IADLs in cold

plasma can be numerically estimated form (21) and (22), if
the values of other parameters of the plasma are known

4. Results and discussions

From the expression (18), we see that the plasma param-
eters, e.g. ion beam density, ion beam temperature, plasma
ion temperature, ion beam velocity and nonthermality of
electrons have significant influences on the excitation of
IADLs in an ion beam plasma. To ascertain the actual
nature of the IADLs, we have numerically evaluated for
different parameters of the plasma and have discussed
graphically. The Figures in the article illustrate the results
of evaluation of the characteristics of the IADLSs excitation
that occur in an ion beam plasma, and are obtained by
using (18). The evaluated curves are the dimensionless
dependences of the values of the evaluated characteristics
of TADLs excitation, along the axes of the ordinates and
abscissas of which the values of the dimensionless quan-
tities in arbitrary units are used. The potential of dimen-
sionless TADLs is plotted along the y axis and the
dimensionless space variable in x-axis to form the dimen-
sionless curves shown in the Figures, which are equal in
magnitude to the ratio of the corresponding calculated
values of the selected characteristic of the IADL excitation
on the y-axis and the values of the variable used in the
calculation and deposited on the x-axis to the correspond-
ing units of measurement of these quantities, which are
chosen to normalize the dimensionless curve.

4.1. Profile of double layers

To start with we have plotted the IADL potential with the
plasma parameters: (1) Nonthermal parameter of electron
shown in Fig. 1(a), (b); (2) Ion beam density shown in
Fig. 2(a), (b); (3) Ion beam temperature shown in Fig. 3(a),
(b) and (4) Ion beam velocity shown in Fig. 4(a), (b).

4.1.1. Effect of nonthermal parameter of electron

: The effects of nonthermal electrons on the IADLSs in the
beam plasma having H* ion beam and Ar* ion beam have
been numerically estimated and the normalized potential of
IADLs are shown Fig. 1(a), (b) for the fixed values of other
normalized plasma parameters. In the plasma, we have
considered the values of nonthermal parameter of electron
is less than 1.3 (ff < 1.3).

To see the effects of nonthermal parameter electrons (f3)
on the IADLs in plasma having H* beams and Ar* beams,
we have followed the conditions for the existence of
IADLs, i.e. the coefficient A3 must be positive for the
values of the plasma parameters. Moreover, to understand
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Fig. 1 (a) (colour online) Profiles of the IADLs for different
nonthermal parameter (f) in HY ion beam plasma having
o; = 0.001, o, = 0.003, V = 1.6, npy = 0.1 and uyy = 0.2; Curves a,
b, c, and d refer to four different values f = 0.3, 0.4, 0.5 and 0.6
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Fig. 2 (a) (colour online) Profiles of the IADLs for different ion
beam density (n,0) in Hydrogen beam ion plasma having ¢; = 0.001,
op = 0.003,V = 1.6, f = 1.1 and uyy = 0.4; Curves a, b, c, and d refer
to four different values nyy = 0.1, 0.2, 0.3 and 0.4 respectively. (b)

the nature of IADLs, the amplitude of DLs given by (16) is
first numerically estimated using the parameters of our
model plasma. It is observed from the numerical estimation
that amplitude of IADLs having H" beam is positive and
for Ar" beam is negative giving rise to compressive and
rarefactive IADLs, respectively. In fact, the positive and
negative values of amplitude of IADLs depend on the
coefficient A, of Eq. (13). Using (18) Fig. 1(a), (b) are
drawn for the profiles of the electrostatic potential IADLs
for the H' beams and Ar" beams in plasma. It is seen from
Fig. 1(a) that the coefficient A, is negative. So compressive
IADLs are excited in plasma having H* beams for = 0.3,

-0.2 4

-0.4 -

-0.6

-0.8

1.2 4

1.4 -

-1.6 1

respectively. (b) Profiles of the IADLs for different nonthermal
parameter (f8) in Ar" ion beam plasma having ; = 0.001, 6y, = 0.003,
V = 1.6, npo = 0.3and upg = 0.9; Curves a, b, ¢, and d refer to four
different values f§ = 0.3, 0.4, 0.5 and 0.6, respectively

(b)o.o
0.2 -
0.4 1
-0.6

-0.8 4

o 104

-1.2 4

14
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Profiles of the IADLs for different ion beam density (rny) in Argon
beam ion plasma having g; = 0.001, g, = 0.003, V = 1.6, f = 0.3 and
upoy = 0.4; Curves a, b, ¢, and d refer to four different values nyy = 0.1,
0.2,0.3 and 0.4 respectively

0.4, 0.5 and 0.6 with fixed values of the parameters
g; = 0001, Op = 0003, V= 1.6, Ny = 0.1 and Upo = 02. 1t
is also observed that the amplitudes of compressive IADLs
are decreased with increase of f. But, for the Art beam
plasma A, is positive for = 0.3, 0.4, 0.5 and 0.6 with
fixed values of parameters g; = 0.001, g, = 0.003, V = 1.6,
npo = 0.3 and upp = 0.9 for which the amplitude of IADLs
becomes negative. For this reason, the IADLs in Fig. 1(b)
for Ar" beam plasma are rarefactive in nature. It is
observed that the amplitudes of rarefactive IADLs are
decreased with the increase of nonthermal parameter /5.
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Fig. 3 (a) (colour online) (@) o0 (b) 0.18 —
Profiles of the IADLs for
different ion beam temperature 0.16
(op) in Hydrogen ion beam 02 044 |
plasma having ¢; = 0.01, ’ S
p =118V = 1.6, nyy = 0.3 and 012 .
upy = 0.4; Curves a, b, ¢, and d 04 |
refer to four different values ' 0.10 4
o, = 0.01, 0.011, 0.012, 0.013,
respectively. (b) Profiles of the ¢D 064 ¢D 0.08 - ]
IADLs for different ion beam ’ 0.06
temperature (gp) in Argon ion
beam plasma having ¢; = 0.001, 084 0.04 A i
p =129,V =1.6,ny =03 ’
and uyy = 0.75; Curves a, b, c, 0.02 4
and d refer to four different 10 0.00 ' ' ' ' ' '
values oy = 0.015, 0.017, 0.019, 3 - P 0 ) 5 3
respectively

n
Fig. 4 (a) (colour online) (@) (b)

Profiles of the IADLs for
different ion beam velocity (uy0)
in Hydrogen ion beam plasma
having g; = 0.001, ¢, = 0.003,
p =12,V =1.6and, ny = 0.3;
Curves a, b, ¢, and d refer to
four different values uyy = 0.1,
0.2, 0.3 and 0.4, respectively.
(b) Profiles of the IADLs for ¢D 0.15 4
different ion beam velocity (uyo)
in Argon ion beam plasma
having ¢; = 0.001, gy, = 0.003,
p=0.1,V=1.6and ny = 0.1;
Curves a, b, ¢, and d refer to
four different values uyy = 0.15, 0.00
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4.1.2. Effect of ion beam density

The effects of ion beam density (nyy) on the IADLs in
plasma having H* beams and Ar" beams are understood
from the numerical estimation of amplitude and electro-
static potential given by (16) and (18). From numerical
estimation using the values of parameters of our model
plasma, it is observed that the amplitudes of electrostatic
potential IADLs are negative for both H* beams and Ar*
beams giving rise to rarefactive IADLs shown in Fig. 2(a),
(b). Figure 2(a) shows that potential of IADLs are negative
in plasma having H" beams for npo= 0.1, 0.2, 0.3 and 0.4
with fixed values of o¢; = 0.001, o, = 0.003, V = 1.6,
p=1.1 and upy = 0.4. It is seen that the amplitudes of
rarefactive IADLs for H" beams are increased with the
increase of ion beam density. Figure 2(b) illustrates the
rarefactive IADLs in plasma having Ar't beams for
nyo= 0.1, 0.2, 0.3 and 0.4 with fixed values of ¢; = 0.001,
o, =0.003, V=16=03, and wuy =04. The

amplitudes of rarefactive IADLs of Ar" beams are
decreased with the increase of the ion beam density.

4.1.3. Effect of ion beam temperature

The effects of ion beam temperature on the normalized
potential of TADLs are shown in Fig. 3(a), (b) with fixed
values of other normalized plasma parameters. In fact, the
effect of ion beam temperature on the IADLs in plasma is
understood from numerical estimation for the amplitude
given by (16) and electrostatic potential from (18). It is
seen from numerical estimation that the amplitude for H™
beams is negative (since A, is positive) in our plasma
having for o, = 0.01 0.011, 0.012 and 0.013 with fixed
values of ¢;=0.01, =118 V =1.6, ny =0.3 and
uyo = 0.4. So, the profile of IADLs for H" beam plasma is
rarefactive in nature. It is also observed from Fig. 3(a) that
the amplitudes of rarefactive DLs are increased with the
increase of ion beam temperature. In similar way,
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numerical estimation is made for IADLs for Ar" beams in
plasma. It is observed that the amplitude of DLs is positive
(since A, is negative) in our plasma having g, = 0.011,
0.012 and 0.013 with fixed values of a; = 0.001, = 1.29
V =1.6, nyo = 0.3 and upy = 0.75. For this reason, the
IADLs in Fig. 3(b) are compressive in nature. It is seen that
the amplitudes of compressive IADLs in Fig. 3(b) are
increased with decrease of ion beam temperature.

4.1.4. Effect of ion beam velocity

The effects of ion beam velocity on the normalized
potential of IADLSs in plasma having H* ion beam and Ar*
ion beam are shown in Fig. 4(a), (b) with fixed values of
other normalized plasma parameters. It is seen that
amplitudes of double layers for H* beams are positive
(since A, is negative) for upy = 0.1, 0.2, 0.3 and 0.4 in
plasma having fixed values of a; = 0.001, o, = 0.003,
f =12,V =1.6 and nyy = 0.3. So, the IADLs in Fig. 4(a)
for HY beam are compressive in nature. The amplitudes of
compressive IADLs are increased with the decrease of ion
beam velocity. Similarly, numerical estimation for ampli-
tude of IADLs for Ar" beams in plasma is made from
which it is seen that amplitude is also positive (since A; is
negative) for uyg = 0.15, 0.30, 0.45 and 0.60 for Ar" ion
beams in plasma having fixed values of a; = 0.001,
ap = 0.003, f =0.1, V = 1.6 and nyy = 0.1. As a result, the
IADLs in Fig. 4(b) for Ar" beams in plasma become
compressive in nature. The amplitudes of compressive
IADLs for Art beams are increased with increase of ion
beam velocity.

4.2. Width of double layers

Now, we have plotted the width of IADLs with the ion
beam density (n;0) in plasma:

(1) For different values of Nonthermal parameter (/) of
electron shown in Fig. 5(a) for H" beams, Fig. 5(b) for
Ar" beams; (2) for different values of ion beam tempera-
ture (op,) shown in Fig. 6(a) for HT beams, and Fig. 6(b)
for Art beams; (3) for different values of Ion beam
velocity (upg) shown in Fig. 7(a) for H" beams, and
Fig. 7(b) for Ar" beams.

It is known that width is important for the study of DLs
in plasma because it is important for experimental studies
in laboratory and in space plasma. We have numerically
estimated the width of IADLs using (19) and its variation
for different parameters of an ion beam plasma is graphi-
cally discussed. It is to be remembered that for the
numerical estimation we have followed the conditions for
the existence of IADLs (i.e. A3 must be positive).

4.2.1. Effect of nonthermal parameter

The variation of width of IADLs with ion beam density
(nyo) for different values of nonthermal parameter () of
electrons in plasma having H™ beams and Ar" beams are
shown in Fig. 5(a), (b). From Fig. 5(a) for H" beams, it is
seen that the width of IADLs increases with increase of nyy
when f = 0.05,0.0.1, 0.15 and 0.2 in a plasma having fixed
values of ¢; = 0.001, o, = 0.003, V = 1.6, and uyo = 0.3.
The width of DLs is large for small values of f5. But,
Fig. 5(b) for Art beams shows that width of TADLs
increases up to certain maximum value when f = 0.2, 0.25,
0.3, 0.35 having fixed values of g; = 0.001, g, = 0.003,
V =1.6 and up = 0.2; then the width is decreased to a
minimum value, and after that it increases steadily with
increase of ion beam density. The widths of IADLs are
large for small values of nonthermal parameter of
electrons.

4.2.2. Effect of ion beam temperature

Similarly, the variation of width of IADLs with beam ion
density (ny9) for different values of ion beam temperature
(6p) in plasma having H* beams and Ar" beams are shown
in Fig. 6(a), (b). It is seen from Fig. 6(a) that the width
increases up to a certain maximum value with increase of
npo in plasma having HY beams when ¢, = 0.20, 0.25, 0.3,
0.35 having fixed values of g; = 0.01, V =1.6,=0.3.
upo = 0.2; and then it decreases to a minimum value with
increase of ny, after that width increases again with
increase of npy. On the other hand, the variations of width
of DLs in plasma having Ar" beams are shown in
Fig. 6(b). It is seen that the width of IADLs in plasma
having Ar" beams increases to a maximum value with
increase of nyy when values of gy, g, 0.01, V, B and uy are
same as in H™ beam plasma; after the maximum value the
width decreases to a minimum value; again it increases to a
maximum value and finally it is decreased to a minimum
value and remains constant with increase of ion beam
density.

4.2.3. Effect of ion beam velocity

The variation of width of IADLs with ion beam density
(nyo) for different values of ion beam velocity (upg) in
plasma having H" beams and Ar" beams are shown in
Fig. 7(a), (b). It is seen from Fig. 7(a) that the width of DLs
increases for H beams with increase of nyg up to a certain
maximum value, and then it decreases with increase of ny;
when upg = 0.25, 0.30, 0.35 and 0.40 in a plasma having
constant values of g; = 0.001, g, = 0.003,V = 1.6, f = 0.1.
From Fig. 7(b) for Art ion beams it is observed that the
width of DLs increases steadily with increase of nyy, when
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upy = 0.25, 0.30, 0.35 and 0.40 in a plasma having constant
values of o; = 0.001, g, = 0.003, V = 1.6, f = 1.2.

5. Conclusions

We have theoretically studied the excitation of IADLs for
small amplitude waves in a plasma composed of warm
positive ions, warm positive beam ions and warm non-
thermal electrons using pseudo potential method. It has
been shown that the IADLs in such plasma depend on the

0.3 0.4

plasma parameters, i.e. ion beam density, ion beam tem-
perature, ion beam velocity and nonthermal parameters of
electrons. Numerical estimation is made considering a
model plasma having beam of ions and the profiles of
IADLs including widths are drawn. The IADLs of small
amplitude waves in plasma having ion beams ions are
compressive or rarefactive depending upon the values of
the plasma parameters.
Our findings on IADLs are:
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The IADLs are compressive and rarefactive in plasma
having H* beams and Ar" beams depending on the
values of nonthermality of electrons and other plasma
parameters. The IADLs are compressive in plasma
having H* beam for the nonthermal parameter f§ = 0.3,
04, 0.5, 0.6 with fixed values of g;=0.001,
Op = 0003, V= 1.6, Npo = 0.1 and Upo = 0.2. The
amplitudes of compressive DLs are decreased with
increase of B. But, in presence of Ar" ion beams in
plasma the IADLs are rarefactive for § = 0.3, 0.4, 0.5,
0.6 when a; = 0.001, o, = 0.003, V =1.6, ny =0.3
and upy = 0.9. The amplitudes rarefactive DLs are
decreased with increase of the values of nonthermal
parameter.

The rarefactive IADLs are excited in plasma having H*
beams for nyy= 0.1, 0.2, 0.3, 0.4 when g; = 0.001,
op = 0.003, V = 1.6, f = 1.1 and upy = 0.4. The ampli-
tudes of rarefactive DLs for H" beams are increased
with the increase of ion beam density. In plasma having
Ar" beams, the rarefactive IADLs are also excited for
ny= 0.1, 0.2, 0.3 and 0.4 with fixed values of
g; =0.001, 0,=0.003, V=16, f=03, and
upp = 0.4. The amplitudes of rarefactive DLs for Ar"
beams are decreased with the increase of the ion beam
density.

The IADLs are rarefactive in plasma having H' beams
for g, =0.01 0.011, 0.012, 0.013 when a; = 0.01,
p =118V =1.6, nyy = 0.3 and upy = 0.4. The ampli-
tudes of rarefactive DLs are increased with the increase
of ion beam temperature. But, the IADLs are compres-
sive in plasma having Ar™ beams for g, = 0.011, 0.012,
0.013, 0.014 when o¢; =0.001, =129 V=16,
np =03 and wupy =0.75. The amplitudes of

compressive DLs for Ar" beams are increased with
decrease of ion beam temperature.

The IADLs are compressive in plasma having H*
beams for uyg = 0.1, 0.2, 0.3 and 0.4 when o; = 0.001,
op = 0.003, f = 1.2, V = 1.6 and nyy = 0.3. The ampli-
tudes of compressive DLs for HY beams are increased
with the decrease of ion beam velocity. In plasma
having Ar" beams, the IADLs are also compressive for
upo = 0.15, 0.30, 0.45 and 0.60 for the fixed values of
g; = 0.001, o, = 0.003, f = 0.1, V = 1.6 and ny = 0.1.
The amplitudes of compressive IADLs for Ar" beams
are increased with increase of ion beam velocity.

Our findings on the width IADLs are:

e InH' beam plasma, the width of IADLs increases with

increase of npy when f§ = 0.05, 0.0.1, 0.15, 0.2 having
fixed values of ¢; = 0.001, o, = 0.003, V = 1.6, and
upo = 0.3. The width is large for small values of
nonthermal parameter of electrons. In Ar" beam
plasma, the width of IADLs increases up to certain
maximum value with increase of nyy when f = 0.3,
0.35, 0.4 and 0.45 having fixed values of a; = 0.001,
op, = 0.003, V =1.6 and upg = 0.2. Then, the width
decreases to a minimum value with the increase of npg
and the width is large for large value of f5.

In plasma having H' beams, the width of IADLs
increases up to a certain maximum value with increase
of nyy when o, = 0.20, 0.25, 0.3, 0.35 having fixed
values of g; = 0.01, V = 1.6, = 0.3. uyp = 0.2. After
that width decreases to a minimum value with increase
of npp, then the width increases again with increase of
npo. In plasma having Ar" beams, the width of IADLs
increases to a maximum value with increase of ion
beam density when values of oy, ai, 0.01, V, ff and uy
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are same as in H™ beam plasma. Then, the width
decreases to a minimum value; again it increases to a
maximum value and it is decreased to a minimum value
and remains constant with increase of ion beam density.

e In plasma having H" beams, the width of IADLs
increases with increase of upy up to a certain maximum
value, and then it decreases steadily with increase of nyg
when upg = 0.25, 0.30, 0.35 and 0.40 having fixed
values of ¢; = 0.001, o, = 0.003, V = 1.6 and § = 0.1.
In Ar" ion beam plasma, the width of IADLs increases
steadily with increase of npy when uyy = 0.25, 0.30,
0.35 and 0.40 having fixed values of a; = 0.001,
op =0.003, V=1.6and f=1.2.

It is to be stated that the plasma considered in present
work exists in space and also can be produced in the lab-
oratory. The present study can be useful for the study of
DLs in auroral and magnetospheric plasma which can
explain the particle acceleration in astrophysical plasmas
[35]. Our study is important because of the fact high energy
charged particles (electrons and ions) are found to exist in
solar flares and upstream solar wind. During solar bursts,
evolution of stars and pulsar radiation when relativistic and
no relativistic ions and electrons are ejected and enter the
space and also the ionosphere [36] follows our present
analysis, ion acoustic DLs can also be studied in plasma
having electron beams and negative ions. Moreover, elec-
tro-acoustic and ion-acoustic DLs can be studied in plasma
having electron/ion beams considering different types non-
Maxwellian electrons, namely nonisothermal electrons,
superthermal electrons, Tsallis distributed electrons, etc. In
our present study, static magnetic field in the ion beam
plasma has not been considered. Considering the magnetic
field and different types of non-Maxwellian electrons in
presence of beams (electron/ion) more interesting results
on the DLs in plasma would be obtained which may give
new information about acceleration process of ionized
particles in space and laboratory plasma. The DLs in
degenerate plasma in presence of electron/ion beams can
also be studied following our present work. It is to be
mentioned that for the study of large amplitude DLs in ion
beam plasma the terms ¢*, ¢ etc. of r.hs of Eq. (13)
should be taken into account and the solution of DLs can be
obtained using tanh-method [37—40]. The DLs in ion beam
plasma can also be studied from the modified KdV equa-
tion using the reductive perturbation method [41, 42]

It is to be mentioned the DLs in plasma have been
experimentally observed by various authors [43—47]. But,
there are no information in experimental observations on
the DLs in ion beam plasma consisting of nonthermal
electrons. So, at present, our theoretical results cannot be
verified/compared with the experimental observations.

6. Remarks

It was first proposed by Hannes Alfven (the developer of
magneto hydrodynamics) that the creation of the polar
lights or Aurora Borealis is created by accelerated electrons
in the magnetosphere of the Earth [48]. Alfven supposed
that the electrons were accelerated electrostatically by an
electric field localized in a small volume bounded by two
charged regions. This so-called DLs would accelerate
electrons Earthwards. Many experiments with rockets and
satellites have been performed to investigate the magne-
tosphere and acceleration regions. Sakai [49] has also
established the fact that the DLs are responsible for
accelerating the particles in auroral region of ionosphere
[50]. Tt is believed that the DLs play a significant role in
supplying and accelerating plasma in magnetic coronal
funnels and on the formation of solar flares [51]. The DLs
are detected in Viking and S3-3 satellite observations in
magnetospheric regions [52] and auroral regions [53],
respectively. It has also been discovered that the acoustic
DLs are responsible for auroral electron precipitation.
During the past 2 decades, the formation of DLs has raised
interest because of their relevance to cosmic applications
[51, 54-56]. It is important to note that double layers can
facilitate the transfer of electrical energy into Kkinetic
energy, dW/dt = I-AV where [ is the electric current dissi-
pating energy into a double layer with a voltage drop of
AV. The potential drop across the double layer will
accelerate electrons and positive ions in opposite direc-
tions. The magnitude of the potential drop determines the
acceleration of the charged particles. In strong double
layers, this will result in beams or jets of charged particles.
The thickness of a double layer is of the order of ten Debye
lengths, which is a few centimetres in the ionosphere, a few
tens of meters in the interplanetary medium, and tens of
kilometres in the intergalactic medium.

However, some important points to be remembered
about the DLs and the shocks in plasma. There are two type
DLs, (1) Weak DLs and (2) Strong DLs, depending on the
relative values of potential drop and the equivalent thermal
potentials of the particle populations (free and reflected
ions and electrons) present in the surrounding plasma. Also
the DLs may be divided into relativistic and non-relativistic
layers. Block [57] has proposed from theoretical investi-
gations that electrostatic DLs can be formed provided the
following conditions are satisfied:

(1) Kp.Tc > e.pp;, where Kp is the Boltzmann constant,
Tc is the temperature of the coldest plasma bordering
the layers, e is the charge of electron and ¢p; is the
potential drop between the layers.
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(2) The electric field strength is much stronger inside the
layer and almost zero outside, leading to cancellation
of integrated positive and negative charges.

(3) Quasi-neutrality is locally violated between the
layers.

(4) Collision free path should be greater than the DL
thickness.

In this regard, Langmuir [58] has proposed that space
charge separation leading to DLs is due to the balance
between two types of forces. Since positive and negative
species are accelerated in the same DL potential, their
energies are around the same and therefore,

neupe - fmi
nj Upj me
and if n; =~ n. then

UDe o mj

Upi me

where up; and up. are the drift velocities of the ions and the
electrons, respectively.

It is observed in laboratory that meuzDe > 2KgT. is a
condition for maintaining a DL [59]. It is one of the Bohm
criteria [60]. The requirement of trapped particles for DLs
development arises in order to satisfy the conditions for net
vanishing of charge in the DL. If the densities of the
electrons and ions are equal on one side, they have to differ
on the other side, thereby violating the condition of charge
neutrality [61].

In plasma, another class of nonlinear structure is found
which is called electrostatic shocks. Although shocks are
considered to resemble a DL, but some important differ-
ences can be brought out. Goertz [62] has pointed out that
the DLs have a large fraction of trapped ions, static in the
plasma frame and having small mass transport, whereas
shocks are moving, having ion mass transport at supersonic
velocities and have only a small fraction of trapped ions.
Kan [63] has stated that electric current is essential for DLs
formation but not for the shocks. However, slowing down
of ions by the high potential side is essential for shocks. In
the experiment by Hershkowitz [64] on weak DLs with
eA@/T, = 53, it is shown that when ions were injected from
the high potential side with considerable velocity and
density, similar potential structures could be achieved
whether or not significant densities of trapped ions are
present. This situation may appear as shocks [62] while it
may appear as DLs [63].
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ABSTRACT

The effects of isothermal positrons and nonthermal electrons on the ion-acoustic double layers in warm
multicomponent plasma having positive and negative ions are studied using pseudo potential technique.. The
expression of Sagdeev potential has been derived and the solution for ion-acoustic double layers has been
obtained from the nonlinear equation. The profiles of double layers have been drawn taking different values of
plasma parameters. It is observed that both compressive and rarefactive double layers would be excited in
presence of positrons and nonthermal electrons in the plasma. The variation of amplitudes and widths of double
layers have been discussed graphically for different positron density, positron temperature, nonthermal

electrons, negative ion density including drift velocity of ions.

PACS Numbers: 52.35.-g . 52.35.Mw, 52.35 Sb.

Keywords: lon acoustic wave; negative ions; sagdeev potential; double layer; positrons; nonthermal electrons.

1. INTRODUCTION

The study of double layers (DLs) in plasma is
important because it is believed that DLs are
responsible for accelerating particles in the auroral
region of the ionosphere [1]. The DLs play a
significant role in supplying and accelerating plasma
in magnetic coronal funnels [2], and various theories
on the formation of solar flares involve DLs [3].
Viking and S3-3 satellite observations have detected
the DLs in the magnetospheric regions [4] and auroral
regions [5], respectively. It has also been discovered
that the acoustic DLs are responsible for auroral
electron precipitation. During the past two decades,

the formation of DLs has raised interest because of
their relevance to cosmic applications [3,6-8], ion
heating in linear turbulent heating devices [9], and
confinement of plasma in tandem mirror devices [10].
In last few years, there has been considerable interest
in the study of ion-acoustic DLs in multispecies
plasmas including the effects of negative ions. The
negative ions are produced by the attachment of
electrons to neutral particles when an electronegative
gas is introduced in an electrical gas discharge. The
negative ions are found in D- region of the
ionosphere [11], plasma processing reactors [12], and
neutral beam sources [13]. Even a small amount of
negative ions can have significant effect on the

*Corresponding author: Email: drsnpaul@gmail.com;



formation of nonlinear ion-acoustic wave structures
[14].

Merlino and Loomis [15] have first experimentally
investigated the formation of strong double layers in a
plasma consisting of positive ions, negative ions, and
electrons has been investigated in a triple plasma
device. When a strong double layer is present in a
positive ion/electron plasma, the introduction of
negative ions results in the formation of a second
double layer which is separated from the first double
layer by a region of quasineutral plasma.
Subsequently, Jain et al. [16] have theoretically
investigated the effect of second-ion species on the
characteristics of a large-amplitude ion-acoustic
double layers (IADLs or DLs) in a collisionless,
unmagnetized plasma consisting of hot and cold
Maxwellian populations of electrons and two cold-ion
species with different masses, concentrations, and
charge states. After deriving the criteria for the
existence of large-amplitude DLs, they have found
that the presence of a positive-ion impurity does not
modify considerably the characteristics of large-
amplitude DLs. However, the presence of a negative-
ion impurity changes significantly the characteristics
of large-amplitude DLs . They have also presented an
analytic discussion of small-amplitude DLs using a
reductive perturbation method. Later, Mishra et al.
[17] have studied DLs in plasma consisting of warm
positive- and negative-ion species with different
masses, concentrations, and charge states along with
electrons with two-electron temperature distributions.
It is found that there exist two critical concentrations
of negative ions. One of them generally decides the
existence of the DLs, whereas the other one decides
the nature of the DLs. It is found that the system
supports DLs only when the negative-ion
concentration is greater than the critical concentration
It is also found that below the critical concentration
compressiveDLs exist and above it rarefactive DLs
exist. Paul et al. [18] have considered the effect of
electron inertia for theoretical investigation on ion
acoustic solitons (IAS) and DLs in a multicomponent
plasma consisting of warm positive ions, negative
ions and isothermal electrons using pseudo potential
method. It has been found that drift velocity and
electron-inertia have significant contribution on the
formation of IADLs in plasma having (H+, CI"), (H+,
0), (He+, H) and (He+, O") ions. Baboolal et al. [19]
have also investigated IADLs in negative-ion
plasmas and have resolved the discrepancy of the
results of previous authors on the existence of DLs in
plasma.

On the other hand, the non-Maxwellian electrons in
plasma give rise to many interesting characteristics in
the nonlinear propagation of waves, including the
excitation of IAS and DLs in plasma. To explain the
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observational results of the Freja [20] and Viking [21]
satellites it has been assumed by Cairns et al. [22, 23]
that the electron distribution to be nonthermal in the
magnetosphere [24]. The nonthermal distributions of
electrons are commonly found in the auroral zone [25]
and in many laboratory plasmas in which wave
damping produces electron tails [26]. The mechanism
for the formation of nonthermal particle distributions
in space plasma is still a research problem.
Considering the effects of nonthermal electrons Gill et
al [27] have studied the properties of 1AS and DLs in
a plasma consisting of warm positive and negative
ions with different concentration of masses and
charged states using small amplitude approximation.
They have used the reductive perturbation method to
derive KdV and m-KdV equations. The existence of
IAS and DLs is explored over a wide range of
parameter space. However, when nonthermal
parameter of electrons is increased beyond a critical
value, no double-layers are obtained. Das et al. [28]
have considered the non-thermal electrons to have
vortex-like velocity distribution and have derived a
combined Schamel's modified Korteweg-de Vries—
Zakharov— Kuznetsov (S-KdV-ZK) equation . Then
they have studied the existence and stability of DLs in
magnetized plasma consisting of warm adiabatic ions
and non-thermal electrons. using  Sagdeev's
pseudopotential technique Das and Chatterjee [29]
have studied the formation of large amplitude DLs in
dusty plasma with non-thermal electrons and two
temperature isothermal ions. It is found that the
temperature of the dust particles, non-thermal
electrons and ion-temperature all play significant role
in determining the region of the existence of DLs.
Later, Ghosh et al. [30] have applied pseudo potential
technique to study the DLs in a multicomponent
plasma consisting of nonthermal electrons and warm
positive and negative ions with drift motion. They
have obtained the conditions for the existence of such
layers which control the formation and nature of DLs.
The effects of nonthermal electrons, negative-ion
concentration, and negative-ion temperature on the
DLs formation and structure are also investigated. It is
shown that the nonthermal electrons and the negative
ions are shown to contribute significantly to the
excitation and structure of the DLs. Recently, Kaur et
al. [31] have investigated DLs in an inhomogeneous
plasma consisting of Maxwellian and non-thermal
distributions of electrons using reductive perturbation
technique. They have derived a modified Korteweg—
de Vries (mKdV) equation for DLs propagating in a
collisionless inhomogeneous plasma. It is observed
that the non-thermal parameters affect the amplitude
and width of the DLs which further depend on the
density. More recently, Paul et al. [32] have
theoretically studied DLs in a multicomponent plasma
consisting of positive ions, negative ions, and
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nonthermal electrons filled in a cylindrical waveguide
using pseudo-potential technique. The expression of
Sagdeevpotential for the IAS in such a plasma has
been derived, and the conditions for the existence of
DLs are obtained. The effects of the boundary of
cylindrical waveguide and nonthermal electrons on
the Sagdeev potential have been graphically
discussed. From the nonlinear equation, the solution
for double layers DLs of small amplitude IAW is
obtained, and the structure of DLs is analyzed as
function of the plasma parameters. It is seen that finite
geometry of bounded plasma, nonthermality of
electrons, density of negative ions, and stream
velocity of positive and negative ions have significant
contribution on the structure of DLs. The DLs may be
compressive or rarefactive in plasma depending upon
the values of the plasma parameters..Subsequently,
Paul et al, [33] have considered the nonthermal
electrons and ion beams in plasma for the study of the
DLs in warm ion plasma using the pseudopotential
technique. The critical value of nonthermal parameter
of electrons for existence of DLs is obtained and
discussed. The profiles of DLs in the plasma are
drawn taking different values of density and
temperature of ion beams, and the nonthermal
parameter of electrons obeying the critical condition.
It has been shown that both compressive and
rarefactive DLs are excited in the plasma depending
on the values of nonthermal electrons and ion beam
parameters. The width of DLs is also graphically
discussed. The results are useful in understanding the
acceleration processes of charged particles in space
plasma.

However, most fascinating results on the DLs are
observed in a plasma consisting of positrons in
plasma. DLs in electron-ion-positron plasma have
different characteristic from that obtained in electron-
ion (e.g. nonthermal electrons and ions) plasma. It is
believed that electron-positron plasma has its origin in
the early stage of universe [34-36] and this has
important contribution on the physical processes in
galactic nuclei [37], pulsar magnetosphere [38], polar
caps of neutron star [39]. It has been observed that
nonlinear waves in electron-ion-positron (e-i-p)
plasma behave differently from the plasma consisting
of electrons and ions [40]. To understand the nature of
some characteristics of the DLs in e-i-p plasma
Bharuthram [41] have investigated the existence and
the properties of arbitrary amplitude double layers in a
four-component electron-positron plasma, consisting
of two species of hot electrons, a hot and a cold
positron species. The results are discussed with
applications to the polar-cusp region of pulsars. Later,
Mishra et al. [42] have studied DLs in
multicomponent plasma with positrons. Using the
reductive perturbation method, they have derived the
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modified Korteweg—de Vries (mKdV) equation for
the system and discussed about the DLs solution of
the mKdV equation. It is found that there exist two
critical concentrations of positrons which decide the
existence and nature of the DLs. It is also found that
the system supports DLs only when the positron
concentration is less than the critical concentration. It
is also investigated that for the given sets of parameter
values the system supports rarefactive or compressive
DLs for different values of positron density. It is
predicted that for the given sets of parameter values,
the amplitude of rarefactive (compressive) double
layer decreases (increases) with the increase of
positron concentration but the width of the rarefactive
(compressive) double layer increases (decreases).
Subsequently, Jain and Mishra [43] have studied the
large-amplitude DLs in a collisionless plasma
consisting of isothermal positrons, warm adiabatic
ions and two-temperature distribution of electrons
using the pseudo-potential approach. It is found that
for a selected set of physical parameters, the
rarefactive DLs exists in the electron—positron—ion
plasma. The existence regime of DLs is very sensitive
to the plasma parameters, e.g. cold electron
concentration and temperature ratio of two electron
species. The increase in the finite ion temperature
ratio increases the amplitude of the rarefactive double
layer. For the study of small-amplitude DLs, they
have expanded the Sagdeev potential. It is found that
the amplitude of the DLs increases with increase in
ion temperature ratio and cold electron concentration.
However, for the increase of positron concentration
and temperature ratio of positrons to electrons the
amplitude of the DLs are decreased.

In many physical situations, it seems therefore more
realistic to consider the simultaneous presence of
nonthermal electrons and positrons in
multicomponent plasma with negative ions for the
investigation of DLs n drifting plasmas. To the best of
our knowledge, this problem has not been studied by
any author till now. We are hence motivated to study
the excitation and characteristics of the DLs in a
multicomponent  drifting plasma composed of
nonthermal electrons, isothermal positrons and warm
positive as well as negative ions. The paper is
organized as follows: In Section 2, the basic equations
are given. In Section 3, the Sagdeev pseudo potential
is derived, and the double layer solutions are obtained
for arbitrary amplitude ion acoustic waves The results
and discussions are presented in Section 4.

2. BASIC EQUATIONS

We assume, a collisionless unmagnetized plasma
consisting of warm positive and negative ions,
positrons and nonthermal electrons. Moreover, we
consider the stream velocity of positive and negative



ions in unperturbed state. The normalized basic
equations in unidirectional propagation for such
plasma in dimensionless form are:

For positive ions:

on. 0
—+—(nu.)=0 1
ot ax( ) @
aui +ui%+ﬁ%:_% (2)
ot oX n; oX OX
%+ui%+3pi%=0 (3)
OX OX
For negative ions:
on. 9
—+—(nu.)=0 4
ot ax( . ’) @
ou. ou. . op.
LU —+ oy B _Z2¢ (5)
ot OX an ox Q ox
P, 9P ou;
—+u, —+3p,—=0 6
' ox P OX ©
Poisson’s equation:
82
a—xfzne—np—ni+2nj @)
Where, the subscript e, I, j and p denote electron,
positive ions, negative ions and positrons.

n.,u,, p;,o; and n;,u;,p;,o; are respectively the
concentration , velocity, pressure and temperature of
positive and negative ions, Q:mj /m., m and

d%¢
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m; are the mass of positive ions and negative ions,
Z is number of electrons attached to negative ion,
Z=1.

The normalized electron density N, is given by
[22,23]

n, =(1- g+ B4’ e’ ®)
where
_4p
p= 1+3p @)

[ measures the deviation from thermalized state and
P determines the presence of fast particles in the

model.
The density of the

n, =, exp(-o,p)

positrons is

where,
Xp =Ny !Ny =1-ny, o, =T /T,.
AND

3. NONLINEAR EQUATIONS
DOUBLE LAYER SOLUTION

For obtaining the double layer solution from equation
(1) to (7) we use the Gallelian transformation

n=X-Vt , where V is the velocity of the solitary
waves and we assume the boundary conditions

=M, =N, U Ui, Uy S U, B = B, P = Py, 0

(10)

0! jo! 0!

at |X| —>aC

By using equation (11) and boundary conditions (12)
we get from equations (1) to (6)

d? (1= o+ Bo* )exp(p) - 7, exp(-0,0)+

io

3 2
2
Mo {V—ui0+ &’—pJ _2pl - (V—uio—

2
30-i pio J _2<0
n

io

2 = 2 2
Zn2Q? 3o.p. 30.p.
LQ V_uj0+ GJpJO +2_Z(D — V_ujo_ O-J—pjo +2_Z¢
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where (¢) is known as the Sagdeev Potential.

Paul et al.; JAPSI, 13(3): 44-60, 2021

(11)

w(¢)=(1+3ﬂ)—[(1+3ﬂ)—3ﬂ¢+ﬁ¢>2]exp(¢)-f[l—exp(—apm]-

2 3 2
nio
’ 3
J+£ _uio_ O-ipio
nio

5 3
s [v _u,+ [3%Pe j 24
na Mig
6 3Ui pio . 30_
| o o
r-]io
_ 3 2
3 3 V—Uj0+ Gjpjo +E¢)
_ Qan20 ano Q
6, f3c7j Pio oD
R
jo

Integating (11) we get

(d—ﬂ +y(p)=0

2\ dn

(13)

where / is the Sagdeev potential and we have used
the boundary conditions ¢ —0,d¢@/dn — 0 and
d’p/dn* —0.

Equation (13) describes the motion of a
pseudoparticle of unit mass with velocity dep/dn

and position ¢ in a potential (). The first term

on the right-hand side of Eq. (13 ) can be regarded as
the kinetic energy of the pseudoparticle. Since the
kinetic energy is always nonnegative, it follows that

w (@) <0 for the entire motion, zero being the
maximum value of ¥ (¢) . Equation (13) shows that
dy / dg is the force on the particle at the position

¢ . Equation (13) may also be regarded as an

anharmonic oscillator equation, provided that we
interpret @ and 7 as space and time coordinates,

respectively. For the double layer solution of Eq. (13),
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p

:

. (12)

the Sagdeev potential ¥ (¢) should be negative
between @ =0 and ¢, , where @, is some extremum
value of the potential ¢, called the amplitude of the
DL. The double layer solutions /(@) must

additionally  satisfy the following  boundary
conditions:
(i) w(p)=0,dy/dep=0 and
d’w/de®* <0 at ¢=0, (14a)
(i) v(p)=0,dy/dep=0 and

d’w/de® <0 at p=¢,, (#0), (14b)

(i) (@) <0, for 0<|p| <|@,| (14c)

When the above conditions are satisfied, ¢ =0 is an
unstable equilibrium position. The pseudoparticle is
not reflected at ¢ = ¢, because the pseudo force and

the pseudo velocity vanish. Instead, it goes to another
state producing an asymmetrical double layer with a

net potential drop @, .
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Now we expand the r.h.s of (11) and (12) in power series of ¢ and taking the terms up to g05 we obtain

d2
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I I NP T NS NI N S
w(p) = Z/W SAzco 4A3c0 5A4<0 6A5¢ -

Now, for small amplitude ion acoustic wave we take the terms up to g03 of Eq.(15). Applying boundary
conditions (14a) and (14b) in (17), we find that

@n =2A, 1 3A (18)
and

A

2 2
4¢(¢m ®)

w(p) =
(19)

The small amplitude double solution of (15) satisfying (18) is obtained as

1
0o =5 0n(1-tanh[{/(A 780, )1]) 20)
The width of double layers is given by
1/2
W, = Z(LJ 21)
8|l

Equation (20) relates the amplitude ¢,, of the DL to the ratio between the coefficients A, and A, of the
quadratic and cubic terms on the right-hand side of Eq. (14). It is important to note that double layers in the
plasma can only exist for positive value of A, i.e., for plasma parameters satisfying the following condition:

i)  The nonthermal parameter /5 must be,
_ : 30,00 | Bop, | _
. O p O p
1+ yo) + ——2— (V—uio+ '—“’J —(V—uio— '—"’J
2Né3 i Mi nio r]io
1 O-I pIO
B> 3 3 " . (22)

3Z°n2, 30,p;, 30,p;,

t—r N V-u + 2| -|V-u, - [
i 2Q% /30, p;, |

The critical values of nonthermal parameter [ for

the existence of small amplitude DL in the
muticomponent plasma can be numerically estimated
from (22), if the values of other parameters are
known.

Again, from Eqgs. (18) and (20), it follows that the
sign of A, determines the nature of the DL. If A, is
positive (negative), a rarefactive (compressive) DL is
formed. Since A, is independent of S , the nature of
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DL, whether compressive or rarefactive, remains
invariant under changes in /. But A, is dependent
of positron density y and positron temperature o,

so the nature of DL, whether compressive or
rarefactive, remains variable under changes in y and

o, -For a cold ion plasma (o; =0;=0), A, is

negative or positive in presence of positrons and so
both compressive and rarefative DL will be formed;



but in absence of positrons only compressive DLs can
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be formed in cold ion plasma.

For compressive DL, A, must be positive and the positron density y should be lessthan y_i.e. ¥ < x.. x.is

the critical value of positron density. For rarefactive DL, A, must be negative and the positron density ¥

should be greater than y ie. ¥ > x..

The critical values of positron density is given by

r 3
2
1+ nio V _uio + 3O_i pio
2\[30, P, Mg
1
Xe= "2 3
To z°n2, 30,p,
s Vet o
2Q2,;30j Pio o

Knowing the values of nio,njo,oi,aj,ap,v,uio,u
estimated from (23).

4. RESULTS AND DISCUSSION

To see the nature of DLs in multicomponent plasma
composed of warm positive and negative ions,
nonthermal electrons and isothermal positron, we
consider a model plasma. The solution of DLs (20)
shows that DLs is dependent on i) the nonthermal
parameter of electrons, ii) the density of negative ions,
iii) the density of positrons, iv) the temperature of
positrons, v) the temperature of ions and vi) the
stream velocity of ions. The role of these parameters
on the structures of DLs are shown in Figs. 2-6 and
the variation of widths with plasma parameters are
shown in Figs.7-8. Let us first see the profiles of DLs
for different values of the plasma parameters

4.1 Profiles of Double Layers

4.1.1 Effect of nonthermal parameter of electrons

The effect of nonthermal electrons ( /) on the DLs in

the plasma having Q= 8.875 ( He®. CI") has been
numerically estimated and the profiles are drawn
keeping fixed values of other plasma parameters. The
profiles of DLs in (He", CI") plasma for different
values of nonthermal parameter of electrons are
shown below in Fig. 1.

It is seen from Fig. 1 that DLs may be compressive or
rarefactive depending on the values of nonthermal

parameter of electrons ( /). For  =0.1 and 0.2, the
DLs are compressive but for £ =0.3 and 0.4 the DLS
are rarefactive in nature. The amplitude of
compressive DLs increases with the increase of £,

-3
[
3 -3
jo
ano

|

jo?
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30, P,
n

T

io

(23)

Q, Z of the plasma the value y, can be numerically

but the amplitude of rarefactive DLs decreases with
the increase of /3.

4.1.2 Effect of negative ion density

The effects of concentration of negative ions on
theDLs in plasma have been numerically estimated
and the profiles are drawn keeping fixed values of
other plasma parameters. The profiles of DLs in (CI’,
He") plasma for different negative ion density are
shown below in Fig. 2(a) and Fig. 2(b) respectively.

It is observed from Fig. 2(a) that the DLs may be
rarefactive depending on the values of negative ion

density (n;,) . The amplitude of rarefactive DLs

increases with the increase of N .

It is observed from Fig. 2(b) that the DLs may be
compressive depending on the values of negative ion

density. For N;, =0.01- 0.04 the DLs are rarefactive

but for n;, =0.10- 0.16 the DLs are comprsseve in

nature. The amplitude of rarefactive DLs increases
with the increase of N, .

4.1.3 Effect of positron density

The effects of positron density (¥ ) on the DLs in

plasma have been numerically estimated and the
profiles are drawn keeping fixed values of other
plasma parameters. The profiles of IADLs in (He",
CI") plasma for different values of positron density are
shown below in Fig. 3.
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Fig. 1. Profiles of the DLs for different nonthermal parameter ( £) in (He*,CI") with fixed values of o,
=0.001, 0,=0.003, o, =0.1, ¥ =0.1, U;;, =0.1, U;(=0.2, V=1.6,p=1. Curves labeled with a,b,c and d
correspond to four values of £, £=0.1,0.2,0.3 and 0.4 respectively

0 T T T
2
_4_- a: njO =0.01 E
-6 b: nJO =0.02
_8_- C: njo =0.03 1
] d: nJO =0.04
¢ -10 4
0 21 =03, 6;=0.001 | ]
-14 4 .= =
_ Oj 0.003, Sp 0.2
-16 - ui0=0.1, Ujo = 0.2 .
ggd———9— V=16, =01
-20 - T T T T T
-3 2 1 0 1 2 3

Fig. 2(a). Profiles of the rarefactive DLs for different negative ion density in (He", CI") plasma with fixed
values of 5 =0.3,0,=0.001, 0;=0.003, 0,=02, U, =0.1, U;,=0.2, V=16, p=1; Curves labeled with

a,b,c and d correspond to four values of N;;, N,;=0.01,0.02,0.03 and 0.04 respectively
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Fig. 2(b). Profiles of the compressive DLs for different negative ion density in (He*, CI") plasma with fixed
values of  =0.3,0,=0.001, 0,;=0.003, 0,=0.2, U, =0.1, U;,=0.2, V=1.6, p=1; Curves labeled with

a,b,c and d correspond to four values of n;,, N;;=0.10,0.12,0.14 and 0.16 respectively. The amplitude of

compressive DLs increases with the increase of Nn,,.
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Fig. 3. Profiles of compressive DLs for different values of positron density in (He+, Cl-) plasma with fixed
values of 8 =0.1,0;,=0.001, 0,=0.003, 6,=0.2, U;y=0.1, U;,=0.2, N;, =0.1, V=1.6, p=1. Curves labeled
with a, b, ¢ and d correspond to four values ¥, y =0.05,0.10,0.15 and 0.20. respectively

The Fig. 3 shows that the the DLs are compressive

only for different values of positron density (7). The

amplitude of compressive DLs increases with the

increase of y.
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4.1.4 Effect of positron temperature

The effects of positron temperature on the DLs in
plasma have been numerically estimated and the



profiles are drawn keeping fixed values of other
plasma parameters. The profiles of DLs in ( He*, CI")
plasma for different values of positron density are
shown below in Fig. 4.

From Fig. 4 it is seen that the DLs are rarefactive for
different values of o and the amplitude of the DLs
decreases with the increase of positron temperature

O'p.
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4.1.5 Effect of ion temperature

The effects of ion temperature (o; ) on the DLs in

plasma have been numerically estimated and the
profiles are drawn keeping fixed values of other
plasma parameters.The profiles of DLs in (He", CI')
plasma for different values of ion temperature are
shown below in Fig. 5.

. 7=0.1,V=1.6

0.0 . .
B =0.4, 6i=0.001, ¢j=0.003
-0.2 4 ui0=0.1, uj0=0.2.
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-0.6 P
b: o, = 0.4
-0.8 4 C:o,= 0.6
d) 104 d: o, = 0.8
D
1.2
-1.4 I
b
64— a_
-1.8 T T
-3 -2 1

Fig. 4. Profiles of rarefactive DLs for different positron temperature (ap ) in (He",CI") plasma with fixed

values of £ =0.3,0,=0.001, 0;=0.003, n;, =0.1, ¥ =0.1, U;,=0.1, U;,=0.2, V=16, p=1. Curves labeled

with a, b, ¢c and d correspond to four values o,, 0,0104,06 and 0.8 respectively
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Fig. 5.Profiles of the compressive and rarefactive DLs for different ion temperature (o, ) in (He",CI')

plasma with fixed values of N =0.1, # =0.3, o; =0.003, y =0.1, o, =0.2, u;, =0.1, uj0=0.2, V=16,

p=1. Curves labeled with a, b, c and d correspond to four values o;, o; 0.005,,0.01,0.015. and 0.02
respectively



It is seen in Fig. 5. that the the DLs may be
compressive or rarefactive depending on the values of

ion temperature (o). The amplitude of rarefactive

DLs decreases with the increase of o; and the
amplitude of compressive DLs also decreases with the
increase of o;.

4.1.6 Effect of ion stream velocity

The effects of ion stream velocity (U, ) on the DLs in

plasma have been numerically estimated and the
profiles are drawn keeping fixed values of other
plasma parameters. The profiles of DLs in ( He*, CI")
plasma for different values of ion stream velocity are
shown below in Fig. 6.

It is seen from Fig. 6. that the DLs may be
compressive or rarefactive depending on the values of

ion stream velocity (U;,) . For U,, = 0.1 the DLs are
rarefactive, but for U,;=0.2, 0.3 and 0.4 the DLs are
compressive in nature. The the amplitude of
compressive DLs decreass with the increase of U;,.

4.2 Amplitude and Width of Double Layers

In experimental observation the amplitude and width
of DLs in plasma are generally studied. So, we have
numerically estimated the amplitude and width of
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DLs in ( He*,CI") plasma for different values of the
plasma parameters.

The variation of amplitude and width of the DLs with
negative ion concentration for the values of

nonthermal parameter ( /) are shown in Fig. 7(a)
and Fig. 7(b) respectively.

It is seen from Fig. 7(a) that the amplitude of DLs is
larger for large values of £ and it increases up to

some critical values of negative ion density N then
it decreases with the negative ion density.

In Fig. 7(b) it is seen that the width of DLs is larger
for large values of . The width decreases up to
some critical values of negative ion density N, then
it increases with the increase negative ion density.

Similarly, in Fig. 8(a) and Fig. 8(b) it is seen the
variation of amplitude and width ofDLs s with

negative ion concentration in ( He*,Cl") plasma for
positron density ( % ).

It is seen from Fig. 8(a) that the amplitude increase up
to certain value of N;, and then it decreases with
increase of N, then it increaees with the increase of

negative ion density. The amplitude is large for for
large values of .

B =0.4, 6i=0.001, cj=0.003, V=1.6, uj0=0.2,c=0.1,6p=0.2, nj0=0.02

Fig. 6. Profiles of the compressive and rarefactive DLs for different ion stream velocity (uio) in (He", CI")

plasma with fixed values of  =0.4, o, =0.001, o =0.003, y =0.1, n,;=0.02, Njo

=0.2, V=1.6,p=1. Curves labeled with a, b, ¢ and d correspond to four values U;,, U;,

=0.1, 0,=0.2, Uj,
=0.1,,0.2,0.3.and 0.4

respectively
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Fig. 7(a). Variation of amplitude of DLs with negative ion concentration for different values of
nonthermal parameter ( £) in (He*,CI") plasma with fixed values of 0,=0.001, o =0.003, o, =02, y =

0.1, U;g=0.1, U;,=0.2, V=16, p=1. Curves labeled with a, b, c and d correspond to four values /3, /3 =

0.40,,0.43,0.46. and 0.49 respectively
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Fig. 7(b). Variation of width of DLs with negative ion concentration (nio) for different values of

nonthermal parameter ( £ in ( He",CI") plasma with fixed values of o, =0.001, 0,;=0.003, 0,=0.2, ¥ =

0.1, U;jp=0.1, U;,=0.2, V=1.6 and p=1. Curves labeled with a, b, ¢ and d correspond to four values pB. B

=0.40,,0.43,0.46. and 0.49 respectively
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Double Layer Amplitude
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Fig. 8(a). Variation of amplitude of the DLs with negative ion concentration (njo) for different values of

positron density ( ) in (He",CI") plasma with fixed values of /5 =0.5, U;, =0.1, U;,=0.2, 0;=0.001, o}

=0.003, 0,=0.5, V=1.6, p=1. Curves labeled with a, b, ¢ and d correspond to four values ¥, ¥ =

Double Layer Width

0.1,0.3,0.4. and 0.5 respectively

0.8 4

0.6 1

0.4 H

0.2

r r r r r
| 8 =0.5,6;=0.001 ,Gj=0.003,0p=0.5

V=16, ujg=0.1, ujg=0.2,p=1

Fig. 8(b). Variation of width of the DLs with negative ion concentration (njo) for different values of

positron density ( ¥ ) in (He*,CI") plasma with fixed values of £ =0.5, o, =0.001, 0,=0.003, 0,=0.5, U;,

=0.1, U;,=0.2,V=1.6, , p=1. Curves labeled with a, b, c and d correspond to four values %, ¥ =0.1,0.3,

0.4. and 0.5 respectively
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The width is larger for small values of y . But Fig.
8(b) shows that the width decreases up certain value
Nj, and then it increases with the increase N;,.The

width is larger for small values of y. The width is
large for small values of % .

5. CONCLUSION

Considering a multicomponent plasma composed of
warm positive ions and negative ions, positrons and
nonthermal electrons , we have theoretically studied
the excitation of small amplitudeDLs in the plasma. It
has been shown that the DLs in such plasma depends
on the plasma parameters; i.e. nonthermal electrons,
density of negative ions, density and temperature of
positrons, ion temperature and ion stream velocity.
Numerical estimation is made taking a model plasma
and the profiles of DLs and the width of DLs are
drawn. It is seen that:

1. The DLs may be compressive or rarefactive
depending on the values of nonthermal

parameter of electrons ( £). For  =0.1 and
0.2, the DLs are compressive but for f =0.3

and 0.4 the DLs are rarefactive in nature. The
amplitude of compressive DLs increases with

the increase of [ , but the amplitude of
rarefactive DLs decreases with the increase of
B.

2. The DLs may be rarefactive depending on the
values of negative ion density (n;,) . The
amplitude of rarefactive DLs increases with the
increase of Nq.

3. The DLs are compressive only for different
values of positron density (). The amplitude
of compressive DLs increases with the increase
of ¥.

4. The DLs are rarefactive for different values of
o, and the amplitude of the DLs decreases

with the increase of positron temperature o,

5. The the DLs may be compressive or
rarefactive depending on the values of ion

temperature (o; ). The amplitude of rarefactive

DLs decreases with the increase of o; and the
amplitude of compressive DLs also decreases
with the increase of o,.

6. The DLs may be compressive or rarefactive
depending on the values of ion stream velocity

(U,o) . For U,y = 0.1 the DLs are rarefactive,

Paul et al.; JAPSI, 13(3): 44-60, 2021

but for u;, = 0.2, 0.3 and 0.4 the DLs are
compressive in nature. The amplitude of
compressive DLs decreass with the increase of
Ujo-

7. The amplitude of DLs is larger for large values
of ,B and it increases up to some critical
values of negative ion density N, then it
decreases with the negative ion density. On the
other hand, the amplitude of DLs increases up
to certain critical value of njo and then it

decreases with increase of N, after that it

increaees with the increase of negative ion
density. The amplitude is large for for large
values of ¥ .

8. The width of DLs is larger for large values of
. The width decreases up to some critical

values of negative ion density Njo then it

increases with the increase of N;,. On the

other hand, the width of DLs is large for small
values of ¥ . The width decreases up certain

value N;, and then it increases with the

Increase njo.

However, for our present study of small amplitude ion
acoustic DLs an unmagnetized plasma has been
considered . Considering static magnetic field in the
plasma more interesting results on small amplitude
DLs may be obtained. For the study of large

amplitude DLs the terms (;)4,g05 etc. of right hand

side of Eq. (15) should be taken into account and the
solution of DLs can be obtained using tanh-method
[44-47].
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Abstract: lon- acoustic double layers are studied in a plasma having relativistically degenerate electrons and
positrons, and nondegenerate warm ions using pseudo potential approach. Expression of Sagdeev potential is
derived and from the nonlinear equation the solution of double layers are obtained. The profiles of double
layers are drawn and discussed for different parameters in degenerate plasma. It is seen that double layers
are compressive in nature and the presence of relativistically degenerate electrons and positrons has
significant contribution on the excitation of double layers in relativistically degenerate plasma. The results on
double layers are new which are not obtained by any author in degenerate ( or nondegenerate) plasma
consisting of non-Maxwellian ( or Maxwellian) electrons and positrons.
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l. INTRODUCTION
Nonlinear waves in electron-ion-positron (e-i-p) plasma behave differently in the plasma consisting of

electrons and ions. Due to relevance on the wave processes in galactic nuclei [1], pulsar magnetosphere [2],
polar caps of neutron stars [3] etc. many authors have considered e-i-p plasma for their studies on nonlinear
propagation of waves [4-8]. The relativistic effects on solitary waves in e-i-p plasma is found to be interesting.
Following the works of Das and Paul [9], Mushtag and Shah [10], Gill et al. [11] other authors [12-18 ] have
shown that both positrons and relativistic factor causes to increase the amplitude of soliton and to shrink the
width of soliton. But in the plasmas, where the density is quite high and temperature is very low, the thermal de-
Broglie wavelength may become comparable to the interparticle distances. In such situations, quantum effects
become important due to the overlapping of wave functions of the neighbouring particles. The quantum effects
can significantly modify the linear and nonlinear characteristics of waves in quantum (degenerate) plasma [19-
23]. Considering an unmagnetized two-species relativistic quantum plasma system comprised of electrons and
ions Sahu [24] have derived the Korteweg—de Vries (dKdV) equation by reductive perturbation method using
one-dimensional quantum hydrodynamic model (QHD).

But, in relativistically-degenerate dense plasma, propagation of waves are generally studied following

the works of Chandrashekhar [ 25-26 ] instead of Das and Paul [ 9] . The degenerate electron equation of state

5/3
e

4/3

. for the ultra-relativistic

suggested by Chandrasekhar is P, oc n;™ for the non-relativistic limit, and P, oc n

limit, where P

. is the degenerate electron pressure and N, is the degenerate electron number density. Shah et

al [27] have undertaken investigation on the effect of trapping on the formation of solitary structures in
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relativistic degenerate (RD) plasmas. They have used the relativistic Fermi-Dirac distribution to describe the
dynamics of the degenerate trapped electrons by solving the kinetic equation. The Sagdeev potential approach
has been employed to obtain the arbitrary amplitude solitary structures both when the plasma has been
considered cold and when small temperature effects have been taken into account. The theoretical results
obtained have been analyzed numerically for different parameter values, and the results have been presented
graphically. Masood and Eliasson [28] have studied electrostatic solitary waves in a degenerate (quantum)
plasma with relativistically degenerate electrons and cold ions. The inertia is given by the ion mass while the
restoring force is provided by the relativistic electron degeneracy pressure, and the dispersion is due to the
deviation from charge neutrality. A nonlinear Korteweg—de Vries (KdV) equation is derived for small but finite
amplitude waves and is used to study the properties of localized ion acoustic solitons for parameters relevant for
dense astrophysical objects such as white dwarf stars. Later, Chandra et al. [ 29] have studied electron-

acoustic solitary waves in a relativistically degenerate quantum plasma with two-temperature electrons using the

4/3

QHD model and degenerate electron pressure P, oc n,

.They have shown that degeneracy parameter

significantly influences the conditions of formation and properties of solitary structures.

Since double layers in relativistically degenerate plasma has not been studied , we are interested here to
study the ion-acoustic double layers (IADLs) in a unmagnetized nonlinear plasma with relativistically
degenerate electrons and positrons and nondegenerate warm ions using pseudo potential approach. We have
derived the expression of Sagdeev potential and from the nonlinear equation we have obtained the double layer
solution of ion acoustic wave in such plasma. The profiles of IADLs are drawn and discussed for different
values of the plasma parameters. The effect of degenerate electrons and positrons on the IADLs are shown
graphically.

1. FORMULATION
We consider an unmagnetized plasma whose constituents are relativistically degenerate electrons and

positrons,and nondegenerate warm ions. The dynamics of such plasma are governed by the following
equations,

on. 0
i L % (mu)=0 1
ot +8x(n'u') @

ou; loul 9p o on
e e e L et B

2
ot 20x Ox 2 oX @
ene%—?:o (3)

X
ean—f+%Ze:0 ()
2
ZTf—,Bne+ni+anp:O ®)
Where,

0{:npo/|Zi|ni0,/3=neO/|Zi|ni0,0'i =3T, /T, All other physical quantities are dimensionless. The

number density of electrons, ions positrons are represented by ne ,n; and n, respectively and rescaled by their

equilibrium values. u; is the ion velocity, T; and Tg. are the ion temperature and electron Fermi temperature
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respectively. Other parameters have their usual meanings. The equilibrium condition of charge neutrality is
L=1l+a.
Following Chandrasekhar [25,26] the degeneracy pressure of electron and positron in fully degenerate and

relativistic configuration can be expressed in the form:

P =(7rm:CS/3h3)[Rj (2R? -3)[1+R? +33inh’1(Rj)} ©)
1 1
in which Rj = ij/mec = [3h3nj/8;;me3c3}3 — Rjonjs @

3 _ . D
where RjO = (njo/no) with n, = 87zme3c3 /3h3 ~5.9x10%cm™, ‘¢’ being the speed of light in vacuum.
Pr; is the electron Fermi relativistic momentum; the index j will denote either electrons (e) or positrons (p) in

the plasma. It is to be noted that the parameter Rjo is a measure of the relativistic effects and may be called

relativistic degeneracy parameter. For ultra- relativistic case Rjo >> 1 and for weakly relativistic case Rjo << 1.
The parameter Rj, can also be related to mass density as p(gr/cm?®) =1.97 x10° - sto . The density of

white dwarfs can be in the range 10° < p <10°. So in this case the relativity parameter Rjo can be in the range
0.37<Rj<8.

In the limits of very small and very large values of relativity parameter R;, we obtain:

2
2, 0

":%GT;—”? (For R, —0), ®)
: 4

PJ.:%(%T hcn?  (ForR; —) ©)

Note that the degenerate electron (positron) pressure depends only on the electron (positron) number density but
not on the temperature. Now, from Eqgs.(1) - (9) the densities of degenerate electrons and positrons are obtained

as
n, = R[R%: + 201+ R%)"? + ¢’ T (10)
n, = PR [P™°RE —20(1+ p*°RE)" — 0" )I* (11)

where, p=n/n,=alp.
To obtain localized solutions of Egs. (1) —(5) using the Sagdeev potential formalism [30] we consider a new

moving frame of a single variable n = X—Mt, which is the moving frame with velocity (Mach number) M. Using

this transformation and equilibrium quasi-neutrality condition as well as the boundary conditions i) N, — N,

i) U — 0, iii) p—>0 at |X| —> 0 we obtain from Egs.(1) and (2) the non-degenerate ion density as

! =%{{(M o) 2087 £{(M — o, ) —20""]

(12)
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Now using Eqgs.(10),(11) and (12) in Eq.(5) we get
—,BR $[RZ + 20+ RE)2 +9%) |

o pilRei(;a I: P?°R% — 2p(L+ p?°R2 )V —§02)T/2

[{(M +0,)* =20} —{(M -/, )" —2¢}"*1= -
S = ey

(13)

(Taking negative branch of ion density).

Where, v is the Sagdeev potential and it is given by

3/2
J.ﬁ’R’S[RZ + 201+ R +¢2} do
3/2
i j ap 'R [ DR — 2,1+ p?°R?, +¢2)J do (14)

N [0, + M?) /2= )]~ [[(c, +M?) [ 2~ ] —o;M? §

O

After simplification ¢ becomes

v _ g0t 1)@’ +20n + 1] 1)”2}}
(Reo +71)

(p- 72)((/7 2(P72+72 _1)U2

{ (pUSR - 2) }:|

y= %{—Z(W 1)@ + 207, + 7 =D + 3@+ 7.)(@° + 207, + ¥7 -1)

Y2 43In

(04
+§{2(¢—72)(¢>2 =207, +7; =D =3(p-7,)(9* — 207, + 75 1)

1/2
o, 270

+£,7,(2R% +3) +a,y,(2p**RZ —3) +(M? +§')—Ti(|v|l— M,)"2(2M, +M,)

(15)
where

71:(1+ Re20 1/2172 :(1"' pZ/SReZO 1/2,ﬂ1=,3/R§o’ =al pReoiﬂz :ﬂ/8R§o1a2 :a/SpZIBRezo’
M, =1+ M2/ o —2¢p/c, M, =(M2-4M?/c)*2, B =1+a, p=al .

Now, integrating (14) we obtain an equation (the Energy law) in terms of a single independent variable

1.doy
+ 0 16
P a7 ) +y(p)= (16)
where I/ is the Sagdeev potential and we have used the boundary conditions ¢ — 0,d¢/dn — Oand
d’p/dn* = 0.

Eq. (16) describes the motion of a pseudoparticle of unit mass with velocity g/ dzn and position ¢ in a
potential (). The first term on the right-hand side of Eq. (16 ) can be regarded as the Kinetic energy of the
pseudo particle. Since the kinetic energy is always nonnegative, it follows that /(¢) <0 for the entire motion,

zero being the maximum value of w(¢). Eq. (16) shows that dy /d¢ is the force on the particle at the
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position ¢ . Eq. (16) 8may also be regarded as an anharmonic oscillator equation, provided that we interpret ¢

and 77 as space and time coordinates, respectively. For the double layer solution of Eq. (13), the Sagdeev
potential /(@) should be negative between @ =0 and @, , where ¢, is some extremum value of the

potential ¢, called the amplitude of the DL. For the double layer solutions, (¢) must additionally satisfy the

following boundary conditions:

() w(p)=0,dy/dp=0 and d’w/dp*’<0at ¢=0, (17a)
(i) w(p)=0,dy/dp=0and d’w/dp’<0at @=¢, (20), (17b)
(i) w(p) <O, for 0<|g|<|e,| (17¢)

When the above conditions are satisfied, ¢ =0 is an unstable equilibrium position. The pseudo particle is not
reflected at @ = @, because the pseudo force and the pseudo velocity are vanished . Instead, it goes to another

state producing an asymmetrical double layer with a net potential drop ¢@,, .

I1l.  SOLUTION FOR THE DOUBLE LAYERS
Now we expand the right hand side of (13) and (14) in power series of ¢ and we obtain

d2
T(DZ A&(D_i_ A2¢2 + A3(03 + A4¢4 R (18)

3 4, 3 , 15 aan ]
p{3(L+ Rezo)—g(1+ Rezo) 1_E(1+ Rezo) 2 _E(:H ReZO M

- _ 3 4 3 _
A =aRg| —p T8I+ pTRG) o L+ p™RY) o (L PP RG)
(19a)

15 _
~128 1+ p*°R%)°H

1 ) 1 -1
_m[{(m o)) M - o) 3]

PR +2 (0 RE) ¥+ (0 RE) ™7+ (L4 RE) ]

_ _ 3 B 3 .
A =aRZ| —p[{3(L+ p?°R: )V +§(1+ p??RZ )2 +§(1+ p?*RZ )"

45
+—_ 1+ 2/3R2 -7/2
e pR) )

1 -3 -3
_W[{(M o) 1M o)} (19b)
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p[{1—§(1+R )72 (R )-3—10—5(1 RZ)“}]

A=aRy 3
—p*l[{1+—(1+ PRI 2 += (1+ p**RZ) + (1+ p**RZ) ™}

=M +J5) "} - [g,) "}
“/_ (19¢c)

105

p[{§(1+R )‘5’2+—(1 Rio) ™% + oa &t +Reo)

A =aRy 105
_pfl[{ (1+ p2/3R )75/2 E(l'i' p2/3R2 )77/2 4 (l+ p2/3R2 )79/2}]

5 -7 -7
_ﬁ[{(“" +o) H-{M — o) 1} ] (19)

and
1 2 1 3 1 4 1 5 1 6
=_= -z _= - i ———ee 20
v (@) > Ag 3 Ap 2 Ay c A 5 Ay (20)

Assuming small amplitude waves @ <1 and taking the terms up to g03 of Eq.(18) we get the solution of

IADLs in plasma. Applying boundary conditions (17a), (17b) and (17c) we obtain

__2A
P = 3A3 (21)
and
w(p) = —%402 (o0 —9)’ (22)

The solution of small amplitude 1ADLs of (18) satisfying (20) is obtained as

9o =5 00 (1t (A, T80, 1) @

The width of IADLs is given by

LAY
) “

It is seen that width of IADLs depends on the plasma parameters e.g. relativistically degenerate parameter,

density of degenerate electrons, density of degenerate positrons , ion temperature etc. Eq. (21) relates the
amplitude ¢,, of the IADL to the ratio between the coefficients A, and A, of the quadratic and cubic terms on
the right-hand side of Eq. (18). It is important to be noted that the IADLs in plasma can only exist for positive
value of A, i.e. A, >0 . To satisfy the condition , the plasma parameters should have some critical values.

The degenerate electron density 4 must satisfy the condition B < . , [, is the critical value of /3. For the

existence of IADLs, the parameter /3. obtained from (19c) is

IBC = (p_lcz + D)/Cl
Where,

(25)
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. 3 5, 5 5 105 -
_ 3 5, 5 105 B
-p l{{1+§(1+ pZPR2)? +§(1+ pZPR2)3 +@(1+ p?PRZ)}]

3 , 5 ., 105
C, ={1+§(1+ p?°R%)™ +§(1+ p?*R%) +E(1+ p?*R%)™“H

D =¢[{(M —J7) M +z) N

Now, if IADLs are excited in plasma for A; >0 , we see that the sign of A, will determine the nature of
IADLs. If A, is positive IADL will be rarefactive and for negative value of A, the IADL will be

compressive. It is seen that A, depends on the parameters R, &, #, p, 0, and M .

v. RESULTS AND DISCUSSIONS
From the solution of ion-acoustic double layers (IADLSs) (21) in a relativistically degenerate electron-

ion-positron plasma it seen that excitation of IADLs depends on i) relativistic parameter ( Reo), ii) degenerate

positron  density(a), iii) degenerate electron density( ) and iv) ion temperature (o). The role of these

parameters on the IADLs are shown in Figs. 1-4.

A) Profiles of lon-Acoustic Double Layers
i) Effect of relativistic degeneracy parameter

To see the effects of relativistic degeneracy parameter (R,,) on the IADLs in degenerate plasma
having fixed values of p=0.1, o; =001, & =04, M =2; we have followed the conditions for the

existence of DLs, i.e. the coefficient A3 must be positive for the values of the plasma parameters. Moreover,

to understand the nature of IADLs, the amplitude of DLs given by (21) is first numerically estimated using the
values of parameters of our model plasma. It is observed from the numerical estimation that amplitude of
IADLs is positive giving rise to compressive IADLs. Using (23) of the electrostatic potential of IADLs the

profiles of DLs are drawn as shown in Fig.1. It is seen from Fig.1 that the coefficient A, is negative so
compressive IADLs are excited in plasma having R,,=10.5, 12, 13.5 and 15 with fixed values of p=0.1, o,
=0.01, ¢ =0.4, M =2. It is also observed that the amplitudes of compressive IADLs are decreased with

increase of R,.
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Fig. 1. Profiles of IADLs for different values of R,, in degenerate plasma with fixed values of p =0.1, o,

=0.01, @ =0.4, M =2; Curves a, b, ¢ and d represent four values of R,,=10.5, 12, 13.5 and 15 respectively.

i) Effect of degenerate positrons
Similarly, to find the effects of relativistically degenerate positron density (p) on the IADLS in

degenerate plasma having fixed values of « =0.3, o; =0.01, M =2, R, =10; we have followed the

conditions for the existence of IADLs, i.e. the coefficient A, must be positive for the values of the plasma

parameters. Moreover, to understand the nature of IADLs, the amplitude of DLs given by (21) is first
numerically estimated using the values of parameters of our model plasma. It is observed from the numerical
estimation that amplitude of IADLs s positive giving rise to compressive IADLs. Using (23) of the

electrostatic potential of IADLs, the profiles of DLs are drawn as shown in Fig.2. It is observed from Fig.2

that the coefficient A, is negative so compressive IADLs are excited in plasma having p = 0.017, 0.021,

0.025, 0.029 with fixed values of ¢ =0.3, o; =0.01, M =2, R, =10. It is also observed that the amplitudes

of compressive IADLs are decreased with increase of p .
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Fig. 2. Profiles of IADLs for different values of p in degenerate plasma with fixed values of & =0.3, 0;

=0.01, M =2, R,, =10; Curves a, b, ¢ and represent four values of p = 0.017, 0.021, 0.025, 0.029
respectively.

iii) Effect of degenerate electrons
In similar way , to see the effects of relativistically degenerate positron density (¢ ) on the IADLs

in relativistically degenerate plasma having fixed values of o, =0.01, R, =11, M =19, p =0.1; we have

followed the conditions for the existence of DLs, i.e. the coefficient A, must be positive for the values of the

plasma parameters. Moreover, to understand the nature of IADLs, the amplitude of DLs given by (21) is first
numerically estimated using the values of parameters of our model plasma. It is observed from the numerical
estimation that amplitude of IADLs s positive giving rise to compressive IADLs. Using (23) of the

electrostatic potential of IADLs the profiles of DLs are drawn as shown in Fig.3. It is observed from Fig.3

that the coefficient A2 is negative so compressive IADLSs are excited in plasma having « =0.15, 0.3, 0.45

and 0.6 with fixed values ofo; =0.01, R, =11, M =19, p =0.1. It is seen that the amplitudes of

compressive DLs are decreased with increase of ¢ .

WWW.ijres.org 9| Page



Effects Of Relativistically Degenerate Electrons And Positrons On lon Acoustic Double

ca=0.15

Q0 T o

Fig. 3. Profiles of IADLs for different values of & in degenerate plasma with fixed values of o; =0.01, R,,

=11, M =19, p =0.1; Curves a, b, c and d represent four values of « =0.15, 0.3, 0.45 and 0.6 respectively.
iv) Effect of ion temperature
Similarly , to see the effects of ion temperature (o;) on the IADLs in relativistically degenerate

plasma having fixed values of & =0.3, p =0.01, M =2, R, =10; we have followed the conditions for the

existence of DLs, i.e. the coefficient A, must be positive for the values of the plasma parameters. Moreover,

to understand the nature of IADLs, the amplitude of DLs given by (21) is first numerically estimated using the
values of parameters of our model plasma. It is observed from the numerical estimation that amplitude of
IADLs is positive giving rise to compressive IADLs. Using (23) of the electrostatic potential of IADLs the

profiles of DLs are drawn as shown in Fig.4. It is observed from Fig.4 that the coefficient A, is negative so
compressive IADLs are excited in plasma having o©; =0.3,0.4, 0.5 and 0.6 with fixed valuesof&x =0.3, p

=0.01, M =2, R, =10. Itis seen that the amplitudes of compressive DLs are decreased with increase of o, .

60 T T T T
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50 -
b:s,=04 1
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30 4
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Fig. 4. Profiles of IADLs for different values of o; in degenerate plasma with fixed values of ¢ =0.3, p

=0.01, M =2, R,, =10. Curves a, b, c and d represent four values of ¢, =0.3, 0.4, 0.5 and 0.6 respectively.

B). Width of lon-Acoustic Double Layers
It is known that the width (or thickness) of DLs is important for the study of DLs in plasma because it

is important for experimental studies in laboratory and in space plasma. We have numerically estimated the
width of IADLs using (24) and its variation for different parameters of an ion beam plasma is graphically

discussed. It is to be remembered that for the numerical estimation we have followed the conditions for the

existence of IADLs ( i.e. A3 must be positive).

Now, we have plotted the thickness of IADLs with the relativistic degenerate parameter (Reo) in
plasma for different values of relativistically degenerate positron density ( p ) shown in Fig.5. It is seen that

the width of IADLs increases with increase of R,, for p=0.01,0.014, 0.016, 0.018 for the fixed values of
0,=0.01, & =0.12, M =2. More over, the thickness of DI increases with increase of p .

To see the effect of relativistically degenerate electrons () and relativistic degenerate parameter (
R.,) We have plotted Fig.(6). It is seen that the width of IADLs increases with increase of « for R,,=9,
11, 13, 15 for the fixed values of ©,=0.01, p=0.1, M =2. More over, the thickness of DL increases with

increase of R .

0.06

0.05

0.04 4

Width of Double Layers

R

e0
Fig.5. Variation of Width of IADL with R, for different values of p in degenerate plasma with fixed values

of 0;=0.01, @ =0.12, M =2; Curves a, b, cand d represent four values of p =0.01, 0.014, 0.016 and 0.018
respectively.
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1.75 4
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Fig.6. Variation of width of IADLs with « for different R,, in degenerate plasma with fixed values of o,

=0.01, p=0.1, M =2; Curves a, b, ¢ and d correspond to four values of Reo =9, 11, 13 and 15 respectively.

V.  CONCLUSIONS
Considering a relativistically degenerate plasma composed of degenerate electrons and positrons with

nondegenerate warm ions we have theoretically studied the excitation of ion- acoustic double layers (IADLS)
in the plasma using the pseudo-potential method. It has been shown that the IADLSs in such plasma depends on
the plasma parameters. From numerical estimation the profiles of IADLs are drawn. The IADLs in
relativistically plasma are compressive and the amplitudes depend on the values of the plasma parameters.

Our main findings are :
i) The IADLs in relativistically degenerate e-i-p plasma are compressive in nature for different values of

plasma parameters e.g. relativistic degenerate parameter, degenerate positron, degenerate electrons and ion
temperature.

ii) The amplitudes of IADLs s are small for large values the plasma parameters.

iiiy The width of IADLs increases with increase of R,, for p=0.01, 0.014, 0.016, 0.018 with the fixed
values of ©,=0.01, & =0.12, M =2. More over, the width of IADL increases with increase of p .
iv) The width of IADLs increases with increase of o for R,;=9, 11, 13, 15 with the fixed values of o,

=0.01, p =0.1, M =2. More over, the thickness of DL increases with increase of R, .

However, the effect of ion drift has not been considered in the present investigation of IADLs. It is
known that ion acoustic wave will propagate through the plasma with two modes , fast-mode and slow- mode,
in presence of drifting (streaming) ions. Considering the ion drift some new results on nonlinear propagation of
waves in degenerate plasma may be obtained from which the causes of some phenomena in astrophysical
objects may be understood.
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